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Abstract— We propose a novel haptic rendering scheme based
on passive midpoint integrator (PMI), which is an extension of
our prior non-iterative passive mechanical integrator (NPMI) to
maximal coordinates for simulation of complex articulated rigid
bodies and to multi-point intermittent contact with the linear
complementarity problem (LCP) formulation incorporated. The
proposed PMI-based haptic rendering then can stably simulate
mechanical systems with wide-range of parameters/update-
rates (in contrast to semi-implicit Euler integrator), while
maintaining losslessness of simple harmonic oscillation (in
contrast to implicit Euler integrator), as compared in this paper.
Application of this PMI-based haptic rendering is also presented
for multi-user virtual co-manipulation of shared rigid object
in SE(3) using hand/fingers with multi-point contact over the
Internet.

I. INTRODUCTION

Haptic rendering is imperative for any applications, where
human users or other artificial systems (e.g., robots) are
required to mechanically interact with virtual objects or/in
virtual environments in an interactive manner with force
feedback. This haptic rendering is expected to be even more
important and demanded, particularly with the recent surges
of interests and applications in VR (virtual reality) and AR
(augmented reality), which is now becoming a reality with
many viable devices and systems now (or expected soon to
be) commercially available (e.g., Oculus Rift, GearVR, Vibe,
Hololense, Kinect, LeapMotion, Dexmo, etc.).

The core of any haptic rendering frameworks is an in-
tegration scheme to simulate virtual mechanical systems.
This mechanical integrator is required to be stable while
simulating a wide variety of virtual objects/environments,
that are required to ceaselessly interact with the human user,
while also being interactive (i.e., fast) enough so that the
human user can receive the force feedback and the updated
scene in real-time. For this stability and interactivity of
the haptic rendering, most of the haptic rendering results
relies on the following mechanical integrators: 1) explicit
Euler integrator which often results in not-so-stable haptic
rendering as it turns out the update rate to ensure stability
is often even finer than its fast computation time; 2) implicit
Euler integrator with some linearization (e.g., [1], [2], [3]),
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Fig. 1. Application of our PMI-based haptic rendering for multi-user col-
laborative virtual object manipulation: local user (shaded hand) is grasping
a rigid object together with a remote user (unshaded hand) using wearable
cutaneous haptic device, HMD and MOCAP.

which often achieves real-time haptic rendering with slower
update rate as it is slow to compute, yet, known to be
stable/dissipative; and 3) semi-implicit Euler integrator (e.g.,
[4], [5]), which aims to combine the advantages of the above
two integrators, aiming for adequately stable and interactive
haptic rendering.

One aspect, that is important in general field of haptic
rendering, yet, strangely missing (or only alluded/assumed)
so far in mechanical integrator is passivity (e.g., [6], [7], [8],
[9], [10], [11]).This passivity is desirable, as it would allow
for: 1) stable simulation with any parameters and update
rate (e.g., light mass with stiff spring and large integration
step) and 2) modular construction of theoretically-stable
(large-scale) virtual environment by combining passive ele-
ments while using the collective storage function as stability
measure. This missing of passivity is also true for general
integrator research, where some fundamental properties of
integrators (e.g., stability, energy/moment-conservation, sym-
plecticity [12], [13], [14]) are investigated, yet, not passivity,
which is not only concerned with the integrator itself as
captured by those properties, but also its input-output relation
with other entities.

Recently, we propose non-iterative passive mechanical
integrator (NPMI) for haptic rendering, which enforces the
(discrete-time) passivity while can be solved haptically-fast
[15], [16]. The results of [15], [16], however, are limited
only to linear dynamics or Lagrange dynamics expressed in
generalized coordinates with only sustained contact. In this
paper, we extend the results of [15], [16] to the multiple
rigid bodies dynamics expressed in maximal coordinates,
which is better suited to construct complex virtual environ-
ments than the generalized coordinates, and to multi-point
intermittent contact by incorporating linear complementarity
problem (LCP) with NPMI. This NPMI turns out to be a
midpoint integrator, yet, possesses unambiguous and intuitive
input-output variables and storage function. Due to these



reasons, we call our integrator, passive midpoint integrator
(PMI). We also provide comparison with explicit, semi-
implicit and implicit Euler integrators, which are widely
used for haptic rendering, and show that only our inte-
grator can stably simulate mechanical systems with wide-
range of parameters/update-rate while preserving lossless-
ness of undamped harmonic oscillation. We also present
hand/finger based virtual co-manipulation among multiple
users over UDP internet as an illustration. See Fig. 1 and also
htt ps : //www.youtube.com/watch?v =C6wWEdUcg3Y for
its other applications.

The rest of the paper is organized as follows. We give a
brief review of NPMI in Sec. II. We then present the main re-
sult of this paper in Sec. III: 1) PMI-based rendering of artic-
ulated rigid bodies; 2) PMI-LCP formulation for multi-point
contact rendering; and 3) PMI-based rendering of SO(3)
spring for virtual coupling. Comparison of our PMI with
Euler integrators are provided in Sec. IV with the emphasis
on the stability with wide-range of parameters/update-rate
and the losslessness of harmonic oscillation. The application
of PMI to multiuser co-manipulation is presented in Sec. V,
following with some concluding remarks in Sec. VI.

II. REVIEW OF PASSIVE INTEGRATORS IN [15], [16]

Passive integration schemes are proposed in our prior
works: for linear mechanical systems [15] and for nonlinear
Lagrangian dynamics [16]. Here, we briefly review their
main results relevant to our ensuing developments. Let
us start with considering a continuous-time dynamics and
kinematics of a linear scalar mass-spring-damper system:

mv̇(t)+bv(t)+ kx(t) = f (t)

v(t) = dx(t)/dt

where m,b,k > 0 are the mass, damping and spring, x,v ∈ℜ

are the position and velocity, and we assume zero spring
ground. We can then easily show that the continuous-time
dynamics possesses the passivity: ∀t2 ≥ t1,∫ t2
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where vi := v(ti) and xi := x(ti).
In [15], we propose a discrete integrator for the above

linear mechanical system, which is derived directly from the
principle of passivity:
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for which the key idea to enforce passivity is to adopt
“representative” velocity v̂k := (vk+1 + vk)/2 and position
x̂k := (xk+1 +xk)/2 for the interval Tk. It is then not difficult
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showing the discrete-time passivity of (1)-(2).
On the other hand, consider the nonlinear Lagrange dy-

namics as follows:

M(q)q̈+C(q, q̇)q̇+Kq = τ (3)

where q ∈ℜn is the generalized coordinate, M(q),C(q, q̇) ∈
ℜn×n are the inertia and Coriolis matrices, and K ∈ ℜn×n

is the spring gain. A direct application of (1)-(2) to (3) in
general fails to achieve passivity, mainly because M(q) is
not constant but configuration dependent (i.e., M(qk+1) 6=
M(qk)), thus, it is hard to exploit skew-symmetricity of
Ṁ(q)−2C(q, q̇) in discrete time. To overcome this, a coordi-

nate transformation is proposed in [16]: with η := M
1
2 (q)q̇,

u := M−
1
2 (q)τ , we can rewrite (3) s.t.,

Iη̇ +Q(q, q̇)η +M−
1
2 (q)Kq = u (4)

where I ∈ℜn×n is the identity and Q =−QT [16]. Similar to
(1)-(2), passive integration of (4) can then be designed s.t.,
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for which we can easily show the passivity as above.
Such passive integrators as reviewed above are desir-

able for haptic rendering, since it allows for simulation
of mechanical systems with arbitrary mass/spring/damping
parameters and update-rate [6]. These passive integrators
proposed in [15], [16], yet, are limited only to linear systems
or Lagrange dynamics in generalized coordinates, thus, not
so easily applicable to complex mechanical systems. Multi-
point contact is not considered either in [15], [16]. In the next
Sec. III, we extend the passive integrators of [15], [16] to
the rigid body dynamics in maximal coordinates, multi-point
contact and SE(3) virtual coupling.

III. PASSIVE MIDPOINT INTEGRATOR

There are two ways to choose the coordinate for the
articulated multiple rigid body simulation: 1) generalized
coordinate, which is obtained by reducing the degree-of-
freedom (DOF) by direct application of the constraints as
done in the Lagrange dynamics of (3); and 2) maximal
coordinate, which simulates the system as a combination of
multiple rigid-bodies, each evolving in SE(3), with the con-
straints among them implemented by Lagrange multipliers.
The main complication of enforcing discrete-time passivity
in maximal coordinate is that SE(3) is not a vector space.
In this Sec. III, we extend the passive integrators to this
maximal coordinate, for which we start with the passive
simulation of a single rigid-body in SE(3).

https://www.youtube.com/watch?v=C6wWEdUcg3Y


A. PMI-based Rendering of a Single Rigid Body in SE(3)

The translation dynamics of a rigid-body in SE(3) is
evolving in E(3), thus, can be passively integrated similar
to (1). Thus, here, we only focus on the rotation dynamics,
which is given by

Jω̇ +ω× Jω +bo
ω +dψ

o = τ (7)
Ṙ = RS(ω) (8)

where R ∈SO(3) is the rotation matrix, ω,τ ∈ ℜ3 are the
angular velocity and external moment, J ∈ ℜ3×3 is the
moment of inertia, all expressed in body-frame; bo > 0 is the
damping, dψo is the one form of a potential ψo (e.g., SO(3)
virtual coupling) to be discussed in Sec. III-D; and S(?) is
the skew-symmetric operator with S(a)b = a×b, a,b ∈ℜ3.
We can then easily show the passivity with ψ = 0: ∀T ≥ 0,∫ T

0
ω

T
τdt = E(T )−E(0)+D(T )≥−V (0) (9)

where E(t) := ωT Jω/2 + ψ is the storage function and
D(T ) :=

∫ T
0 boωT ωdt is the damping dissipation.

Note the similarity of (7) with (4). This then suggests the
following PMI for the rotational dynamics: during Tk,

J
ωk+1−ωk

Tk
−S(Jωk)ω̂k +bo

ω̂k +dψ
o
k = τk (10)

Rk+1 = Rk exp(S(ω̂kTk)) (11)

where ω̂k := ωk+1+ωk
2 . We can also easily show the passivity,

ignoring ψo here for a moment: during Tk = [tk, tk+1),

ω̂
T
k fkTk = κk+1−κk +bo

ω̂
2
k Tk + ω̂

T
k dψ

o
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where κk := ωT
k Jωk/2. The discrete kinematic equation (11)

and how to incorporate ψo while approximately enforcing
passivity are to be discussed shortly in Sec. III-D.

Finally, the PMI expression for the single rigid body
dynamics can be obtained by combining (1) and (10) s.t.,

M
Vk+1−Vk

Tk
+Ck(ω̂k)V̂k +BV̂k = Fk

where Vk = [vk;ωk] ∈ ℜ6,V̂k = [v̂k; ω̂k] ∈ ℜ6, M =
diag[mI,J] ∈ ℜ6×6, Ck = −CT

k , B ∈ ℜ6×6 is the damping
matrix, and Fk = [ fk;τk] ∈ ℜ6. This can also be written in
the following form, which is to be used more frequently in
the ensuing sections:

M̂kV̂k = MkVk +Fk (12)

where M̂k = [Mk +Ck +Bk] ∈ ℜ6×6 and Mk = 2M/Tk. Both
these M̂k and Mk are non-singular. Here, note that we include
the centrifugal force term Ck(ω̂k)V̂k, which is often omitted
in other rigid body dynamics rendering. Next, we consider
the integration problem of articulate multiple rigid bodies
with joint constraints.

Fig. 2. Hand virtual proxy as articulated multiple rigid bodies with joint
constraints.

B. PMI-Based Rendering of Articulated Rigid Body

We construct an articulated rigid body as a collection
of multiple rigid links with their joint implemented by
enforcing constraints among some points on the subsequent
rigid links. For instance, see Fig. 2, where the DIP and
PIP joints of the index finger are implemented by enforcing
the point-contact of two points on distal-middle and middle-
proximal phalanxes; whereas the CM joint of the thumb is
implemented by one single point-contact between the palm
and metacarpal bone.

Suppose we have n rigid links with p joint constraints.
Among the “constraint” points to implement the p con-
straints, let us denote its i-th point by Pi = xσ(i)+Rσ(i)ri ∈
ℜ3, which is on the σ(i)-th link, where σ is a map from
the index of constraint point to the link. Suppose we have
p relative constraints, each defined by ∆Pi j = Pi − Pj. By
stacking up all of these p constraints, we can then obtain
a constraint function G({∆Pi j}) : ℜ3p → ℜ3p, with G = 0
implying the enforcement of all the constraints. We can then
first-order approximate this G s.t.,

Gk+1 ≈ Gk + JkV̂kTk (13)

where V̂k = [v̂1k ; ω̂1k ; v̂2k ; ω̂2k ; ...; v̂nk ; ω̂nk ]∈ℜ6n containing all
the representative translation/angular velocities of the n rigid
bodies, k is the discrete-time index, and J ∈ ℜ3p×6n is the
Jacobian between dG/dt and V .

Then, the dynamics equation (12) is also modified to
reflect the constraint s.t.,

M̂kV̂k = MkVk + JT
k λk +Fk (14)

where λk ∈ℜ3p is the Lagrange multiplier representing the
constraint forces.

To define λk, which can incorporate the constraint G =
0 while also enhancing passivity, we define the following
potential function:

ψk :=
kG

2
GT

k Gk

where kG > 0 is a constant. Define also the total energy Ek :=
1
2V T

k MVk +ψk, where M is defined before (12). Then, using
the second-order approximation of
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with also (13), the first-order approximation of Gk, we can
obtain

FT
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1
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implying that the constraint G = 0 can be maintained while
enforcing passivity in the first order approximated sense.
Consequently, the dynamics (14) becomes:

[M̂k +
kGTk

2
JT

k Jk]V̂k = MkVk +Fk− kGJT
k Gk. (16)

with (15) incorporated. Here, note that the passivity is only
approximately enforced, as the relation (15) is based on (13).
Therefore, when the approximation does not fit well (e.g.,
with very large Tk), implementation of (16) could not enforce
passivity. Nonetheless, we fount that it behaves fairly close
to the exact passive systems, that is, stable implementation
of light mass with stiff spring as in Sec.V.

C. PMI-LCP Formulation of Multi-Point Contact Rendering

When the articulated rigid body of Sec. III-B interacts with
a virtual object, the contact force affects both of them. To
address this, we first augment the dynamics of (16) with that
of the virtual object s.t.,[
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kGTk

2 JT
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with the contact force

Fa
k = Nkλ

n
k +Dkλ

t
k

where λ n
k ∈ℜpc is the normal contact force with pc being the

number of contact points, λ t
k ∈ℜp̄pc is the tangential friction

force, for which we use a p̄-direction pyramid approximation
with Coulomb friction model [17], and the matrices Nk ∈
ℜ6(n+1)×pc and D ∈ℜ6(n+1)×p̄pc are the matrices specifying
the directions of λ n

k and λ t
k , respectively.

In order to render the frictional contact via LCP, let us
first write the above dynamics integration equation s.t.,

V̂ a
k = Â−1

k (B̂k +Nkλ
n
k +Dkλ

t
k) (17)

for which those constraints are assumed to be defined in the
velocity level. We then have the following complementarity
conditions. First, the normal contact complementary condi-
tion is given by:

σ
n
k := NT

k V̂ a
k ≥ 0, λ

n
k ≥ 0, σ

n
k ·λ n

k = 0 (18)

where σn ∈ℜpc represents the relative motion in the contact
normal direction, that can be positive (i.e., escaping) with
λ n

k = 0, or zero (i.e., maintaining contact) with λ n
k ≥ 0. The

Fig. 3. Profiles of the total energy and the height of COM (center of
mass) of the PMI-based rendering of a rigid-body free falling on a level
surface with m = 10 [kg]: elastic-like behavior due to our enforcement of
passivity.

tangential slip and the Coulomb friction model are rendered
by the following two complementary conditions:

σ
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k V̂ a
k +Eλ

f
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where σ t
k ∈ ℜp̄pc , σ

f
k ∈ ℜpc , λ

f
k ∈ ℜpc is the minimum

slipping velocity, µ̄ = µIpc×pc , and E is diag[1p̄,1p̄, ...,1p̄] ∈
ℜp̄pc×pc with 1 p̄ = [1;1; ...;1] ∈ℜp̄.

By substituting (17) into (18)-(20), we can obtain a pure
LCP formulation s.t.,σn
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where qn
k :=NT

k Â−1
k B̂k and qt

k :=DT
k Â−1

k B̂k. This contact LCP
can be solved by the pivoting technique known as Lemke’s
algorithm (e.g., [18].)

A notable feature of our PMI-LCP modelling (21) is
that it can produce a behavior like elastic contact without
any restitution model - see the rigid-body free falling on
a level surface in Fig. 3. This is due to our (approximate)
enforcement of (lossless) passivity where small energy leaks
come from the tangential friction dissipations. In stark con-
trast to the PMI-LCP modelling, other contact modelling,
based on the implicit/semi-implicit Euler integrators, typi-
cally produces plastic contact if some additional restitution
models are not added - see Fig. 4 for the same rigid-body
free fall simulation. This is because of their enforcement
of dissipativity. Of course, it is also possible to simulate
such plastic contact using our PMI-LCP formulation as well,
simply by replacing V̂k with Vk+1 in (18)-(19): see Fig. 5.

D. PMI-Based Rendering of SO(3) Spring

Here, we present how to design the potential action term
dψo

k in (10) to render the spring in SO(3) based on the PMI-
framework. This SO(3) spring is instrumental to implement
the virtual coupling of large-rotation rigid body, e.g., with
the palm and the fingers of the hand virtual proxy in Fig.
2. Justification of our choice of the discrete-time rotation



Fig. 4. Profiles of the total energy and the height of COM of the semi-
implicit Euler rendering of a rigid-body free falling on a level surface with
m = 10 [kg]: plastic contact is attained.

Fig. 5. Profiles of the total energy and the height of COM of the PMI-based
rendering of a rigid-body free falling on a level surface with m = 10 [kg]:
plastic contact is attained by replacing V̂k with Vk+1 (18)-(19).

kinematics in (11) would also be clear in the course of doing
that here. For this, define

φ(R,Ro) := |log(RT Ro)|= cos−1 1
2
[tr(RT Ro)−1] =: cos−1

γ

where Ro ∈SO(3) is a reference rotation, γ := [tr(RT Ro)−
1]/2 ∈ℜ and tr is the trace operator. This potential function
is known to describe the geodesic on an unit sphere [19].
Then, define the following potential function in SO(3):

ψ
o =

1
2

ko
φ

2(R,Ro).

Similar to the development in Sec. III-B, our objective
here is to find dψo

k to enforce the following approximate
passivity:

ω̂
T
k dψ

o
k Tk = ψ

o
k+1−ψ

o
k ≈

∂ψo

∂φ
∆φk +

1
2

∂ 2ψo

∂φ 2 ∆φ
2
k (22)

with the second-order approximation of ψo
k+1 −ψo

k . Here,
using (11) with the properties of the trace operator, we can
compute:

∆φk =
∂φ

∂γ
∆γk, ∆γk =

1
2

ω̂
T
k τ̄kTk (23)

where we define τ̄k ∈ℜ3 as

S(τ̄k) = RT
k Ro−RT

o Rk

which has the same direction of the rotation vector with
magnitude |τ̄k| = 2sin(φk). The expression ∆γk in (23) is

Fig. 6. Total energy of rotational dynamics (10) with SO(3) spring (25)
and light inertia J = 0.001 · I[kg m2], spring gain ko = 1 [Nm/rad] and
update step Tk = 0.01 [sec] starting from φo = 0.9π . Almost perfect energy
conservation and sustained oscillation are achieved in 3D rotation.

achieved as follows. First, we have

∆γk =
1
2

tr[RT
k+1Ro−RT

k Ro] =
1
2

tr[ST ((ω̂kT k))RT
k Ro]

with (11). Then, using the properties of the trace operation,
i.e., tr(ABC) = tr(BCA) and tr(A) = tr(AT ), we can compute:

∆γk =
1
2

tr[
1
2

ST (ω̂kTk)(RT
k Ro−RT

o Rk)] (24)

from (23) with aT b = tr[ST (a)S(b)/2], a,b ∈ℜ3.
Returning to the our original objectives (22), with (23),

we can design dψo
k , s.t.,

dψ
o
k =− koφk

2sinφk
τ̄k +

1
8

koTk

sin2
φk

(τ̄kτ̄
T
k )ω̂k

where τ̄kτ̄T
k ∈ ℜ3×3 is a rank one matrix. In fact, for the

magnitude of τ̄k is 2sin(φk), we can further simplify dψo
k as

follows.

dψ
o
k ≈−

koφk

2sinφk
τ̄k +

koTk

2
ω̂k (25)

where note the similarity of the second term with damping
action. The passivity of this SO(3) spring (25) is then
demonstrated in Fig. 6, where sustained oscillation is attained
with total energy almost constant with light inertia and large
update time step.

IV. COMPARISON OF INTEGRATORS FOR HAPTIC
RENDERING

Key feature of the PMI is the (approximate) preserva-
tion of (lossless) passivity of the discrete-time rigid body
dynamics as in the continuous rigid body dynamics. Here,
we demonstrate the advantage of preservation of (lossless)
passivity on virtual dynamics simulation with simple linear
mass-spring system. The most frequently used integrators in
haptic rendering are explicit Euler integrator (EEI), semi-
implicit Euler integrator (SEI), and (with some linearization



Fig. 7. Simple harmonic oscillation with EEI, SEI, IEI and PMI: m =
0.1,k = 100,Tk = 0.001.

as in [3]) implicit Euler integrator (IEI). Their expressions
for linear mass-spring system are:

m
vk+1− vk

Tk
+ kxk = fk xk+1 = xk + vkTk

m
vk+1− vk

Tk
+ kxk = fk xk+1 = xk + vk+1Tk

m
vk+1− vk

Tk
+ kxk+1 = fk xk+1 = xk + vk+1Tk

m
vk+1− vk

Tk
+ kx̂k = fk xk+1 = xk + v̂kTk

presented in the order of EEI, SEI, IEI, and PMI. Note the
difference in their rendering spring force: kxk (EEI and SEI),
kxk+1 (IEI), and kx̂k (PMI). They also assume three different
expression of the velocity: vk (EEI), vk+1 (SEI and IEI), and
v̂k (PMI).

Passivity analysis for each force and velocity pair can then
be performed as follows. For the EEI, we have
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where we use
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2
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with the Cauchy-Schwarz inequality. This shows that the EEI
is not passive in general. Similarly, for the IEI, we have
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mv2
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where we use
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2
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which implies that the IEI is passive, yet, not in general
lossless. Then, the passivity of the SEI is given by a

Fig. 8. Simple harmonic oscillation with EEI, SEI, IEI and PMI: m =
0.0001,k = 100,Tk = 0.001.

combination of (26) and (27), which implies its passivity is
dependent on the parameters (i.e., mass, spring, or update-
rate). On the other hand, the passivity of the PMI is given:

N

∑
k=1

fkv̂kTk =
1
2

mv2
N+1−

1
2

mv2
0 +

1
2

kx2
N+1−

1
2
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0

which means passive and lossless (i.e., conserving energy.)
This observation is then confirmed by the simulation

results in Fig. 7 and Fig. 8, where: 1) the EEI always diverge;
2) the SEI displays harmonic oscillation with large mass, yet,
diverges with small mass; 3) the IEI always converges to
zero, exhibiting its dissipative nature and also showing the
impossibility of rendering such sustained oscillation (e.g.,
interaction with wavering strings); and 4) only the PMI
shows harmonic oscillation with precise energy conservation
for any mass/spring ratio.

V. ILLUSTRATIVE APPLICATION OF PMI

As an illustrative application of our PMI-based haptic
rendering, here, we present the hand-based grasping and
manipulation of a shared rigid body among two user through
the network communication. For this, we first construct the
hand virtual proxy as in Fig. 2, which is rendered as a
collection of multiple rigid bodies with their joint constraints
implemented as explained in Sec. III-B. Multi-point contacts
with this hand virtual proxy and the manipulated object are
rendered by our PMI-LCP formulation of Sec. III-C. The
PMI-based virtual coupling to connect this hand virtual proxy
with the real haptic device is implemented by the PMI-based
E(3) spring and SO(3) spring, each presented in Sec. II and
Sec. III-D. The wearable cutaneous haptic deicce proposed in
[20] is also used with an IR-marker based MOCAP (motion
capture) system - see Fig. 1. Using the same system locally,
we also use the p2p consensus control architecture with the
communication delay passifying technique as proposed in
[11] - see [11] for more details.

The experiment results are shown in Fig. 9 (and also in the
uploaded video), where the two users can stably manipulate
the virtual rigid box together in a transport task. For each
finger segment, we use dynamic parameters: m = 0.001, J =
mI, bt = 0.02, br = 0.02, and kG = 50 (i.e., high mass/stiff
ratio.) The left figures of Fig. 9 are the snapshot of a user 1
view and the right figures are of opposite user 2 view. The
hand virtual proxy of local user is depicted with the mesh



Fig. 9. Snapshot of collaborative shared virtual rigid body manipulation
of multiple remote users. The UDP internet communication is implemented
for the communication.

model while the hand VP of remote user is depicted with
the skeleton model.

The enforcement of passivity in haptic rendering is also
crucial to ensure stable consensus between two users in
Fig. 9. This is because typical consensus algorithms, that
can robustly ensure stability with communication delay,
mandates open-loop system passivity, which is explicitly
addressed by our proposed PMI-based haptic rendering.

VI. CONCLUSIONS

A novel framework for passivity-based haptic render-
ing of articulated rigid bodies with joint constraints, lin-
ear complementarity problem (LCP) formulation for multi-
point contact, and SE(3) virtual coupling is proposed.
Our proposed framework is based on PMI (passive mid-
point integrator), which can stably simulate wide-range of
parameters/update-rates and lossless harmonic oscillation,
We also show that, among other integrators (e.g., EEI,
SEI, IEI), only our PMI can render stable simulation with
wide-range of parameters/update-rate, while also capable of
(lossless) harmonic oscillation. As the illustrative application,
the hand/fingers based virtual haptic manipulation of a shared
rigid body object among multiple users under communication
delay is also presented.

Our future research will include: 1) application of the
result to more complex haptic rendering scenario (e.g., peg-
in-hole for virtual assembly.) and 2) application to passive
deformable object rendering modelled by finite element
method.
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