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Abstract— We extend the results of [1] to general non-
holonomic mechanical systems with weak decomposability (as
opposed to strong decomposability [1]). That is, for a non-
holonomic mechanical system (or for multiple of them) with
weak decomposability, given a submersion h defined on their
configuration space and specifying a certain motion coordina-
tion aspect (e.g. internal formation shape), we can decompose
their Lagrange-D’Alembert dynamics into: 1) shape system,
describing the motion of h(q) (i.e. formation aspect); 2) locked
system, describing the dynamics on the level set of h with the
formation aspect h(q) fixed (i.e. maneuver aspect); 3) quotient
system, whose motion affects both the locked and shape aspects
simultaneously; and 4) energetically conservative (or skew-
symmetric) coupling among them. Moreover, the locked, shape,
and quotient systems all inherit Lagrangian like structure and
passivity. We also study the issues of controllability and present
control design examples with their application for three wheeled
mobile robots maneuvering while changing formation shape.

I. INTRODUCTION

Let us consider nonholonomic mechanical systems (or a

team of multiple of them), with the configuration q ∈ ℜn,

and its dynamics given by Lagrange-D’Alembert equation

with Pfaffian constraints and the Lagrangian given by its

kinetic energy. For such systems, we often want to control

some sort of its motion coordination aspect (e.g. end-effector

of a wheeled mobile manipulator following a certain path).

This point can be made clearer for a team of multiple

of them, for which such a motion coordination aspect is

frequently given by how their internal formation shape is

changing (e.g. cooperative manipulation among multiple

wheeled mobile robots). For all of these cases, it is usual

to be able to define a map h to describe such a motion

coordination or formation aspect by its mapped point h(q).
Let us thus call such a (holonomic) map h formation map.

In this paper, we extend the results of [1], [2] for general

nonholonomic mechanical systems in this setting. More

specifically, we show that, for nonholonomic mechanical

systems with a (submersion) formation map h and weak

decomposability (as opposed to strong decomposability of

[1]), we can decompose their dynamics into: 1) shape system,

describing the formation aspect, i.e. how h(q) is changing; 2)

locked system, specifying the overall maneuver aspect, i.e.

the system’s behavior on the level set of h with the formation

aspect h(q) fixed; 3) quotient system, whose motion perturbs

both the shape and locked systems at the same time; and

4) energetically-conservative (i.e. skew-symmetric) coupling
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among them, which is cancelable, a function of (q, q̇) and

quadratic in q̇.

Then, by regulating the quotient system and cancelling

out the coupling, we can achieve maneuver-formation decou-

pling. Also, by controlling the (decoupled) locked and shaped

systems individually, we can control the maneuver and

formation aspects separately, without any crosstalk between

them. This maneuver and formation decoupling and their

separate control is desired and often necessary in many ap-

plications. For instance, in fixture-less multirobot cooperative

grasping, we would want to control their grasping shape

(i.e. shape system) and the motion of the grasped object

(or overall team maneuver; i.e. locked system) separately.

Moreover, we do not want them to be coupled with each

other, since, if so, driving the grasped object may perturb

the cooperative grasping, thereby, potentially resulting in

dropping of the grasped object.

One of the unique and powerful properties of our re-

sult is that all the locked, shape, and quotient systems

inherit (unconstrained) Lagrangian dynamics like structure

and passivity. This then allows us to utilize many stan-

dard passivity-based control techniques for them, although

the nonholonomic constraints impose some restrictions on

possible control actions. Due to this property, similar to

[1] and following [3], [4], [5], we call our decomposition

nonholonomic passive decomposition (NPD).

Results similar to our NPD is very rare, although many

strong results have been reported for mechanical systems

only with nonholonomic constraints (e.g. [6], [7], [8], [9]);

or only with holonomic constraints (i.e. fixed h(q) = c with

constant c; [9], [10]). This rareness, we believe, is due to

the complex geometry arising from the coexistence of the

(holonomic) submersion h and the nonholonomic constraints.

To our knowledge, only results similar to our decomposition

for this mixed holonomic submersion and nonholonomic

constraints are: motion feasibility [11], which, however,

considers only first-order drift-less nonholonomic systems,

thus, not able to handle with inertial effects or external force;

and standard passive decomposition [3], [4], [5], derived for

unconstrained mechanical systems. In this sense, our NPD

results may be thought of as an extension of [3], [4], [5] to

nonholonomic systems; and [11] to second-order Lagrangian

systems. With [1], the current paper completes the NPD for

general nonholonomic mechanical systems. This paper also

studies the issues of controllability and control design, that

were not addressed before.

The rest of this paper is organized as follows. Some pre-

liminary materials are discussed in Sec. II with the standard

passive decomposition [3], [4], [5]. Nonholonomic passive
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decomposition of [1] is briefly reviewed and extended for

systems with weak decomposability in Sec. III. Controllabil-

ity and control design are then discussed in Sec. IV with a

numerical example. Summary and remarks on future research

are given in Sec. V.

II. PRELIMINARY

A. Nonholonomic Mechanical Systems

Let us start with the dynamics of nonholonomic mechani-

cal systems, which consists of 1) the nonholonomic Pfaffian

constraint:

A(q)q̇ = 0 (1)

and 2) the Lagrange-D’Alembert equation of motion:

M(q)q̈ + C(q, q̇)q̇ +AT (q)λ = τ + f (2)

where q, q̇, τ, f ∈ ℜn are the configuration, velocity, control,

and external force, M,C ∈ ℜn×n are the inertia and

Coriolis matrices s.t. Ṁ − 2C is skew-symmetric, A(q) ∈
ℜp×n (p ≤ n) defines the nonholonomic constraints, and

AT (q)λ is the constraint force, whose magnitude is spec-

ified by the Lagrange multiplier λ ∈ ℜp. We assume that

these nonholonomic constraints are smooth and regular (i.e.

rankA = p ∀q ∈ M). This modeling is also applicable to

multiple nonholonomic mechanical systems, by combining

their individual dynamics and constraints into their (product)

configuration space M ≈ ℜn. See [3], [5].

Using the constraints (1) and the inertia metric M(q), we

can then generate four spaces at each q: 1) constrained codis-

tribution C⊥, which is the row space of A(q) determining the

space of the constraint forces; 2) unconstrained distribution

D⊤, which is the kernel of A(q) specifying the direction of q̇
permitted by the constraints (1); 3) constrained distribution

D⊥, which is the orthogonal complement of D⊤ w.r.t. the

M(q)-metric; and 4) unconstrained codistribution C⊤, which

annihilates D⊥. Note that C⊥ also annihilates D⊤. Here, the

first two are purely-kinematic (i.e. only dependent on the

constraints (1)), thus, easy to compute, while the last two

are inertia-dependent.

Then, at each q, the tangent space (i.e. velocity space:

TqM) and the cotangent space (i.e. force space: T ∗
q M)

respectively split s.t.

TqM = D⊤ ⊕D⊥ and T ∗

q M = C⊤ ⊕ C⊥ (3)

where ⊕ is the direct sum, and q̇ and τ can be written as

(similar also hold for f vs (δ, δξ))

q̇ =
[
D⊤ D⊥

]

︸ ︷︷ ︸

=:D(q)

(
ν
ξ

)

, τ =
[
CT
⊤

CT
⊥

]

︸ ︷︷ ︸

=:CT (q)

(
u
uξ

)

(4)

where D⊤ ∈ ℜn×(n−p), D⊥ ∈ ℜn×p, C⊤ ∈ ℜ(n−p)×n

and C⊥ ∈ ℜp×n are the matrices identifying their respective

spaces. Since D⊥ describes the direction of velocity violating

the constraints (1), ξ = 0. Also, note that the control/force

in C⊤ direction (i.e. u, δ) is fully effective, while those in C⊥
(i.e. uξ, δξ) are completely absorbed by the constraint forces.

Group 
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q
.

Shape
system

h(q)

Fig. 1. Geometry of formation map and level sets.

Here, from our construction, C⊥D⊤ = 0, C⊤D⊥ = 0.

Also, to have the following power preservation s.t.

power(t) := (τ + f)T q̇ = (u+ δ)T ν + (uξ + δξ)
T ξ (5)

we enforce C⊤D⊤ = I and C⊥D⊥ = I . This can be achieved

by simply setting C = D−1. Here, since ξ = 0, the last

term in (5) is zero. Then, using (1) and (4) with the skew-

symmetricity of Ṁ − 2C, we can show the passivity of the

(original and projected) nonholonomic mechanical system

(1)-(2) with the above power as the supply rate and the

kinetic energy κ(t) := q̇TM(q)q̇/2 as the storage function,

s.t.: ∀T ≥ 0,
∫ T

0

(τ + f)T q̇dt =

∫ T

0

(u+ δ)T νdt = κ(T )− κ(0). (6)

B. Formation Map and Standard Passive Decomposition

For a team of multiple systems, we can think of two

aspects: 1) formation aspect - team’s internal formation

shape (e.g. (p1 − p2, p2 − p3) for three point masses pi ∈
ℜ3); and 2) maneuver aspect - team’s overall motion (e.g.

(p1+p2+p3)/3). In this paper, we suppose that the formation

aspect can be represented by the mapped point of a function

h : ℜn → ℜm, m ≤ n (7)

which we also assume to be a smooth submersion (i.e. its

Jacobian is full-rank). Then, the level set of h, defined s.t.

Hc := {q ∈ ℜn | h(q) = c, c ∈ ℜm } (8)

is a (n −m)-dim. (smooth) submanifold and the collection

of them forms a foliation [12]. We call this map h formation

map and its range space (identified by ℜm here) formation

manifold N . See Fig. 1, where 1) the formation aspect (i.e.

shape system) is represented by the mapped point h(q); while

2) the maneuver aspect (i.e. locked system) by the system’s

motion parallel on the level set Hh(q).

Then, at each q, for the velocity q̇ to be parallel w.r.t.

Hh(q), it needs to satisfy

Lq̇h =
∂h

∂q
q̇ = 0

where Lq̇h is the Lie derivative of h along q̇. This means the

kernel of ∂h/∂q ∈ ℜm×n defines the distribution parallel to

7124



the level set. Then, similar to Sec. II-A, using M(q)-metric,

we can define the following four vector spaces: 1) normal

codistribution Ω⊥ is the row space of ∂h/∂q representing

the force directions normal to the level set Hh(q); 2) parallel

distribution ∆⊤ is the kernel of Ω⊥, thus, parallel to Hh(q)

and constitutes the velocity space of the maneuver aspect;

3) normal distribution ∆⊥ is the orthogonal complement

of ∆⊤ w.r.t. the M(q)-metric, whose image via h on N
describes the formation aspect’s evolution; and 4) parallel

codistribution Ω⊤ annihilates ∆⊥ and encodes the force

directions affecting only the maneuver aspect along Hh(q).

Again, the former two are purely-kinematic (i.e. dependent

only on h), while the latter two are inertia-dependent.

Similar to (3)-(4), we then also have, at each q,

TqM = ∆⊤ ⊕∆⊥, T ∗

q M = Ω⊤ ⊕ Ω⊥ (9)

and we can write q̇ and τ by (similar also hold for f )

q̇ =
[
∆⊤ ∆⊥

]

︸ ︷︷ ︸

=:∆(q)

(
vL
vE

)

, τ =
[
ΩT

⊤
ΩT

⊥

]

︸ ︷︷ ︸

=:ΩT (q)

(
τL
τE

)

(10)

where the matrices ∆⊤ ∈ ℜn×(n−m), ∆⊥ ∈ ℜn×m, Ω⊤ ∈
ℜ(n−m)×n and Ω⊥ ∈ ℜm×n identify their respective spaces.

Similar to (4), we enforce Ω∆ = I (e.g. Ω = ∆−1).

Moreover, we can define (10) s.t. vE = dh/dt with Ω⊥ =
∂h/∂q [5].

If there is no nonholonomic constraint (1), the stan-

dard passive decomposition [3], [5] can decompose the

Lagrangian dynamics (2) (with A(q) = 0) into: 1) shape

system of vE on the normal distribution ∆⊥, describing the

formation aspect h(q) with vE = dh/dt on the formation

manifold N ; 2) locked system of vL, evolving on the

parallel distribution ∆⊤; and 3) the (cancelable) conservative

coupling between them. Then, we can achieve the formation-

maneuver decoupling and their separate control, by cancel-

ing out the coupling terms and controlling the (decoupled)

locked and shape systems, individually. The locked and shape

systems also individually inherits Lagrangian like structure

and passivity, thus, many passivity-based techniques are

applicable for them.

Yet, once the constraint (1) is present, this standard passive

decomposition becomes not so useful anymore. For instance,

the effects of the constraint force present both in the locked

and shape systems may define uncancelable energy coupling

via the constraint, thereby, making it impossible to achieve

maneuver-formation decoupling [1]. In the next section, we

will briefly review the results of [1], and extend them for

more general nonholonomic mechanical systems.

III. NONHOLONOMIC PASSIVE DECOMPOSITION (NPD)

A. NPD with Strong decomposability

Let us start with the following definition of the strong

decomposability of [1].

Definition 1 We say that the nonholonomic mechanical sys-

tem (1)-(2) under the formation map h (7) possesses strong

decomposability, if

D⊤ = (D⊤ ∩∆⊤)⊕ (D⊤ ∩∆⊥), ∀q ∈ M (11)

This strong decomposability condition (11) also implies

the split of the dual-space C⊤ s.t.

C⊤ = (C⊤ ∩ Ω⊤)⊕ (C⊤ ∩ Ω⊥)

for all q. See Remark 1 for some sufficient conditions for this

strong decomposability. Then, using the fact that q̇ ∈ D⊤ and

τ ∈ C⊤, we can write q̇ and τ s.t.

q̇ =
[
D⊤ ∩∆⊤ D⊤ ∩∆⊥

]

︸ ︷︷ ︸

=:V(q)

(
νL
νE

)

τ =
[
(C⊤ ∩ Ω⊤)

T (C⊤ ∩ Ω⊥)
T

]

︸ ︷︷ ︸

=:WT (q)

(
uL

uE

)

(12)

where, similar to (10), each block of V(q),W(q) identifies

its corresponding vector spaces. To preserve the mechan-

ical power (i.e. τT q̇ = uT
LνL + uT

EνE), we also enforce

W(q)V(q) = I . This can be done by scaling/permutating

W(q),V(q).
By applying (12), we can then decompose the original

Lagrange-D’Alembert dynamics (2) into:

DL(q)ν̇L +QL(q, q̇)νL +QLE(q, q̇)νE = uL + δL (13)

DE(q)ν̇E +QE(q, q̇)νE +QEL(q, q̇)νL = uE + δE (14)

where diag[DL, DE ] := VTMV (due to the orthogonality

of D⊤ ∩∆⊤ and D⊥ ∩∆⊥ w.r.t. M(q)-metric) and
[

QL QLE

QEL QE

]

:= VT
[

M V̇ + CV
]

. (15)

Here, we call the dynamics of νL in (13) unconstrained

locked system, since it is the locked system dynamics of

vL, further projected to the unconstrained D⊤. Similarly, we

call the dynamics of νE in (14) unconstrained shape system.

Theorem 1 Consider the nonholonomic mechanical system

(1)-(2) with the formation map h (7) and the strong de-

composability (11). Then, we can decompose its Lagrange-

D’Alembert dynamics (2) into (13)-(14), where

1) DL and DE are symmetric and positive-definite.

2) ḊL − 2QL and ḊE − 2QE are skew-symmetric.

3) QLE = −QT
EL.

4) Kinetic energy and power are decomposed s.t.

κ(t) = κL(t) + κE(t), τT q̇ = uT
LνL + uT

EνE

where κL := νTLDLνL/2 and κE := νTEDEνE/2.

Proof: Here, we only provide parts of items 2-4, since the

rests are either easy to prove or deduce from the given proof.

First, observe that, from (15),
[

ḊL − 2QL −2QLE

−2QEL ḊE − 2QE

]

=
d[VTMV]

dt
− 2VT [M V̇ + CV]

= VT [Ṁ − 2C]V + V̇TMV − VTM V̇

which is skew-symmetric. This proves items 2-3. Kinetic

energy and power decomposition can also be proved by
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using q̇ in (12) for κ = q̇TMq̇/2, and (12) with WV = I .

Therefore, with strong decomposability (11), similar to the

unconstrained case [3], [4], [5], the nonholonomic mechan-

ical system (1)-(2) can still be decomposed into: 1) shape

system of νE , describing the formation aspect; 2) locked

system of νL, representing the maneuver aspect; and 3) the

coupling terms QLEνE , QELνL between them, which is a

function of only (usually accessible) q, q̇ and energetically

conservative, i.e. νTLQLEνE + νTEQELνL = 0 from item 3

of Th. 1.

Then, by canceling out the coupling terms in (13)-(14),

we can still decouple the maneuver and formation aspects

from each other for the nonholonomic mechanical system

(1)-(2). Note that M(q)-orthogonality is critical for this,

since, if not, the locked and shape systems in (13)-(14)

will be coupled via acceleration channels, which are usually

not cancelable. Moreover, the decoupled locked and shape

systems in (13)-(14) (i.e. with QLE , QEL canceled out)

individually inherits Lagrangian like structure and passivity,

similar to unconstrained mechanical systems. Thus, many

standard passivity-based techniques are readily applicable to

control them individually.

Remark 1 Strong decomposability (11) is ensured if ∆⊥ ∈
D⊤ or ∆⊤ ∈ D⊤. To see this, suppose that ∆⊥ ∈ D⊤.

Then, due to (9), D⊤ −∆⊥ is necessarily contained in ∆⊤.

Similar also holds for ∆⊤ ∈ D⊤. For more details, see [13].

B. NPD with Weak decomposability

Although it is very tempting to believe so from (3) and

(9), strong decomposability (11) is not always granted. This

is because some of the directions of ∆⊤ or ∆⊥ can be cut

off by the ∩-operation (with D⊤), thus, with those directions

missing, D⊤ ∩∆⊤ and D⊤ ∩∆⊥ may not span the whole

D⊤-space. See Fig. 2. For this, we introduce the following

general weak decomposability.

Definition 2 We say that the nonholonomic mechanical sys-

tem (1)-(2) under the formation map h (7) possesses weak

decomposability, if

D⊤ = (D⊤ ∩∆⊤)⊕ (D⊤ ∩∆⊥)⊕Dc, ∀q ∈ M (16)

where Dc ⊂ D⊤ is orthogonal to D⊤ ∩∆⊤ and D⊤ ∩∆⊥,

and contained neither in ∆⊤ nor ∆⊥.

This Dc contains directions spanned by both ∆⊥ and

∆⊤. Note that, if not (i.e. Dc ⊂ ∆⊤ or Dc ⊂ ∆⊥), this

weak decomposability will reduce to strong decomposability

(11). This implies that, if we have a motion in this Dc,

it will incur motion both in ∆⊤ (i.e. locked system) and

∆⊥ (i.e. shape system) simultaneously. For the maneuver-

formation decoupling, thus, we need to avoid any motion in

this direction Dc. For more details on this Dc, refer to [13].

D

D

D

Dc

Fig. 2. Example of D⊤ �= (D⊤ ∩ ∆⊤) ⊕ (D⊤ ∩ ∆⊥). In this case,
D⊤ = (D⊤ ∩∆⊤)⊕Dc with D⊤ ∩∆⊥ = ∅

Then, similar to (12), we can write

q̇ =
[
D⊤ ∩∆⊤ Dc D⊤ ∩∆⊥

]

︸ ︷︷ ︸

=:Vc(q)





νL
νc
νE





τ =
[
(C⊤ ∩ Ω⊤)

T CT
c (C⊤ ∩ Ω⊥)

T
]

︸ ︷︷ ︸

=:WT
c
(q)





uL

uc

uE



 (17)

where, similar to (12), each block of Vc(q),W(q) identifies

its corresponding spaces, and we set Wc(q)Vc(q) = I .

By applying (12), we can then decompose the nonholo-

nomic mechanical system dynamics (1)-(2) into:




DL 0 0
0 Dc 0
0 0 DE









ν̇L
ν̇c
ν̇E



 (18)

+





QL QLc QLE

QcL Qc QcE

QEL QEc QE









νL
νc
νE



 =





uL

uc

uE



+





δL
δc
δE





where, similar to (13)-(14), diag[DL, Dc, DE ] := VT
c MVc,

f =: WT
c [δL; δc; δE ], and





QL QLc QLE

QcL Qc QcE

QEL QEc QE



 := VT
c

[

M V̇c + CVc

]

. (19)

The following Theorem can be proved similar to Th. 1.

Theorem 2 Consider the nonholonomic mechanical system

(1)-(2) with the formation map h (7) and weak decomposabil-

ity (16). Then, we can decompose its Lagrange-D’Alembert

dynamics (2) into (18), where

1) DL, Dc, DE are symmetric and positive-definite.

2) ḊL−2QL, ḊE−2QE , Ḋc−2Qc are skew-symmetric.

3) Qαβ = −QT
βα, α, β ∈ {L, c, E}.

4) Kinetic energy and power are decomposed s.t.

κ(t) =
1

2
νTLDLνL +

1

2
νTc Dcνc +

1

2
νTEDEνE

τT q̇ = uT
LνL + uT

c νc + uT
EνE

Thus, with the weak decomposability (16), the nonholo-

nomic mechanical system (1)-(2) can be decomposed into:

1) shape system of νE in D⊤∩∆⊥, specifying the formation

aspect; 2) locked system of νL in D⊤ ∩∆⊤, describing the
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maneuver aspect; 3) quotient system of νc in Dc, containing

motions both in ∆⊤ and ∆⊥; and 4) energetically conser-

vative couplings Qαβνβ among these three systems. Then,

by canceling out the coupling terms, regulating the quotient

dynamics s.t. νc = 0, and controlling the locked and shape

dynamics individually, we can still achieve the formation and

maneuver decoupling and their separate control, even with

the weak decomposability (16). The inherited Lagrangian

like structure and passivity of the locked, shape, and quotient

systems are again instrumental for this (e.g. PD control in

Sec. IV). Here, regulating the quotient νc dynamics is critical

for maneuver-formation decoupling, since any non-zero νc
produces motion in Dc, thereby, invoking both the maneuver

and formation aspects simultaneously.

Compared to strong decomposability (11), the necessity

to regulate the motion in Dc here results in the loss of the

control action along Cc directions, thereby, likely negatively

affecting its controllability - see Sec. IV. Note also that the

results of this Sec. III - strong/weak decomposabilities (11),

(16) and their corresponding NPDs (13)-(14), (18) - still hold

whether we have full control in C⊤ or not, although such full-

control in C⊤ can expedite/simplify control design as shown

in the next section.

IV. CONTROLLABILITY AND CONTROL DESIGN

Our discussion on the controllability and control design

in this section is based on the assumption that we have full

control in C⊤ for (3), or equivalently, that u ∈ ℜn−p in (4)

can be arbitrarily assigned.

One of the questions of immediate importance here would

be if it is possible to drive the maneuver aspect without

affecting the formation aspect h(q) and also without being

hindered by the nonholonomic constraints. This question is

relevant to many applications: e.g., for cooperative grasping,

the robots would then be able to together drive the grasped

object (i.e. maneuver) to any desired location while keeping

tight grasping among them (i.e. formation). For this, we

define the following maneuver decoupled controllability (or

d-controllability).

Definition 3 We say that the nonholonomic mechanical sys-

tem (1)-(2) with the formation map h (7) is maneuver d-

controllable, if

span{D⊤ ∩∆⊤} = ∆⊤, ∀q ∈ M (20)

where span{⋆} denotes the involute closure of ⋆ [8].

This maneuver d-controllability implies that, by moving

only along D⊤ ∩ ∆⊤, the locked system can cover any

point on the level set Hh(q) (i.e. its motion is maximal on

Hh(q)) without perturbing the formation aspect h(q), even

in the presence of the nonholonomic constraints. This def-

inition, although seemingly kinematic, is indeed applicable

here, since the (decoupled) locked system is kinematically

reducible/controllable - see [14], [15]. Its dual notion is then

defined as follows.

Definition 4 We say that the nonholonomic mechanical sys-

tem (1)-(2) under the formation map h (7) is formation d-

controllable, if

span

{
∂h

∂q
(D⊤ ∩∆⊥)

}

= Th(q)N , ∀q ∈ M (21)

where ∂h/∂q acts as push-forward from TqM to Th(q)N .

This formation d-controllability (21) implies that, by mov-

ing the shape system only along D⊤∩∆⊥, we can reach any

point on the formation manifold N , without perturbing the

maneuver aspect (i.e. locked system), even in the presence

of the nonholonomic constraints. Due to the same reason as

above, this seemingly kinematic definition is applicable to

the dynamic shape system.

If the system is formation and maneuver d-controllable

(20)-(21), we can then control the formation and maneuver

aspects individually and separately and, in a certain sense,

free from the nonholonomic constraint (1), regardless of

whether the system is strong or weak decomposable, al-

though the weak decomposability would imply more diffi-

culty to achieve these d-controllabilities due to the dedication

of control directions along Cc only for the νc-regulation.

Now, we design the control law, that achieves: 1) desired

constant formation shape hd, i.e. h(q) → hd ∈ N ; and 2)

desired maneuver behavior as described by velocity profile

νdL, i.e. νL(t) → νdL(t). Here, νdL may be designed to encode

a certain desired behavior on the level set Hhd
. Let us first

consider the case of strong decomposability. Then, we design

the control uL, uE in (13)-(14) s.t.

uL = QLEνE +DLν̇
d
L +QLν

d
L −BL(νL − νdL)− δL

uE = QELνL −BEνE − SE

[
∂ϕE

∂h

]T

− δE

where BL, BE are positive-definite/symmetric matrices,

∂ϕE/∂h ∈ ℜm×n is one-form of a positive/smooth potential

field ϕE(h) designed on N s.t. it attains global minimum

at h = hd and ∂ϕE/∂h = 0 iff h = hd, and SE(q) :=
(D⊤∩∆⊥)

T (Ω⊥)
T with Ω⊥ = ∂h/∂q. Here, SE [∂ϕE/∂h]

T

is designed s.t.: first design −∂ϕE/∂h for τE ; and then

project it into uE using (10) and (12). This SE is a “fat”

matrix, showing the elimination of control actions by the

nonholonomic constraint (1).

On the other hand, for the case of the weak decompos-

ability, we design the control uL, uc, uE in (18) s.t.

uL = QLcνc +QLEνE +DLν̇
d
L +QLν

d
L −BL(νL − νdL)− δL

uc = QcLνL +QcEνE −Bcνc − δc

uE = QELνL +QEcνc −BEνE − SE

[
∂ϕE

∂h

]T

− δE

where Bc is the gain matrix defined similar to above.

For the case of strong decomposability above, we have,

with Ω⊥ = ∂h/∂q,

νTESE

[
∂ϕE

∂h

]T

=
∂ϕE

∂h

∂h

∂q
(D⊤ ∩∆⊥)νE =

dϕE

dt
(22)
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where we use the fact that dh/dt = (∂h/∂q)q̇ =
(∂h/∂q)(D⊤∩∆⊥)νE from (12). This (22), however, is not

hold for the case of weak decomposability unless νc = 0
in (17), since dϕE/dt in general also depends on νc. This

implies that, for the potential ϕE to be effective for the weak

decomposability case, we need to enforce νc = 0 as done

in the following theorem, whose proof we omit here due to

page limit. See instead [13].

Theorem 3 Consider (1)-(2) with the formation map h with

the above controls, (uL, uE) for strong decomposability, or

(uL, uc, uE) for weak decomposability. Suppose that q̇(0) =
0; and V(q) in (12), or Vc(q) in (17), and their partial

derivatives are bounded ∀q. Then, q̇ ∈ L∞, νL(t) → νdL(t),
νc(t) = 0 and ϕE(t) ≤ ϕE(0) ∀t ≥ 0.

Suppose further that: (a) DE(q), QE(q, q̇), QL(q, q̇) and

their partial derivatives are bounded, if q̇ is bounded; (b)

∂h/∂q, ∂ϕE/∂h, SE(q) and their partial derivatives are

bounded, if ϕE(h) is bounded; and (c) νdL(t) drives q(t)
in such a way that, for all t′ ≥ 0, there exists a bounded

duration ∆t > 0, s.t.

SE(q(t))

[
∂ϕE

∂h

]T

= 0 ∀t ∈ [t′, t′ +∆t] iff
∂ϕE

∂h
= 0.

(23)

Then, we have h(q) → hd.

Note that our control here is essentially simple propor-

tional derivative (PD) control. This relatively simple control

works here, due to the inherited Lagrangian like structure

and passivity of the locked, shape, and quotient dynamics. It

is also interesting to note that the condition (23) is similar to

the persistency of excitation condition for adaptive control.

We apply NPD to three non-uniform nonholonomic

wheeled mobile robots, with h = [qT1 − qT2 , q
T
2 − qT3 ]

T ∈ ℜ6,

where qi := (xi, yi, θi) ∈ ℜ3 is i-th robot’s configuration.

With non-uniform inertias, these robots possess weak de-

composability (if uniform, strong decomposability [1]). We

then use the above control uL, uc, uE to drive their maneuver

while morphing their formation shape from triangle to line

(see [1] for maneuver with formation keeping). Simulation

result is shown in Fig. 3. For more details, refer to [13].

Remark 2 Our results can be easily extended to first-

order/kinematic nonholonomic systems: e.g., motion feasi-

bility condition of [11] is equivalent to D⊤ ∩∆⊤ �= ∅. This

kinematic system, however, cannot address inertial effects or

external forces, both important in some applications (e.g. fast

operation; force-controlled assembly). See [13].

V. SUMMARY AND FUTURE WORKS

Together with [1], this paper presents the nonholonomic

passive decomposition of general second-order nonholo-

nomic mechanical systems with a holonomic submersion for-

mation map, which enables us to decompose the Lagrange-

D’Alembert dynamics into several decoupled systems ac-

cording to maneuver/formation aspects with conservative

coupling among them. Those decoupled systems inherit La-

grangian like structure and passivity. Issues of controllability
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Fig. 3. Maneuvering while changing formation.

and control design are also discussed with a numerical

example of maneuvering with formation changing of three

non-uniform wheeled mobile robots. There are several direc-

tions for future research: 1) incorporate under-actuation; 2)

relation between (23) and controllability; and 3) coordinate-

invariant geometric formulation, to name a few.
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