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Abstract We present a tutorial introduction to the

multi-rotor UAVs (unmanned aerial vehicles), often sim-

ply referred as drones. We first explain typical configu-

ration, components and construction of the drones. We

then provide basic kinematic and dynamic modeling of

drones and their principle of flight. Some representative

motion control techniques are then presented, which

take into account the issue of under-actuation of the

drones. State estimation problem of the drones, that is

crucial for their proper flying, yet, should be done only

by using onboard sensors and their sensor fusion, is ex-

plained. Some emerging research directions requiring

capability beyond typical drones are also mentioned.

Keywords Components · Control · Modeling ·
Multi-Rotor Drone · Sensor Fusion

1 Introduction

Recently, multi-rotor UAVs (unmanned aerial vehicles),

or often simply referred as “drones” have received sub-

stantial interests from the research community and the

general public alike, due to their promise to extend the

ground-bound 2D capability of mobile robots into the

3D space with relative ease of operation and affordabil-

ity. This leads in the rapid growth of commercial drone

markets, particularly those for hobbyists with such suc-

cessful commercial products as Parrot AR.Drone and
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Bebob, DJI Phantom and Mavic, 3D Robotics Solo,

Syma Cheerwing, Yuneec Typhoon, etc. See Fig. 1 and

Table. 1.

In addition to these hobbyist drones, many com-

panies, research groups and university labs around the

globe are currently developing technologies to capture

this capability of the drones and materialize new in-

dustrial applications. The most successful application

of the drone to date has been aerial photography and

cinematography (e.g., “Game of Throne” advertising

film by Skynamic [1]). Other applications currently un-

der development include parcel delivery (e.g., Amazon

PrimeAir [2]), aerial mapping and geo-inspection (e.g.,

Trimble ZX5 [3]), vegetation analysis and pesticide spray-

ing (e.g., PrecisionHawk [4]), inspection of large plants

and infrastructure (e.g., [5, 6]), wild fire fighting and air

quality monitoring (Scentroid Sampling Drone [7]), law

enforcement and parking regulation, emergency com-

munication or search and rescue aftermath of disaster

(e.g., [8]), selfie-drone with follow-me capability (e.g.,

AirDog [9]), and even swarm flying for amusement park

(e.g., 500 Drone Light Show by Intel [10]), to name just

few. See Fig. 2 and Table. 1.

This seemingly sudden blossoming of commercial

drone market and their applications are in fact enabled

by recent advancements in numerous background en-

gineering technologies, namely, materials (e.g., carbon

fiber, engineering plastics, metal alloys, etc.), manufac-

turing and machining (e.g., laser cutting, 3D printing,

etc.), battery (e.g., Lithium-Polymer), actuation (e.g.,

BLDC motors), MEMS (micro-electro-mechanical sys-

tem) sensors, GPS (global positioning system), camera

and image processing, onboard computing and commu-

nication, and algorithms (e.g., control, sensor fusion,

computer vision, SLAM (simultaneous localization and

mapping), etc.).
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Table 1 Specifications of some commercially-available drones.

Usage Model # of Size Weight Payload Flight time Battery
rotors (m) (kg) (kg) (min) (mAh)

Hobbyist Parrot AR.Drone [11] 4 0.52(L, W) 0.42 - 12 3000
3D Robotics Solo [12] 4 0.46(L,W) 1.99 - 16 5200
DJI Phantom 4 PRO [13] 4 0.247(L,W) 1.388 - 30 6000
DJI MAVIC [13] 4 0.237(L,W) 0.743 - 27 3830
Syma Cheerwing [14] 4 0.315(L,W) - - - 500
Yuneec Typhoon [15] 6 0.52(L), 0.457(W) 1.695 0.255 25 5400
Cheerson CX-10C [16] 4 0.042(L,W) 0.015 - 2.5-4 120
SKEYE Nano [17] 4 0.04(L,W) 0.014 - 3-4 120

Agriculture GTF AG-10 [18] 4 1.169(L, W) 9.8 13.2 9-12 16000
ATI AgBOT [19] 4 1.02(L,W) 4.7 19.6 26 13000
DJI AGRAS MG-1 [13] 8 1.471(L,W) 8.8 15.2 24 24000

Video/ DJI M600 PRO [13] 6 1.669(L), 1.518(W) 9.5 6 32 27000
Mapping/ DJI Spreading Wing [13] 8 1.045(L,W) 4.4 6.6 15 15000
Monitoring Trimble ZX5 [3] 6 0.85(L,W) - 5 15 13200

Scentroid DR300 [7] 4 0.41(L,W) 1.36 - 25 5200

Transportation EHANG 184 [20] 8 3.989(L), 4.024(W) 240 100 25 -
Volocopter VC200 [21] 18 7.6(L,W) 450 120 20 -

L: Length, W: Width

(a) Parrot AR.Drone [11] (b) 3D Robotics Solo [12]

(c) DJI Phantom 4 [13] (d) DJI Mavic Pro [13]

(e) Syma Cheerwing [14] (f) Yuneec Typhoon [15]

(g) Cheerson CX-10C
[16]

(h) SKEYE Nano [17]

Fig. 1 Examples of hobbyist drones.

This paper aims to provide a tutorial introduction

to these multi-rotor drones with focus on the systems

(i.e., components and construction), dynamics model-

ing, motion control and state estimation. Given the

vastness of results for the drones, here, we provide rather

a high-level and non-exhaustive overview, while refer-

ring readers to the cited references for more details.

The rest of the paper is organized as follows. Hard-

ware, components and construction of the typical drone

are explained in Sec. 2. System kinematic and dynamic

modeling and basic flight principle are presented in Sec.

3. Some representative techniques for motion control of

the drones and their state estimation via multi-sensor

fusion are then introduced in Sec. 4 and Sec. 5, respec-

tively. Sec. 6 concludes this paper with some comments

on emerging research directions for the drones.

2 Configurations and Components

2.1 Configurations and Frames

The (second) definition of the term “drone” in the Cam-

bridge Dictionary reads as follows: an aircraft without

a pilot that is controlled by someone on the ground,

used especially as a hobby. There are three types of

drones: fixed-wing drones, helicopter drones and multi-

rotor drones. The fixed wing drone typically has the

same configuration as airplane, where the front pro-

peller or engine provides thrust, while control is done

via control surfaces. Since the gravity is resisted by

wing, this fixed-wing drone typically boasts fast speed,
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(a) Amazon PrimeAir [22] (b) Airplane inspection (Air-
bus) [23]

(c) Trimble ZX5 [3] (d) Scentroid DR300 Sam-
pling Drone [7]

(e) Airdog with “follow-me”
function [9]

(f) 500 Drone Light Show by
Intel [10]

(g) ATI AgBOT [19] (h) EHANG 184 [20]

Fig. 2 Examples of drone applications.

long operation time and flight range. Yet, it cannot

hover and fly backward, rendering some applications

mentioned in Sec. 1 impossible to achieve (e.g., aerial

photography, follow-me, inspection, etc.). On the other

hand, the helicopter drones can fly omni-directionally

by relying on collective and cyclic pitches of the main

rotor, while the reaction moment is compensated for

by the tail rotor. However, this helicopter drone re-

quires rather complex swash-plate mechanism, and, fur-

ther more, is difficult to control due to complicated

translational-rotational control coupling (e.g., sideway

drifting due to tail rotor force needs to be counteracted

by tilting drone body).

The multi-rotor drones, instead, can rotate and lift

independently simply by changing the speed of the typ-

ically co-linearly aligned rotors, thereby, rendering the

flight control problem much easier than that of heli-

copter drones, while providing hovering and omni-directional

flying capability. This ease of control, we believe, is

Fig. 3 Weight versus size (i.e., length × width) of
commercially-available drones in Table 1.

the reason why the drones are so popular, particularly

among hobbyists. Of course, there is a price to pay

for this: the typical flight time of multi-rotor drones

is rather short (5-20min) with the payload often lim-

ited (see Table. 1) due to the poor energy efficiency

stemming from continuous overcoming the gravity by

the rotors with smaller (i.e., less efficient) size props.

In this paper, we focus on this multi-rotor drone. For

typical drones, all the rotors are aligned vertically to

maximize gravity overcoming. Depending on the num-

ber of rotors, it is called tricopters, quadcopter, hexa-

copter, octocopters, etc. It is also typical that, due to

the reason as elucidated in Sec. 3.1, even number of

rotors are symmetrically attached to the drone frame

- see Fig. 1. The frame of the drones should be as

light, rigid and tough as possible for energy efficiency

[24], control simplicity [25], and ruggedness [26, 27], for

which many frames adopt carbon fiber composite ma-

terials. Typically, large drones are heavy due to their

frame weight, and hobbyist drones have light weight

for their price competitiveness. Some drones, which per-

form such tasks as watering plants, transporting people,

have large size and heavy weight. See Fig. 3.

2.2 Rotor and ESC (Electronic Speed Controller)

A rotor consists of a motor and a prop. Multiple rotors

are symmetrically and co-linearly attached to the drone

frame and generate thrust force, which then rotates and

lifts the drone body. Typical diameter of props used

for the drone is around 8-9 inch. Key specifications of

the motors include: operating voltage (typically 11.1V

or 14.8V with 3 cell or 4 cell Li-Po battery), kV (i.e.,
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rpm/V: typically around 800-1000rpm/V), maximum

ampere (typically around 5-15A), and ampere during

hovering (typically around 3-8A). The weight of a single

rotor is usually around 12-20g [12, 13, 15]. The thrust

force is known to be proportional to the pitch angle,

quadratic to the rotor speed, and quartic to the diam-

eter of the prop, although there are many other subtle

factors affecting the thrust force such as material, blade

number, shape of propeller, etc. On the other hand,

the ESC assumes PWM (pulse width modulation) and

produces AC current output to control the rotor speed,

with typical running rate of around 400Hz, weight of

around 20-30g, and maximum current rating of around

20A.

2.3 Power Source

The Lithium polymer (LiPo) battery is most widely

used for drones for its moderate power-to-weight ratio

and large discharge rate (e.g., ≥ 100 A) with the typi-

cal current-providing capacity of around 2000-6000mAh

with the weight of around 200-400g for usual three or

four cell batteries. Choosing the correct size of battery

under the capacity-weight trade-off is one of the most

challenging task of drone design. The battery is also

currently posing perhaps the most formidable issue for

the drones to be really useful for wide-range of appli-

cations, as the current state-of-art battery technology

only allows for fairly limited flying time (i.e., typically

less than 5-20min) and limited payload - see Table. 1.

2.4 Sensors

Crucial for the drone to autonomous fly is the ability

to estimate its orientation only with onboard sensing.

This is necessary to correctly guide the thrust force,

thereby, flying in a desired direction. For this, the key

sensing element adopted virtually for all commercial

drones is the MEMS IMU (inertial measurement unit),

which consists of an accelerometer and a gyroscope,

both measuring their respective quantities in the drone

body frame. The accelerometer then provides the infor-

mation of inclination of the drone body w.r.t. the grav-

ity vector with its proper sensing bandwidth typically

slower than 30Hz due to the presence of noise, whereas

the gyroscope the angular velocity expressed in its body

frame in high update rate. Fusing the accelerometer and

gyroscope information, the pitch and roll orientation

motion of the drone can be estimated. Yaw angle (i.e.,

heading direction) can be estimated by integrating the

gyroscope measurement, which yet resulting in the drift

problem due to the gyroscope bias. To overcome this,

a magnetometer (or compass) can be used in a manner

similar to the accelerometer-gyroscope sensor fusion.

The drone only with a gyroscope is sometime called

3-axis drone, which can only be stabilized by directly

commanding the angular velocity, thus, difficult to con-

trol, yet, agile, thus, adopted for some racing drones.

The drone with a gyroscope and an accelerometer is

called 6-axis drone, which allows a remote user or com-

puting station to control the pitch and roll motions,

yet, heading direction control is impossible. The 9-axis

drones are those with the IMU and a magnetometer,

which allows for direct angle control, thus, easiest to

control and adopted by many state-of-the-art commer-

cial drones (e.g., DJI Phantom 4 and Mavic Pro). More

detailed description on using this IMU (and compass)

for drone state estimation is given in Sec. 5.1.

On top of attitude estimation, for autonomous hov-

ering and flying, it is also necessary for the drone to

estimate its own velocity (for hovering) or to localize its

position in 3D. This translation estimation problem be-

comes trivial if some MOCAP system (e.g., VICONr,

Optitrackr) is available, which can provide millimeter-

level accuracy and 200-300Hz refreshing update rate by

using multiple IR (infra-red) cameras. This MOCAP

system however is expensive and not usually available

outdoor. Another popular sensors for 3D localization

is LiDAR or RGB-D camera, both of which are not so

suitable for the drones, as the LiDAR sensor is usually

too heavy and power hungry for the drones, whereas

RGB-D camera is often too near-ranged and not so ro-

bust particularly for outdoor flying.

For outdoor 3D localization, GPS (global position-

ing system) is widely used, which estimates the posi-

tion and velocity of drones using received signals from

the GPS satellites [28]. At least four satellites should

be within LOS (line of sight) for proper working of the

GPS, which relies on triangulation with the information

of traveled times for position estimation and Doppler

effect for velocity estimation. With the precision (P)

code not open to public [29], the GPS typically exhibits

the (x, y)-localization error of around ±2-5m, with the

velocity error around 10cm/s and the update rate of 1-

5Hz. The altitude information from the GPS is also usu-

ally not so accurate. Due to these accuracy issues, the

GPS signal is often fused with the accelerometer sen-

sor (to reduce translation error), and barometer (with

resolution of around 20-30cm) or sonar sensor (range

limited typically up to 5m-10m) for height estimation

in the framework of extended Kalman filtering (EKF) -

see Sec. 5.2. Of course, Differential GPS (DGPS) [29] or

RTK (real-time kinematic) GPS can provide centime-

ter or sub-centimeter level localization accuracy, which

yet requires extra base stationary GPS station and also
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(a) Autopilot Pixhawk
[34]

(b) DJI N3 [35]

(c) Hardkernel Odroid
XU4 [36]

(d) DJI MANIFOLD [35]

(e) Intel NUC [37] (f) Nvidia Jetson TX1
[38]

Fig. 4 Examples of onboard PCs for drones.

is typically too expensive to be adopted for many com-

mercial drones.

However, this GPS is not working when enough num-

ber of GPS satellites is not in LOS (e.g., close to build-

ings, in valleys, under the bridges) or for indoor environ-

ments. Cameras can be used for such instances, which is

light weight, yet, requires rather high computing power,

thus, only recently starts being adopted by commercial

drones with specially-designed image processing appa-

ratus, or accompanied with extra onboard PC on top of

FCU (flight control unit) for in-lab research drones (see

Sec. 2.5), both being detrimental for drones already un-

der fairly tight power budget due to the limited battery

capacity (see Sec. 2.3). Perhaps, one of the earliest and

simplest adoption of camera for drone autonomous fly-

ing is that by Parrot AR.Drone, in which a downward

monocular camera is used with sonar sensor to esti-

mate the drone velocity via the optical flow technique

for autonomous hovering [30]. Recently, many groups

attempt to use a monocular camera for 3D SLAM lo-

calization and fuse that information with IMU so that

it can be used for flight control loop [31–33]. Stereo

camera is less used, since its depth information is often

not so suitable for outdoor flying. Its applicability of

indoor flying, however, is promising though.

2.5 Flight Control Unit (FCU) and Onboard PC

The drones need onboard computing to run algorithms

to estimate its states (e.g., attitude, position, velocity)

while also computing its control action to fly. Most of

the drones designed for general manual or simple way

point flight utilize an unprogrammable flight control

unit (FCU) to perform these estimation and control

tasks. One of the most popular FCUs is Pixhawk [34]

(see Fig. 4(a)), which includes an IMU and a barometer,

provides state estimation by fusing IMU, barometer,

and GPS information, and computes low-level motor

control command. This Pixhawk is also compatible with

a wide range of drone configurations. Recently, DJI also

introduced their own N3 [35], which are designed to use

their components (Fig. 4(b)).

However, more computing power is required to per-

form heavier algorithms such as image processing and

precise autonomous flight mission. For this, we may

add additional onboard PC on the drones. Hardkernel

Odroid XU4 [36] in Fig. 4(c) has moderate computa-

tion power (2Ghz Octa core CPUs and 2GB RAM),

light weight and low price, thus, can be a cost-effective

choice for light-weight drones. DJI Manifold [35] in Fig.

4(d) also has quad-core 2Ghz CPUs and 2GB RAM,

yet, allows only the DJI SDK-based software and com-

ponents. Intel also announces their own mini-PC, NUC

[37] (Fig. 4(e)), which provides an identical environ-

ment as a typical PC, thus, more convenient to work

with than other embedded on-board PCs. Nvidia Jetson

TX1 [38] in Fig. 4(f) has also been frequently adopted

to run vision algorithms, which has 1 TFLOP/s 256

core GPU and supports CUDA.

2.6 Wireless Communication

Wireless communication is necessary for drone opera-

tion, for only telemetry purpose, or for real-time data

sending and receiving to/from a ground control station

(GCS). XBee is one of the most popular communication

choices for the drones, as it has rather long communi-

cation range (typically 50-100m [39]) and light weight.

XBee communication is also known to have the advan-

tage of low power consumption. The key weakness of the

XBee communication is its low communication band-

width (250kbit/s). WiFi communication is another fre-

quent choice for the drones, which utilizes the frequency

range of 2.4GHz or 5GHz, with its communication rate

is typically around of 54Mbit/s, much higher than that

of the XBee communication. The communication rage

of WiFi is also about 100m suitable for most drone fly-

ing applications, although, depending on ambient con-

ditions, its range may be shorter than this with its re-
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(a) Vertical lift (b) Rolling rotation

(c) Pitching rotation (d) Yawning rotation

Fig. 5 The four basic flight modes of drones.

ception also sometimes possibly becoming precarious.

Typical drones are equipped with their remote con-

troller, whose communication frequency (2.4GHz) may

interfere with the wireless communication. Recently,

long-term evolution (LTE) is also utilized in few works

for long-distance operation (≥ 100m) or robust/fast

communication for, e.g., real-time video surveillance (e.g.

[40, 41]).

3 Flight Principle and System Modeling

3.1 Principle of Flight

The basic movements of drones are the vertical lift, roll,

pitch, and yaw movements as shown in Fig. 5, where the

double-lined arrows indicate the increasing of the rotor

rotation speed (i.e., wi + ∆), whereas the single-lined

arrows their decreasing (i.e., wi −∆). As explained in

Sec. 2.2 and Sec. 3.2, the rotor thrust is quadratically

proportional to the rotor speed. The two adjacent rotors

are also rotating in opposite direction using “mirrored”

props to balance reaction moments generated by the ro-

tor rotations. Although our explanation here is mainly

for quadcopter drones, it is equally applicable for other

types of drones (e.g., hexacopter, octacopter, etc.), as

long as their rotors are co-linear all facing vertically.

For the vertical lift, all the rotor speeds are changed

by the same amount, thus, the drone can only fly verti-

cally while keeping its attitude constant (Fig. 5(a)). For

the roll or pitch motions, two opposing rotors respec-

tively increases and decreases their rotor speeds by the

same amount, thereby, can only incurring the attitude

change while keeping the thrust force intact (Fig. 5(b),

Fig. 5(c)). For the yaw motion, a pair of two opposing

rotors and the other pair of two opposing rotors collec-

tively increases and decreases their speeds respectively,

thereby, inducing yaw rotating, all the while keeping

the thrust force again to be constant (Fig. 5(d)).

This quadcopter, in addition to being dynamically

unstable, is under “under-actuation” i.e., to forward/side

fly, it should tilt to guide the thrust force to the de-

sired direction. This under-actuation stems from the

fact that the quadcopter possesses 6-DOF, yet, its actu-

ation only 4-DOF (i.e., four rotors). This under-actuation

property degrades quality of photo-taking particularly

when the drone change their motion frequently. For

this, a gymbal is usually necessary for high-quality photo

or movie shooting. Note also that, if we only have three

rotors, the attitude of the drone cannot be arbitrarily

controlled (e.g., uncontrolled yaw rotation) [42]. Due

to this reason, typical tricopters adopt one extra rotor-

tilting motor to counter-act yaw spinning.

3.2 System Modeling

The dynamics of multi-rotor drone can be written by

the following Newton-Euler rigid body dynamics equa-

tion [43]:

mẍ = −λRe3 +mge3 + fe (1)

Jω̇ + ω × Jω = τ + τe, Ṙ = RS(ω) (2)

where x ∈ <3 is the quadrotor’s center-of-mass position

represented in the inertial frame {O} := {No, Eo, Do},
m > 0 is the mass, λ ∈ < is the thrust force, R ∈
SO(3) represents the rotation of the body-frame {B} :=

{NB , EB , DB} w.r.t {O}, fe ∈ <3 is the tool inter-

action force represented in {O}, g is the gravitation

constant, and e3 = [0, 0, 1]T is the basis vector speci-

fying the down direction. Also, for (2), J ∈ <3 is the

body-fixed rotational inertia, ω := [ω1, ω2, ω3]T ∈ <3

is the angular velocity of {B} relative to {O} repre-

sented in {B}, τ, τe ∈ <3 are respectively the torque

input and the external torque acting at the quadrotor’s

center-of-mass (defined below) all represented in {B},
and S(ω)ν := ω × ν for any ν ∈ <3. For typical drone

flying, (fe, τe) ≈ 0.

The attitude dynamics (2) can also be described by

using Euler angle η :=
[
φ θ ψ

]T
, where φ, θ, and ψ are

the roll, pitch, and yaw angles. That is, we can then

write (2) in terms of η by using the parameterization

of R w.r.t. η s.t.,

R =

 sψcθ cψ s θ sφ− sψ cφ cψ s θ cφ+ sψ sφ

sψ c θ sψ s θ sφ+ cψ cφ sψ s θ cφ− cψ sφ

− s θ c θ sφ c θ cφ
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and the following Jacobian relation between w and η̇

s.t.,

w = T η̇, T :=

1 0 − s θ

0 cφ sφ c θ

0 − sφ cφ c θ

 (3)

where c(·) := cos(·) and s(·) := sin(·). This Euler angle

representation, however, becomes singular when θ →
±π/2.

In (1)-(2), the control inputs are the thrust force

λ and the reaction torque τ generated by the rotors as

explained in Sec. 3.1. For the quadcopter, this (λ, τ) can

often be written by the following simplified relation:
λ

τ1
τ2
τ3

 =


cT cT cT cT
0 −d · cT 0 d · cT

−d · cT 0 d · cT 0

cQ −cQ cQ −cQ


︸ ︷︷ ︸

=:Γ


w2

1

w2
2

w2
3

w2
4



where wi is the rotor speed, cT is the aerodynamic co-

efficient between the thrust and the rotor speed, cQ is

the coefficient relating the yaw reaction moment by air

resistance to the rotor speed, and d is offset from cen-

ter of mass to each rotor. Using this mapping, we can

decode the desired control input (λ, τ) into wi, which is

then achieved via low-level rotor speed control through

the ESC (see Sec. 2.2). The rotors also produce gyro-

scopic force, which yet is often neglected as their mag-

nitude is typically only less than 10% of those modeled

above [44]. Similar mappings from the rotor speed to

the control input can be also obtained for other types of

multi-rotor drones (e.g., hexacopter, octacopter, etc.),

for which, if the number of rotor is larger than four with

Γ ∈ <4×n being a fat matrix (i.e., n > 4), multiple solu-

tions of wi can exist to generate the same control input

(λ, τ1, τ2, τ3), that may be exploited to combat with,

e.g., individual rotor failure and also often solved via

norm-optimization for energy efficiency.

4 Motion Control Techniques

The key issue of the multi-rotor drone controls is the

under-actuation as stated in Sec. 3.1, i.e., although their

position control is usually necessary, all we can directly

control is their attitude (see Fig. 5). It is also an inher-

ently unstable system, necessitating a feedback control

for its stabilization. There are two kinds of approaches

for this problem of drone motion control while address-

ing the under-actuation: 1) inner-loop attitude control

and outer-loop translation control utilizing time-scale

separation property of faster attitude dynamics (2) and

slower translation dynamics (1) of typical drones (e.g.,

[45–47]); and 2) unified translation-attitude control con-

sidering both the translation dynamics (1) and the at-

titude dynamics (2) at the same time (e.g., [48–50]).

One of the inner/outer-loop control schemes based

on the time-separation property was presented in [47],

which is summarized here. Let us first write R(η) s.t.,

R(η) = Re3(ψ)Re2(θ)Re1(φ)

Then, from (1), we can have

RTe3(ψ)mẍ = mge3 −Re2(θ)Re1(φ)λe3

whose last row reads s.t.,

mẍ3 = mg − cos(φ) cos(θ)λ

This then suggest the following thrust control

λ = − m

cφ c θ
[−g + p̈3 + kdP (ṗ3 − ẋ3) + kpP (p3 − x3)]

which ensures local exponential stability of p3 − x3 if

cosφ cos θ 6= 0. On the other hand, the first two rows of

(1) are given by

m

(
ẍ1
ẍ2

)
= −λ

[
cosφ cosψ sinψ

cosφ sinψ − cosψ

]
︸ ︷︷ ︸

=:Q(φ,ψ)∈<2×2

(
sin θ

sinφ

)

where Q is always invertible as long as cosφ 6= 0. This

then suggests the following desired attitude command(
sin θd
sinφd

)
= mQ−1

−λ

(
p̈1 + kdP (ṗ1 − ẋ1) + kpP (p1 − x1)

p̈2 + kdP (ṗ2 − ẋ2) + kpP (p2 − x2)

)
achieving local exponential stability of (p1−x1, p2−x2)

as well. The yaw angle command ψd is redundant and

can be set arbitrarily (e.g., ψd = 0). The control can be

further simplifed for near hovering flying by sin θ ≈ 0

and cosφ ≈ 1 [46].

Once this attitude angle command ηd = [φd, θd, ψd]
T

is identified, many control techniques are applicable to

attain that, since the attitude dynamics (2) is fully-

actuated (e.g., local exponentially stable stabilization

using η-parameterization [47] or even almost global at-

titude stabilization control in SO(3) [51]). For some

commercial drones, angular velocity control mode is

supported with some low-level control embedded. For

this case, achieving the attitude angle ηd becomes even

simpler, as the problem becomes a first-order kinematic

control problem. This inner/outer-loop control is rather

simple to implement and turns out to adequately per-

forming for near-hovering or slow flying. Yet, for ag-

gressive flying, for which the coupled translation and

attitude dynamics should be fully taken into account,

its performance is often lacking. For this, we would need
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the unified translation-attitude control as mentioned

above.

One of such unified translation-attitude control for

multi-rotor drones, which are typically relying on back-

stepping like ideas to address the under-actuation is-

sue, is the passivity-based control technique presented

in [50], which is derived for the “mixed” drone (i.e., con-

trol input is (λ,w) instead of (λ, τ). More specifically,

the backstepping control of [50] is derived from

λRe3 = −mẍd +mge3 + bėx + kex + νe

where ex := x − xd and νe is the control generation

error due to the under-actuation. Then, the close-loop

dynamics with this control is given by

më+ bė+ ke = −νe

where, if νe = 0, ex → 0 exponentially. Now, by aug-

menting the perturbed Lyapunov of the above dynamics

with νe and also incorporating the attitude kinematics

in (2) through ν̇e, the backstepping control of [50] is

designed s.t., λw2

−λw1

λ̇+ aλ

 = RT [ν + αν + γ(e+ εe)]

where α, γ, ε are control gains and

ν = −m...
x d − bẍd + kėx +

b

m
(−λRe3 +mge3)

This backstepping control then guarantees exponential

stability to the desired trajectory xd [50]. A backstep-

ping position control for “dynamic” drones with the

control input (λ, τ) was also presented in [48].

The above feedback control may be used in conjunc-

tion with flatness-based motion planning [52], that is,

for the multi-rotor drones, if we choose (x, ψ) as the flat

output, all the other states and control inputs can be

expressed by them and their derivatives. Other control

results include integral backstepping [53], sliding mode

control [54], adaptive and velocity-field control [50, 54].

Of course, most of commercial products and drones still

rely on PD/PID controls, and, for this, see [45], which

contains nice exposition on this. Needs still exist for

control design to combat with wind gust, actuator fail-

ure, model uncertainty, body flexibility, etc.

5 State Estimation

One of the key challenges for drone flying is how to es-

timate its state using only onboard sensors, that also

need to be affordable to be commercially viable. Atti-

tude estimation is necessary for all the drones, even for

Fig. 6 Complementary filter.

pilot-flying ones, as it defines the core part for proper

working of flight control of the drone. Translation esti-

mation is necessary for autonomous flying drones, as,

without it, the drone cannot know its own and desired

locations, thus, cannot fly to the target position. Due

to this importance, the state estimation problem of the

drone has been studied extensively (e.g., [32, 55–60]),

with some of them introduced below.

5.1 Attitude Estimation via IMU

As stated above and also in Sec. 4, the key requirement

for drone flying, regardless if it is remotely-controlled

or autonomous flying, is accurate estimation of the atti-

tude. The widely-used way for this is to use an IMU and

a compass, and fuse their information (e.g. [61–63]). As

stated in Sec. 2.4, the accelerometer and the compass

can provide angle information with their bandwidth yet

typically limited slower than 10-20Hz due to the pres-

ence of noise. On the other hand, the gyroscope provides

angular velocity information, that is typically adequate

for high-frequency bandwidth, yet, suffers from the drift

problem, which is related more to low-frequency band-

width. This leads into the idea of complementary filter-

ing as depicted in Fig. 6, where low pass component of

gyroscope and high pass component of accelerometer

or magnetometer are opportunistically fused together

to estimate the drone attitude (e.g. [63, 64]).

The configuration space of the attitude, however, is

SO(3), which is not a vector space, thus, the vector-

based approach of complementary filtering is not often

working properly for large attitude change. To address

this Lie group structure of attitude motion, a nonlinear

complementary filter for SO(3) was proposed in [55],

for which, we introduce the sensor models as follows: 1)

the gyroscope model is given by

wm = w + bw + nw (4)

where w,wm are the true and measured angular veloc-

ity, bw is the bias, and nw is the noise; 2) the accelerom-

eter measurement is modeled s.t.,

am = RT (ẍ− ge3) + ba + na (5)
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where ẍ is the true acceleration in the inertial frame,

and am is the measured acceleration including the grav-

ity −ge3, and ba, na are the bias and noise, all in the

body frame; and 3) the compass measurement model is

written by

mm = RTm0 + nm (6)

where mo is the Earth magnetic field expressed in the

inertial frame, mm is its measurement expressed in the

body frame, and nm is the noise. The nonlinear com-

plementary filter of [55] is then given by

˙̂
R = R̂(S(wm − b̂) + kPS(wmes))

˙̂
b = −kIwmes

wmes :=

2∑
i=1

kivi × v̂i

where ?̂ are the estimated quantities, vi is the measured

sensor value defined by v1 = mm/|mm|, v2 = am/|am|,
kP , kI , ki are the gains.

5.2 Pose Estimation via EKF

To estimate the pose (i.e., attitude and position) of the

drone, extended Kalman filtering (EKF) is one of the

most frequently-used approaches due to its computa-

tional simplicity [32, 60, 65]. A difficult aspect for this

is that the configuration space of the drone is again not

a vector space, but SE(3) with the Lie group structure.

We first start by defining the state of the drone follow-

ing [32] s.t.,

x =
[
pT vT qT bTg b

T
a

]T ∈ <16 (7)

where p, v are the position and velocity, q is the unit

quaternion, and b? are the biases of the gyroscope and

the accelerometer. The state propagation can then be

modeled by

q̇(t) =
1

2
Ω(wm(t)− bg)q(t), ṗ(t) = v(t)

v̇(t) = C(q(t))(am(t)− ba(t)) + g

ḃg(t) = 03×1, ḃa(t) = 03×1

where Ω(·) is a mapping of angular velocity for the

product between quaternions and C(q) is the rotation

matrix corresponding to the quaternion q.

Instead of formulating the EKF directly for the state

x defined above, here, we do so for its error state as done

in [32] s.t.,

x̃ :=
[
p̃T ṽT δθT b̃Tg b̃

T
a

]T ∈ <15

where δθ is the multiplicative attitude error. This er-

ror state formulation provides advantage in computing

minimal representation of covariance and avoiding is-

sues about unity constraint of the quaternion. The EKF

propagation equation can then be written as follows:

˙̃x =


03 I3 03 03 03
03 03 −C(q̂)S(â) 03 −C(q̂)

03 03 −S(ŵ) −I3 03
03 03 03 03 03
03 03 03 03 03

 x̃

+


03 03 03 03
−C(q̂) 03 03 03

03 −I3 03 03
03 03 I3 03
03 03 03 I3

n =: Fx̃+Gn

where n := [nTa nTg n
T
bg
nTba ]T ∈ <12 are the noise vector

with zero-mean Gaussain noise.

Using the EKF propagation model described above,

a priori state estimation can be computed. The cor-

rection step can then be performed by utilizing some

sensor outputs, which can be chosen depending on task

objectives and available sensor configurations. For in-

stance, we may use GPS (for localization), vision-based

SLAM (for localization) or optical flow (for velocity es-

timation) as explained in Sec. 5.3, barometer or sonar

sensor (for scale information), LiDAR or RGB-D cam-

era, or some combination of these sensors. One of fre-

quently used combinations for outdoor autonomous fly-

ing is GPS-compass combination, for which the com-

pass sensor model is given by (6), whereas the GPS can

be modeled by the following simplified model s.t.,

pm(t) = p(t) + ngps(t)

where p is the true position, pm is the GPS measure-

ment and ngps(t) is a Gaussian noise [66, 67]. Of course,

more complex modeling is also possible for the GPS

sensing (e.g., bias, random walk [68], etc.). For this

GPS-compass combination, we then have the following

linearized output equation

ỹ =

[
03 03 S(CT (q̂)m0) 03 03
I3 03 03 03 03

]
x̃+

[
nm
nGPS

]
=: Hx̃+ w

which is then used together with the above EKF prop-

agation equation to estimate the pose of the drone in

SE(3).

5.3 Vision-Based State Estimation

For the position correction in the EKF mentioned ear-

lier, GPS is the most prevailing sensor due to its low
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price, size and robust accessibility for outdoor usage.

However GPS has such inherent limitations as slow up-

date rate (e.g., 1-5Hz), low accuracy (±2-5m) as well as

position drift [69, 70]. Moreover, it is not properly work-

ing when the number of satellites in LOS is not enough

(e.g., close to building, under bridges, in valleys, etc.) or

cannot be relied on at all for the indoor flying (Sec. 2.4).

To overcome these limitations of GPS, camera-based

vision algorithms are actively investigated as a alter-

native or complimentary sensor for drone. This vision-

based approach can provide better estimation accuracy

and faster update rate (e.g., 20-60Hz) than GPS, thus,

can be complementarity utilized with GPS for outdoor

flying [60]. Further, it can be relied on for the indoor

flying, where GPS fails [71].

Since the drone is virtually always equipped with

IMU, many researches investigated how to fuse the IMU

and vision sensor to estimate the state of drone. This

is often referred as visual-inertial navigation system

(VINS), which can be categorized as loosely-coupled

VINS or tightly-coupled VINS. The loosely-coupled VINS

executes vision-only state estimation and fuse it with

IMU readings via fusion algorithm such as the EKF

as explained above, while the tightly-coupled VINS es-

timates the state by fusing the IMU readings and vi-

sual information from the camera all together. Below,

we first introduce the two major vision-only estimation

techniques for the drones: optical flow (OF) and SLAM,

which can be used for the loosely-coupled VINS. We

then briefly explained the tightly-coupled VINS.

One of the earliest and perhaps simplest vision-based

estimation is optical flow technique, where the velocity

of the drone is estimated by using the difference be-

tween two sequential visual scenes (obtained via the

partial derivative of images) along with the angular ve-

locity and height estimates of the drone, under the as-

sumption that the scene is planar and static. This op-

tical flow approach was adopted for commercial drones

(e.g., AR.Drone [30] and Bebop of Parrot), applied for

some drone autonomous flying results (e.g., [72, 73])

and also commercialized as an open-source optical flow

system (i.e., PX4FLOW, [74]), which integrates a CMOS

image sensor, a gyroscope and a sonar sensor all in

one package. Despite of their low computational cost,

from being based on the relative motion of sequential

scenes, this optical flow technique is more suitable for

autonomous hovering, not for autonomous flying, al-

though it can improve the overall system robustness

when used together with other estimation techniques.

Thus, many recent results for vision-based autonomous

drone flying has been focusing to use the SLAM tech-

niques [71]. Typical SLAM algorithms consist of the

following two main tasks: mapping of an unknown en-

Trajectory of position estimates

Map points

Fig. 7 Autonomous flying experiment using PTAM-GPS
sensor fusion, with PTAM enhancing performance and ro-
bustness of GPS-based localization [60]: down-view camera
scene with tracking features (left); and visualization of drone
position trajectory and map points (right).

vironment and simultaneously determining the robot’s

pose in that map. The core of any SLAM algorithms is

to establish correspondence among the feature points

in different visual scenes and to apply epipolar geome-

try to those to recover the camera pose in 3D from 2D

images. Through these processes, SLAM algorithms in-

crementally build a consistent map of an unknown envi-

ronment while simultaneously tracking the robot pose

in the map. One of the the first SLAM results based

on a monocular camera was presented in [75], which

is particularly suitable for robots, that should be light

and affordable such as drones. The algorithm of [75] is

designed so that both the localization (or tracking) and

the mapping are running at every single video frame,

thereby, resulting in rather heavy computational load

and slower algorithm running, especially for the map-

ping process, where a large number of corresponding

features are to be triangulated and continuously added

to the map.

For typical robot operations, yet, the localization of

the robot is more critical (e.g., for control stability),

thus, should be performed much faster, than the map-

ping. Along this reasoning, [76] proposed parallel track-

ing and mapping (PTAM), which separates the track-

ing (i.e., localization) and mapping threads and execute

them in parallel, yet, with different speeds. That is, the

mapping process is performed occasionally only when

new key frames are added with enough motion of cam-

era, whereas the tracking process runs with a faster

rate separately from the mapping process using the

map points in the current visual frame. Through this

tracking-mapping separation, the PTAM algorithm can

provide fast localization while requiring modest com-

puting power, suitable for the drones equipped only

with light weight on-board PCs (see Sec. 2.5). The out-

put of this PTAM can then be fused with other sensors

(e..g, EKF sensor fusion in Sec. 5.2). Some successful

applications of PTAM for drone flying are [8, 60, 77].

See also Fig. 7 and Fig. 8. Of course, more advanced
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Fig. 8 Seamless flying from outdoor to GPS-denied environ-
ment (i.e., under canopy) via the PTAM-GPS sensor fusion
of [60]: flying of the drone from open space to canopy to open
space again (first/third lines); and front-view camera scene
with tracking features (second/fourth lines).

SLAM techniques can also be applied for the drone

flying (e.g., ORB-SLAM [78], graph-SLAM [79], LSD-

SLAM [80], dense-SLAM [81]), which is a topic of active

research currently being pursued by many research labs

and groups.

The optical flow and SLAM techniques as explained

above can be performed by camera alone, so it can be

easily integrated with IMU via, e.g., the EKF of Sec.

5.2, resulting in a loosely-coupled VINS. This loosely-

coupled VINS, however, cannot correct vision-only esti-

mation error (e.g., drift) and also requires additional es-

timation of extrinsic scale. For this, the tightly-coupled

VINS has been investigated (e.g., [82–85]), which, de-

spited its complexity in computation and implementa-

tion, can provide better state estimation than loosely-

coupled VINS [85]. For instance, the work of [84] de-

fines the state to be the combination of the IMU poses

of sliding window, depths of observed features and IMU-

camera inter-sensor offset, and estimate this (combined)

state by solving a nonlinear optimization given the IMU

and visual-scene measurements. They also mounted this

tightly-coupled VINS on a quadrotor and reported the

final position drift to be around 2.80m for a large-

distance (i.e., around 640m traversing distance) out-

door flying experiment.

6 Conclusion

In this paper, we present a tutorial introduction to

the field of multi-rotor drones, encompassing: config-

uration, components and constructions; flight princi-

ple and system modeling; flying control methodologies

incorporating SE(3) motion of the drones; and state

estimation techniques, particularly EKF sensor fusion

and vision-based estimation. The field of drones is ex-

pected to continue its growth, as it fundamentally ex-

tends the ground-bound 2D capability of conventional

robots to 3D space with rather ease of operation and af-

fordability. We are already witnessing some established

or soon-to-be-materialized drone applications as stated

in Sec. 1, which are mostly based on the capability of

autonomous flying of the drones - the main concern of

the current tutorial paper. Of course, although not cov-

ered in this tutorial paper, there still are many issues to

resolve and/or new emerging applications for the drones

to truly change our everyday life, some of which include:

1) drastic battery improvement and new power sources;

2) physical safety and cyber security; 3) high-speed per-

ception and collision-free flying; 4) aerial operation and

manipulation; 5) new drone designs to overcome limi-

tation of conventional multi-rotor drones, to name only

few.
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