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ABSTRACT
This paper consists of three parts. First, with a slightly-

different, yet, more physically-plausible, discrete supply-rate
(i.e. power), we propose a non-iterative (i.e. fast) and variable-
step numerical integration algorithm for (scalar) discrete-passive
mechanical systems, consisting of constant mass and damper,
and a certain class of nonlinear spring. In the second part, we
propose a fast passive collision handling algorithm with a spring-
damper type virtual wall, which, to detect exact time of con-
tacts, requires at most three intermediate non-iterative compu-
tations within each integration-step. We then propose a way of
how to passively connect this discrete-passive, non-iterative, and
variable-step mechanical integrators (with passive collision han-
dling) to a continuous haptic device.

1 INTRODUCTION
Passive and explicit1 numerical integration of mechanical

systems is very desirable for haptic rendering, which in gen-
eral requires fast updating. However, the well-known work [1]
shows that such explicit passive numerical algorithms do not ex-
ist, unless the virtual tool mass is larger than a certain �minimum-
mass�. The implication of this is that, especially to correctly use
the virtual-coupling [2] requiring discrete-passivity of virtual en-
vironments, we need either 1) to use implicit algorithms, which
often result in slower updating-rate; or 2) to increase virtual tool
mass as speci�ed by �minimum mass� in [1], which may lead in
less transparent system. See [3, 4].

∗Address all correspondence to this author.
1That is, the future state of numerical integration (e.g. xi+1,vi+1 in Fig. 1)

depends only on the previous one (e.g. xi,vi in Fig. 1). The term �implicit� is
its antonyms, implying the future state not only depends on the previous one but
also on itself too.

In the �rst part of this paper (Sec. 3), with a slightly-
different, yet, seemingly more physically-plausible, discrete sup-
ply rate (i.e. power), we propose a novel non-iterative (i.e.
iterations such as Newton-Raphson's method are not neces-
sary), discrete-passive, and variable-step numerical integration
algorithm for scalar mechanical systems, consisting of con-
stant mass/damper and a certain class of nonlinear spring (e.g.
spring potential is polynomial of order up to quintic). Al-
though being implicit, its non-iterative nature still enables us to
run this algorithm very fast. We believe that non-iterativeness
of integration algorithms is all we need for fast-updating hap-
tic rendering rather than their explicitness, although this ex-
plicitness automatically implies non-iterativeness. On the other
hand, discrete-passivity of our proposed algorithm allows us
to be completely free from the aforementioned transparency-
compromising �minimum-mass� requirement.

Unilateral constraints, or, in this paper, interactions with a
spring-damper-type unilateral virtual wall, are very important for
haptic rendering, as they are ubiquitous in the real-world. Re-
alistic simulation of such unilateral virtual walls should uphold
passivity of the interaction (i.e. virtual walls should not generate
energy by itself), since it is one of the most fundamental proper-
ties of the real-world.

In the second part of this paper (Sec. 4), we propose a novel
passive collision handling algorithm, which enforces (discrete)
passivity of the interaction between a virtual mass and an unilat-
eral spring-damper virtual wall. The main idea of this passive
collision handling is to split the integration time-steps Ti (see
Fig. 1) at the exact collision times, if such collisions happen,
so that we can avoid (passivity-breaking) spring energy jumps
due to (undetected) deep-penetration of the virtual-mass into the
wall, which then may create huge pushing-force, and thereby,
excessive energy-injection into the virtual-mass, during the next
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integration step Ti+1. This collision detection algorithm is also
non-iterative (needs to solve only quadratic equation, for which
closed-form solution available), and the maximum number of re-
quired collision detections within each integration time-step Ti is
guaranteed to be less than two. Therefore, this passive collision
handling algorithm can run very fast without being trapped in an
in�nite-loop. Some results related to this are [5] (stability rather
than passivity), [6] (impulse-based rendering), and [7] (passivity
of combined discrete virtual wall and continuous haptic device,
rather than discrete passivity of virtual wall as done here).

The third part of this paper (Sec. 5) is devoted to the prob-
lem of how to interface this (discrete) passive mechanical virtual
environment (with passive collision handling) with a real (contin-
uous) haptic-device. Here, to accommodate variable integration-
steps (i.e. Ti,Tj are different in Fig. 1) and possibly asyn-
chronous date-communication between the virtual environment
and the real haptic device, we apply the newly-proposed passive
set-position modulation framework [8], which enables us to en-
force continuous passivity for the haptic device and discrete pas-
sivity for the virtual environment individually, even with asyn-
chronous data-sending/receiving between them. Note that the
well-known virtual coupling [2] is not directly applicable here,
since it requires uniform integration-step (i.e. Ti = Tj in Fig. 1)
and synchronous servo-rate for the haptic-device hardware [1,3].
In fact, our framework based on the passive set-position modu-
lation can still enforce passivity even if the data-communication
between the haptic-device and virtual-environment has varying-
delay/packet-loss (e.g. haptic interaction with a virtual environ-
ment sitting in a remote computer over the Internet) [8].

The rest of this paper is organized as follows. We start Sec.
2 with some observations, showing that the often-used discrete
passivity condition is not so natural. In Sec. 3, we propose the
non-iterative, passive, and variable-step mechanical integrator
for scalar mass-damper-(nonlinear) spring systems. Novel pas-
sive collision handling algorithm is presented in Sec. 4, and, pas-
sive interfacing with a continuous haptic-interface using the pas-
sive set-position modulation framework [8] is proposed in Sec.
5. Some concluding remarks and comments on future research is
then given in Sec. 6.

2 SOME OBSERVATIONS
Often, the following discrete passivity is aimed (e.g. [1, 9]):

there exists a �nite constant c ∈ℜ s.t. for all N ≥ 0,

N
∑
i=0

fiviTi ≥−c2 (1)

where vi, fi ∈ℜ are the velocity/force at the i-th time-index, and
Ti is the (discrete) integration time-step between the i-th and
(i+1)-th time-indexes. See Fig. 1. This discrete passivity (1) is
clearly a direct translation of its continuous counterpart - contin-
uous passivity: for all T ≥ 0,Z T

0
f (t)v(t)dt ≥−c2 (2)

i-1 i i+1 i+2

xi-1

vi-1

xi

xi+1
xi+2

fi

vi

vi+1

fi+1

fi+2

vi+2

fi-1

TiTi-1 Ti+1

Figure 1. Data update in discrete numerical integration

where c ∈ℜ is a �nite constant.
To see why the discrete passivity condition (1) is not so nat-

ural, let us turn back to the continuous dynamics of linear scalar
mass-spring-damper system:

v(t) =
dx(t)

dt (3)

m �v(t)+bv(t)+ kx(t) = f (t) (4)

where (3) is the kinematics equation, while (4) the dynamics
equations. This continuous system possesses continuous passiv-
ity (2) with c2 := mv2(0)/2+ kx2(0)/2 due to its energy conser-
vation property: for all t1, t2 ≥ 0

1
2mv2(t2)− 1

2mv2(t1)+
1
2kx2(t2)− 1

2kx2(t1)

=
Z t2

t1
f (σ)v(σ)dσ−

Z t2

t1
bv2(σ)dσ. (5)

Suppose that the system (3)-(4) is initially at rest (i.e. x(0) =
v(0) = 0) and a non-zero force f (t) 6= 0 is applied during [0, t).
Then, we have: for all t ≥ 0,

1
2mv2(t)+

1
2kx2(t) =

Z t

0
f (σ)v(σ)dσ−

Z t

0
bv2(σ)dσ

that is, with a non-zero force f (t), its corresponding power-input
leads in the change in the system energy, thereby, the motion of
the system. So, for the continuous system, dynamic behavior and
energetic behavior are consistent with each other.

Now, consider a discrete counterpart of (3)-(4) as given by
the following explicit Euler kinematics-dynamics algorithm [1]:

xi+1 = xi +Tivi (6)

mvi+1− vi
Ti

+bvi + kxi = fi (7)

which, similarly to [10], de�nes the updating map Lmsd : X ×
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V ×U → X ×V s.t.

Lmsd : (xi,vi, fi)→ (xi+1,vi+1)

where X ,V ,U are the spaces of the discrete position, velocity,
and external force. See Fig. 1.

Then, with the same initial condition (i.e. x0 = v0 = 0 with
non-zero f0 6= 0) as above, if we enforce the widely-used discrete
passivity (1), energy-input during the integration step T0 should
be zero, since v0 = 0. Yet, from the dynamics equation (7), the
system will start moving, thus, the system energy increases with
no energy input! Note that this observation still holds even we
use different kinematics equations instead of (6) (e.g. implicit
Euler or trapezoidal [1]). This clearly shows that the discrete
passivity (1) is not so energetically natural. As long as we adopt
it, any energetically-correct behavior of the discrete system may
not be achievable.

Comparing to the continuous case, the key problem here is
that v0 is �xed to zero during the time-step T0 even with non-zero
force f0, although this is not the case for its continuous counter-
part (i.e. velocity continuously changes). This, we believe, is
essentially the idea behind the non-existence proof of explicit
passive numerical integrations in [1], that is, f0 may be arbitrary,
yet v0 is �xed to be a given value during the time of applying f0.
Similar problem of breaking discrete energy preservation with
zero velocity is also confronted in [10, 11].

Therefore, we argue that, instead of the seemingly-
straightforward discrete passivity (1), we should use (or aim
for) another condition. For this, let us consider the total energy
change in the discrete system and see how (or if) we can match
it with its continuous counterpart (5):

1
2mv2

i+1−
1
2mv2

i +
1
2kx2

i+1−
1
2kx2

i

= m(vi+1− vi)
vi+1 + vi

2 +
1
2k(xi+1 + xi)(xi+1− xi)

=
vi+1 + vi

2 ( fi−bvi− kxi)T +
1
2k(xi+1 + xi)(xi+1− xi)

where we use (7). Although not solving the problem here, this
provides some valuable insights: 1) it seems energetically more
compelling to choose (vi+1 + vi)/2 as the representative veloc-
ity during the integration-step Ti than vi, with the following new
discrete passivity condition: there is a �nite constant c ∈ℜ s.t.

N
∑
i=0

fi
vi+1 + vi

2 Ti ≥−c2, ∀N ≥ 0 (8)

instead of the unnatural (1); 2) using this (vi+1 + vi)/2 in the
damping (i.e. b(vi+1 + vi)/2 for (7)) will also guarantee the
negative-de�niteness of damping dissipation as in the continuous
case; and 3) we also need to eliminate the spring-related terms
(i.e. with k) in this discrete energy-relation to match with (5).

Another point we want to make here is about the discrete
kinematics equation (6), which is a straightforward translation

of the continuous kinematics equation (3), essentially assuming
zero acceleration during Ti. However, for the discrete case, the
acceleration during Ti is rather freezed, thus, constant. This ob-
servation leads us to the following kinematic relations:

vi+1 = vi +aiTi, xi+1 = xi + viTi +
1
2aiT 2

i

where ai is a constant acceleration during Ti. Combining these
two, we can then achieve the following discrete kinematics equa-
tion:

xi+1− xi
Ti

=
vi+1 + vi

2 (9)

which matches well with the above energy argument, suggest-
ing (vi+1 + vi)/2 as the representative velocity during Ti. Note
that this kinematics equation (9) is actually the trapezoidal rule,
which is known to have superior energetic property [1].

3 PASSIVE NON-ITERATIVE VARIABLE-STEP SIMU-
LATION OF MECHANICAL SYSTEMS
As suggested above, here, we adopt (vi+1 +vi)/2 as the rep-

resentative velocity during the integration-step Ti, along with the
discrete passivity (8) and the kinematics equation (9). Now,
consider a scalar mechanical system, consisting of constant
mass/damper and a certain class of nonlinear spring with its po-
tential energy denoted by ϕ : X → ℜ+. We use the notation
ϕi := ϕ(xi), i.e. the spring potential at the time-index i.

Then, similar to (7) and following the observations above,
we can think of the following numerical integration algorithm
for this mass-damper-(nonlinear)spring system:

mvi+1− vi
Ti

+bvi+1 + vi
2 +dϕi = fi (10)

where dϕi is the force generated by ϕ during Ti (to be determined
below). Here, we want this discrete dynamics (10) to duplicate
the continuous energy preservation relation (2), that is,

1
2mv2

i+1−
1
2mv2

i +ϕi+1−ϕi

=
vi+1 + vi

2

[
−bvi+1 + vi

2 −dϕi + fi

]
Ti +ϕi+1−ϕi

=−b
(

vi+1 + vi
2

)2
+ fi

vi+1 + vi
2 Ti (11)

where we use (10) for the second-line, while the third-line is the
target relation from (5).

To equate the second and third lines, we need to have

dϕi
vi+1 + vi

2 Ti = dϕi[xi+1− xi] = ϕi+1−ϕi
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where we use (9). Then, using the Taylor's series, we have

dϕi[xi+1− xi] =
∂ϕ
∂x [xi+1− xi]+

1
2

∂2ϕ
∂x2 [xi+1− xi]2 + ....

thus, we can choose dϕi during Ti s.t.

dϕi =
∂ϕ
∂x +

1
2

∂2ϕ
∂x2 [xi+1− xi]+

1
3!

∂3ϕ
∂x3 [xi+1− xi]2 + ... (12)

where all the partial derivatives are computed at x = xi.
For instance, if we employ the frequently-used quadratic

spring potential ϕ(x) = k(x− y)2/2 with a constant y, we have

dϕi = k
(

xi+1 + xi
2 − y

)

and the discrete dynamics (10) is given by: with rewriting the
kinematics equation (9),

mvi+1− vi
Ti

+bvi+1 + vi
2 + k

(
xi+1 + xi

2 − y
)

= fi (13)

xi+1− xi
Ti

=
vi+1 + vi

2 (14)

which de�nes passive variable-rate integration update algorithm:
Lp

msd : X ×V ×U → X ×V : (xi,vi, fi) 7→ (xi+1,vi+1).
Here, note that this algorithm (13)-(14) (with linear spring)

is implicit, since, for instance, the second and third terms of
(13) contain the future information vi+1,xi+1. Yet, if we rewrite
(13) using (14) w.r.t. xi+1 (or vi+1, resp.), we can solve (13)
for xi+1 (or vi+1, resp.) without any time-consuming iterations
such as Newton-Raphson method. Once we achieve this xi+1
(or, vi+1, resp.), we can then obtain vi+1 (or xi+1, resp.) via
(14). Therefore, we can perform this passive and variable-rate
numerical integration very fast, even if it is implicit. We believe
that this non-iterativeness of numerical algorithms is all we need
for fast haptic rendering rather than its explicitness, although,
of course, explicitness of algorithms automatically implies their
non-iterativeness.

Note that this algorithm (13)-(14) will still be non-iterative
even with nonlinear spring, as long as its potential function ϕ
can be well-approximated by Taylor series of order up to �ve
(i.e. quintic polynomial), since, in this case, dϕi in (12) will be a
quartic polynomial (i.e. fourth order), thus, the dynamics equa-
tion (13), along with (14), will become just a quartic polynomial
equation w.r.t. xi+1, for which a closed-form solution exists. If
the potential ϕ can not be represented or approximated by this
class of nonlinear functions, we will then need some iterations to
solve the nonlinear algebraic equation (13) w.r.t. xi+1.

Simulation results of this passive, variable-rate, and
non-iterative integration algorithm (13)-(14) applied to mass-
(linear)spring system (no damping), along with those of con-
tinuous Runge-Kutta fourth-order algorithm and Euler explicit
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Figure 2. Simple harmonic oscillation of mass-spring system:
integration-step varying randomly between 0.05 to 0.2sec.

kinematics-dynamics algorithm [1], are shown in Fig. 2. The
integration-steps are varying randomly between 0.05 to 0.2sec
for our and explicit Euler algorithms, while �xed to be 0.001sec
for the Runge-Kutta algorithm. From Fig. 2, it is clear that our
proposed algorithm maintains the stability of simple harmonic
oscillation and, even more, keeps the total energy to be constant
exactly as in the continuous-dynamics simulation. In contrast,
the Euler explicit algorithm produced energy by itself and be-
comes unstable very quickly. We also perform another simula-
tion with some external force (not shown here), and found that
our proposed algorithm closely matches passivity-relation (i.e.
energy-input ∑Fi fi(vi+1 + vi)/2) of the continuous case, while
the Euler algorithm again goes quickly unstable. Some delays
between our algorithm and the Runge-Kutta is due to the funda-
mental difference in the integration-steps.

4 PASSIVE COLLISION HANDLING
Consider a virtual wall (with spring k and damping b) span-

ning from y to +∞, and suppose that a virtual mass m is outside
of this wall at the i-th time-index, that is, xi < y. Suppose further
that there is no dedicated collision handling subroutine. Then,
during Ti, we will use the discrete dynamics (13) with b = k = 0,
without knowing a prior if collision will occur or not during this
Ti. Now, suppose that a collision indeed occurs during this Ti and
xi+1 computed by using (13) with b = k = 0 is now inside the
wall s.t. xi+1 ≥ y. Then, at the next time-step Ti+1, we suddenly
change the system dynamics (13) with non-zero b and k. This
induces a sudden jump in the virtual wall's potential energy from
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zero to ϕi+1 = k(xi+1 − y)2/2, while the kinetic energy of the
virtual mass mv2

i+1/2 is not changed. This sudden jump in the
wall potential energy can violate passivity: by pushing the vir-
tual mass m back with huge force during Ti+1, it may inject more
energy into m than supplied by fi during the previous integration
step Ti.

To avoid this possibly passivity-breaking virtual wall poten-
tial energy jumps, in this work, we �nd exact time of collisions,
and split the time-step Ti at these collision times. By doing so,
we can prevent such sudden passivity-violating jumps in the wall
spring potential, and, thereby, can enforce discrete passivity (8)
of the combined virtual mass and virtual wall. More speci�cally,
for the above scenario, we will �rst �nd 0 < T1 ≤ Ti s.t.

mvi+1− vi
T1

= fi,
y− xi

T1
=

vi+1 + vi
2

which is obtained from (13)-(14) with xi+1 = y and b = k = 0.
Here, note that fi is constant during the integration step Ti, while
xi < y. Combining these two equations, we have:

2m(y− xi− viT1) = fiT 2
1 (15)

which is a quadratic equation, thus, easy to check the existence
of its solution T1 s.t. 0 < T1 ≤ Ti without any iterations. If there
exists such T1, we can then say that the virtual mass m has a
collision with the wall at T1 during the integration step Ti. See
Fig. 3.

We can also achieve a similar quadratic equation for the case
of leaving the wall (i.e. xi ≥ y, yet, xi+1 < y) by combining (13)-
(14) with xi+1 = y and non-zero b,k. This is also true for the
spring potential ϕ of up to quintic order, since, in this case, from
(10) and (12), we still have quadratic algebraic equation w.r.t. T1
with dϕi given as a function of (known) xi and y = xi+1. Since
the following argument is easily extended to the case of xi ≥ y
(i.e. starting from inside of the wall) and also for the case of
up to quintic-order polynomial spring potential ϕ, from now on,
we will just focus on the case of xi < y (i.e. starting outside
of the wall) and linear spring (i.e. quadratic ϕ). We will also
use T1,T2,T2 as sub-intervals (i.e. set) of Ti or as time-steps (i.e.
positive number) associated to successive collisions as depicted
in Fig. 3

Now, suppose that if the number of possible collisions dur-
ing any integration step Ti can be very large or even in�nite. This
then may result in very slow data-update from the virtual world
to the haptic device (due to many subroutines of above collision
detections), or even may trigger in�nite-loops in the integration
algorithm. As shown below, however, this turns out to be not
possible. In fact, the maximum number of possible collisions
within one integration step Ti (with xi,vi, fi �xed) can not exceed
two, implying that neither enter-leave-enter or leave-enter-leave
are possible during any integration step Ti.

To show this, consider again the above scenario where xi < y
and the �rst collision happened at T1 ⊂ Ti, that is, this T1 satis�es
(15). Let us denote the position of the virtual mass at the end

position

time

wall (x=y)

Ti

infeasible

xi
1x

2x

i+1x

T1

T2

T3

Figure 3. At most, twice collisions are possible during one integration
time-step Ti

of this T1 by x1 (see Fig. 3). Of course, here, x1 = y, since the
virtual mass makes the �rst contact at the end of T1.

Now, suppose that, during Ti, the virtual mass m leaves the
wall. Let us denote the time-duration from x1 to this wall-leaving
by T2 ⊂ Ti and denote the position at the end of this T2 by x2.
Again, we have x2 = y. See Fig. 3. Then, since, during this
T2, the virtual mass m moves within the wall, there should exist
0 < T2 ≤ Ti−T1 s.t.

mv2− v1
T2

+bv2 + v1
2 + k

(
x2 + x1

2 − y
)

= fi,
x2− x1

T2
=

v2 + v1
2

where x2 = x1 = y, thus, we can simplify these two equations s.t.

mv2− v1
T2

= fi, v2 + v1 = 0 (16)

which is a condition necessary for this wall-leaving. Suppose
further that the virtual mass m enters again the wall during Ti and
denote the time-interval from x2 to this wall-entering by T3 =
Ti−T1−T2. Then, during this T3, the virtual mass stays outside
the wall, thus, its update equation is given by:

mv3− v2
T3

= fi,
x3− x2

T3
=

v3 + v2
2

where x3 = x2 = y, thus, we can simplify these two equations by

mv3− v2
T3

= fi, v3 + v2 = 0 (17)

which is necessary for this wall-reentering.
Therefore, for the virtual mass m to enter, leave, and re-enter

the wall within one integration step Ti, the following two condi-
tions should be necessarily met:

−2mv1 = fiT2 and 2mv1 = fiT3 (18)
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Figure 4. Bouncing ball simulation: integration-step varying randomly
between 0.05 to 0.2sec.

where we combine (16) and (17) with v1 =−v2 = v3. However,
since fi is constant during Ti and T2,T3 > 0, these two conditions
can not be satis�ed simultaneously unless fi = 0. Now, suppose
that fi = 0. Then, this is only possible with v1 = v2 = v3 = 0
and x1 = x2 = x3 = y with fi = 0, that is, from the end of T1, the
virtual mass m will just stay at the boundary of the wall without
any further move whatsoever. Similar can also be shown for the
impossibility of leaving-entering-leaving scenario, that is, if the
virtual mass m start from and leaves the wall, it can re-enter the
wall only once and, if it does, will stay within the wall there-
after, not leaving the wall again. Or, if fi = 0, it may stay at the
boundary of the wall.

The above observation implies that, during any integration
step Ti, we can just terminate the passive collision handling (e.g.
(15)) after two collisions are detected (e.g. x1,x2 in Fig. 3), and
simply integrate the remaining time-step T3 = Ti−T1−T2, with
either zero b,k if the virtual mass at x2 is leaving the wall or
non-zero b,k if it is about to enter the wall at x2. Also, if fi = 0
and xi = y,v1 = 0 is detected, we can simply proceed to the next
integration step Ti+1 with xi+1 = y,vi+1 = 0, since there will be
no move by the virtual mass.

This also implies that, if the virtual mass is close to the vir-
tual wall so that collisions are possible, we need to slow down
the data sending from the virtual environment to the haptic de-
vice by 3Tcomp where Tcomp is the worst-case computing time to
�nish one sub-interval collision handling (i.e. time required to
�nish T2). In most case, however, we believe that this still can be
done fairly fast, since its integration during T1,T2,T3 (e.g. (13)
with (15) are all non-iterative with their closed-form solutions

available. For instance, during our one-DOF virtual wall haptic
experiment in Sec. 5, we achieve 3Tcomp < 1ms using just an
ordinary of�ce PC.

We perform a simulation of a bouncing ball under the grav-
ity and pure-spring virtual wall (no damping) with our passive
collision handling algorithm. The results are given in Fig. 4,
where it is clear that, even with randomly-varying integration
steps, our combined passive non-iterative integration and col-
lision handling algorithms can maintain the stable ball bounc-
ing just as with the continuous Runge-Kutta ODE solver. This
clearly shows that our algorithms preserve passivity of the com-
bined ball and the virtual wall by enforcing conservative energy-
shuf�ing among the gravitation, wall spring, and ball's velocity.
In contrast, the Euler explicit algorithm produces energy by itself
and quickly becomes unstable.

5 PASSIVE INTERFACING WITH HAPTIC DEVICE
Let us now turn to the problem of interfacing this discrete

passive virtual world (e.g. virtual mass + virtual wall with pas-
sive collision handling (PCH) - see Fig. 5) with the real haptic
device. For this, in this work, we utilize the recently-proposed
passive set-position modulation (PSPM) framework [8], which
enables us to connect the virtual mass and the haptic device via
virtual-coupling like interconnection, while enforcing continu-
ous passivity of the haptic device and discrete passivity of the
virtual world individually, even with variable integration-steps
and asynchronous data-communication between the real and vir-
tual worlds. Due to the space constraint, our treatment here is
necessarily not comprehensive and we refer readers to [8] for
more details.

Similar to the virtual-coupling [2], as shown in Fig. 5, we
consider the virtual mass m as a two port system, interacting both
with the haptic device via the PSPM module and a discrete pas-
sive virtual environment (e.g. virtual wall with passive collision
handling - right-most block of Fig. 5) in the virtual world. Then,
similar to (13)-(14), the simulation algorithm can be written by

mvi+1− vi
Ti

= τi + fi,
vi+1 + vi

2 =
xi+1− xi

Ti
(19)

where fi is the interaction force with the virtual environment,
while τi embeds the PSPM coupling given by

τi =−bc
vi+1 + vi

2 − kc

(
xi+1 + xi

2 −qi

)
(20)

where qi is the haptic device's (continuous) position signal q(t)
received at the time-index i. During Ti, this qi is constant.

Now, suppose that the virtual environment in Fig. 5 is dis-
crete passive (e.g. virtual wall + PCH). Then, as long as we can
render the PSPM block to be also discrete passive, the total in-
terconnection of the virtual world in Fig. 5 will be passive, thus,
stable to interact with. Recall from Sec. 3 that, if qi is �xed
across different i, this PSPM coupling (i.e. with (vi+1 + vi)/2
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Figure 5. Illustration of the virtual world consisting of virtual-mass,
passive set-position modulation (PSPM), and virtual environment (e.g.
virtual-wall + passive collision handling (PCH))

and τi as input and output) will be guaranteed to be discrete pas-
sive. However, due to the switchings of qi, the energy in the
PSPM spring kc may jump and, thereby, can violate passivity.
This can be observed from (11): if qi 6= qi+1, by combining (11)
for Ti,Ti+1, we have

1
2mv2

i+2−
1
2mv2

i +
1
2kc(xi+2−qi+1)2− 1

2kc(xi−qi)2

= ∆Pi+1−
i+1
∑
k=i

bc
vk+1 + vk

2 Tk +
i+1
∑
k=i

fk
vk+1 + vk

2 Tk

where ∆Pi+1 = kc(xi+1−qi+1)2/2−kc(xi+1−qi)2/2 is the (pos-
sibly non-passive) energy jumping in the spring kc. Note that, if
∆Pi+1 = 0, this recovers to the passive relation of (11).

To avoid this potentially passivity-breaking energy jumps in
kc, we apply the PSPM framework [8] here. First, at the i-th
time-index, we compute the damping dissipation in the previ-
ous step Ti−1, i.e. with (14), Di−1 = b(xi− xi−1)2/Ti−1. Then,
given qi, as long as ∆Pi ≤Di−1, discrete passivity will be granted,
since, by doing so, we can bound the jumping ∆Pi below than the
passivity-enforcing Di−1. However, if we start with stationary
initial condition so that D0 = 0, no further jumping will be pos-
sible, thus, the virtual mass will just stay where it was, even if
the set-position signals qi are varying. To avoid this �start-off�
problem, we augment the PSPM with a virtual energy reservoir
E2 with a non-zero initial energy. Then, following [8], we solve,
at each i-th time-index, q̄i, the modulated version of qi, s.t.:

min
q̄i

||qi− q̄i||
subj. E2(i) = E2(i−1)+Di−1−∆P̄i ≥ 0

where ∆P̄i is ∆Pi computed with qi replaced by q̄i. Then, we use
this q̄i instead of qi in (20). Note that the second line inequal-
ity here enforces discrete passivity by limiting ∆P̄i below than
available energy in the system (i.e. E2(i−1)+Di−1).

Similarly, we use the following PSPM coupling control for
the haptic device: τ(t) =−b1 �q(t)−k1(q(t)−xk), where xk is re-
ceived discrete virtual-mass position at a certain time tk. Then,
switchings of xk will also induce energy jumps in the spring k1,

and, to passify this, we can just use the standard PSPM with vir-
tual energy reservoir E1 [8]. Note that this PSPM coupling con-
verges to the virtual coupling [2], when we have enough energy
in E1,E2, although, here, this PSPM coupling may be asymmet-
ric (i.e. b1 6= bc,k1 6= kc) and can be tuned locally.

Using this PSPM coupling and the (linear) virtual wall (+
passive collision handling) as the virtual environment of Fig. 5,
we perform a virtual-wall experiment. Note that, with the PSPM
coupling in (20), 1) the numerical integration algorithm of the
virtual world (i.e. virtual mass + virtual environment + PSPM
coupling) is still non-iterative; and 2) the results of the passive
collision handling also still holds. This is because the structure
of the dynamics equation (13) is preserved even with the PSPM
coupling (20). In fact, for the collision handling of Sec. 4, we can
show that, with (20), the contradiction condition (18) becomes:

−2mv1 = kc(y− q̄i)T2 and 2mv1 = kc(y− q̄i)T3

which is only feasible with y = q̄i and v1 = v2 = 0, that is, the de-
sired set-position q̄i is at the boundary of the virtual wall, and the
virtual mass m should stay there during the remaining of Ti. We
also implement energy shuf�ing/ceiling, that is, if E1 becomes
larger than a certain value Ē1, we send ∆E1 = E1− Ē1 to the vir-
tual mass side, and vice versa (with some scalings). This is espe-
cially useful when the task requires the human to keep injecting
energy into the system.

Experimental results are given in Fig. 6, where the plot-
ted master force is scaled by ten. This is because, since we
set (k1,kc) = (500,5000)N/m (with (b1,bc) = (10,10)Ns/m), hu-
man contact force will be ten times less than the contact force in
the virtual world. Of course, our PSPM framework enforces pas-
sivity even with this force scalings. See [8]. We also set the vir-
tual wall stiffness/damping to be k = 30kN/m and b = 28.3Ns/m,
and the virtual mass to be 0.001kg. We use a single PC with
2.13GHz CPU and 2GB RAM to run all the required numer-
ical algorithms, simple 3D OpenGL graphics, and servo-loop
for Novint Falcon haptic device. The data-communication be-
tween the virtual world and the haptic device is asymmetric,
asynchronous, and randomly varying s.t. during about 80% of
running time, the update rate is 2ms, while about 20%, it is ran-
domly varying from 2ms to 5ms. As clearly seen in Fig. 6, even
with this asymmetric and variable data update, haptic interac-
tion is very stable, and the human can perceive the correct virtual
contact force, in part due to the very light virtual mass.

Here, probably the most interesting aspect of our framework
is that the parameters of the virtual world (e.g. virtual mass, stiff-
ness/damping of the virtual wall, variable integration-steps) can
be chosen totally independently from the continuous haptic de-
vice part (e.g. device servo-rate/damping). For instance, we can
set the virtual mass arbitrary small and the stiffness of the vir-
tual wall arbitrary large, without being restricted by the device-
damping/sampling-rate related constraints (e.g. [1, 7]). For in-
stance, roughly-computed minimum mass according to [1] is
0.2kg, yet, our virtual mass is 0.001kg. This can be possible
here, since 1) the virtual world is guaranteed to be discrete pas-
sive in the sense of (8); and 2) the PSPM framework enforces
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Figure 6. Haptics experiment with virtual wall.

continuous passivity and discrete passivity separately. This com-
plete separation between the device servo-loop and the virtual
world, we believe, will be very useful in practice, since these two
aspects can be completely independently constructed and devel-
oped, as originally aimed for in [2]. Of course, here, the system
performance will be limited by the haptic device hardware (e.g.
larger k1 only possible with faster servo-rate, which, in our case,
is limited by the hardware to be 2ms), although this again will
not affect the construction of the virtual world.

6 Conclusion and Future Works
In this paper, we propose a novel discrete-passive, non-

iterative, and variable-step numerical integration algorithm for
haptic rendering of scalar mechanical systems, consisting of con-
stant mass/damping and a certain class of nonlinear spring. We
also provide a passive collision handling algorithm between the
virtual-mass and spring-damper type virtual-wall and a way of
how to interface this discrete passive virtual environment to con-
tinuous haptic device while enforcing passivity even with vari-
able numerical integration steps.

There are many possible directions for future research, and
among them, of particular interests to us is how to extend this
proposed framework to a general multi-dimensional nonlinear
discrete mechanical systems (e.g. serial-chain robots/attitude dy-
namics), where we need to incorporate con�guration-dependent
inertia/Coriolis matrices, as well as higher-dimensionality of col-
lision detection/handling (e.g. complicated collision surface).
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