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ABSTRACT

We propose a novel framework - passive set-position modula-
tion - which enables us to utilize the explicit position feed-
back over packet-switching communication network (e.g. Inter-
net) with significant varying-delay and packet-loss, while enforc-
ing energetic passivity at the same time. The proposed mod-
ulation framework is flexible (i.e. can accommodate varying
data update-rate and intermediate data processing such as smooth-
ing/reconstructuring); local and decentralizable (i.e. performance
can be locally tuned without consulting other sides over the com-
munication), thus, scalable; and relies only on the position sig-
nal, rather than often-inaccurate/noise-contaminated numerical in-
tegration/differentiation. We believe that this proposed passive set-
position modulation would be useful for varying-rate haptics and
bilateral teleoperation over the Internet.

Index Terms: Passivity, varying delay, packet loss, haptics, teleop-
eration, Internet

1 INTRODUCTION

One of the open problems in the haptics and force-reflecting teleop-
eration is how to enforce position correspondence (e.g. coordina-
tion between device’s position and its virtual presence, or master-
slave position coordination) while enforcing (energetic) passivity
at the same time over (imperfect) packet-switching communication
network with non-negligible varying-delay and packet-loss. One of
the most straightforward examples of this is the bilateral teleoper-
ation over the Internet, where the master-slave communication suf-
fers from varying-delay and packet-loss of the best-effort Internet or
WLAN (wireless local area network). Another example is when a
haptic device is connected to a computing machine, which can only
produce sporadic commands for the haptic device due to the com-
plexity of the virtual world (e.g. surgery simulation) and/or exten-
sive background computing process (e.g. 3D complicated graphics
animation), or if the device-computer connection itself is unreliable
(e.g. virtual world in a remote supercomputer via the Internet).
This problem is challenging, since it is often desirable, if not

completely necessary, to enforce (energetic) passivity for ensuring
stable/safe mechanical interaction of the closed-loop system with
external environment/humans. Yet, varying-delay and packet-loss
of the packet-switching network makes this very difficult, espe-
cially if we also want to enforce certain position correspondence
(e.g. master-slave coordination in teleoperation, coordination of
haptic device’s real and virtual positions) at the same time. In fact,
such packet-loss and varying-delay pose significant challenges for
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any networked control systems (i.e. feedback-loop is closed over
communication network) even if the goal is just stabilization with-
out the passivity requirement [1].
In this paper, we propose a novel framework for this problem,

which we call passive set-position modulation. What it does may
be briefly summarized as follows: at each time tk it receives a
new desired set-position data y(k) (from the packet-switching net-
work),1 it decides its modulated version ȳ(k) so that, by using this
ȳ(k) for controlling the continuous-time robot, it can ensure the
passivity of the closed-loop system while still enjoying the explicit
position feedback information. For this, we also augment the sys-
tem with 1) virtual energy-reservoir, which provides the energy to
make this modulated ȳ(k) to be as close to y(k) as possible while
enforcing passivity; and 2) energy re-harvesting loop, which recap-
tures a portion of energy otherwise wasted (i.e. dissipated) inter-
nally inside of the implemented controller (rather than through the
real interaction with external humans/environments). By recycling
this (otherwise wasted) energy, energy efficiency will be enhanced
so will be the system performance.
This passive set-position modulation also allows us to put a data-

generating/interpolating module between the communication port
and the modulation subroutine. This data generation/interpolation
may be used for many purposes: as a smoothing filter when the raw
data receptions are so sporadic that they produce (possibly realism-
disrupting) step-like jumps (in set-positions y(k)), or as a bandpass
filter to accommodate the asymmetry of human haptic perception
[2, 3], to name just a few. Moreover, as shown in this paper, by
just densifying this raw data stream of y(k), the energy efficiency
of the total system can be drastically improved via the energy re-
harvesting, since the energy “leak” escaping from this energy re-
harvesting process is (roughly) quadratically decrease w.r.t. the data
injection rate to the modulation subroutine, whether such data are
either real or artificially generated.
On the top of its explicit position-feedback and passivity-

enforcement in the presence of varying-delay and packet-loss, this
passive set-position modulation framework also has the following
useful properties:

• (Flexibility) It can accommodate non-uniform data receiving
rates (e.g. varying-rate haptics) and even time-swapped po-
sition data; and also allows us to insert an intermediate data
processing module (e.g. smoothing filter, data interpolation,
etc) between the communication receiving-port and the pas-
sive set-position modulation module as stated above.

• (Locality) It is completely local and decentralized in the sense
that its implementation and performance (e.g. perceived hap-
tic wall stiffness, or Z-width [4]) can be tuned locally without
consulting with other sides over the communication. This lo-
cality will be very useful when scalability is demanded (e.g.
large-scale multi-user haptic collaboration).

1This raw data y(k) is not necessarily position data - other type of data
can also be incorporated (e.g. combination of velocity and force). This will
be reported in a future publication.
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• (Position-dependent) All of its processes demand only
(usually directly measurable) position sensing without any
(possibly noise-contaminated/inaccurate) numerical integra-
tion/differentiation.

Perhaps, the most closely-related previous works to this passive
set-position modulation frameworks may be the time-domain pas-
sivity (or PO/PC) approaches [5, 6, 7, 8, 9] and the scattering (or
wave) based approaches [10, 11, 12, 13, 14].
One of the fundamental characteristics of the time-domain pas-

sivity approach is the possible “noisy” behavior or large impulsive
PC actions when the robot’s velocity is small but the PC needs to
compensate for the positive (i.e. active) PO value. See [8], which
also provides an ad-hoc and partial solution for the noisy problem.
See also [9, Fig.11] for impulsive PC actions. These noisy behav-
ior and impulsive actions are mainly because 1) the time-domain
approach is essentially a “see-and-action” policy, that is, the PO
detects non-passivity first, and then, the PC steps in to compensate
for it next; and, even more, 2) the (impedance-type) PC becomes
singular when the robot’s velocity becomes zero, which happens
actually quite often in practice (e.g. hard contact) or even by the
PC action itself.
On the other hand, the scattering approaches are known to per-

form well even in the presence of constant as well as varying delays
(e.g. see [12]). However, it is not clear if they will still perform sim-
ilarly well for the case of substantial packet loss. This is because,
from [12, Eq.(44)], when a packet is lost, even if the previous (in-
coming) wave-integral is used (i.e. Us), the (non-zero local) mo-
mentum (i.e. ps) may cause some diversion of the set-point (i.e.
xsd). See also [11, Fig.6] for this “incidental-diversion” problem.
This problem will even be more prominent for hard-contact tasks,
since, due to the (large) contact force (i.e. larger momentum ps),
this set-point diversion will be greater, thereby, possibly leading to
delusive perception of the contact point (e.g. fluctuation of other-
wise stationary/rigid wall). Another issue is the wave-reflection,
which is inherent to any scattering-based approaches, yet, its (cur-
rently available) remedy seems only applicable to linear robots (i.e.
impedance matching [12]), rather than more ubiquitous nonlinear
robots.
In contrast, our proposed passive set-position modulation frame-

work does not suddenly divert its set position to seemingly arbitrar-
ily point even when the packet is lost, nor shows (possibly realism-
breaking) noisy-behavior/impulsive-action when the robot’s veloc-
ity is small. This is because 1) when the packet is lost, it essen-
tially holds the previous set position; and 2) it restricts the control
action to enforce passivity before applying it rather than follow-
ing a “see-and-action” policy, and does not possess any singular-
ity in the resultant control action. Our modulation framework is
also free from the wave-reflection problem (obviously, since it’s
relying only on positions) and applicable to nonlinear robots (e.g.
by applying it to each degree-of-freedom independently with sepa-
rate potential and damping). This passive set-position modulation
framework may be thought of as an extension of the simple PD-
based passive control framework of [15] to the packet-switching
communication networks, which is, to our knowledge, the very first
result in time-delay teleoperation ensuring passivity without relying
on the scattering/wave-transformation.
The rest of this paper is organized as follows. Some preliminary

materials and the problem of the energy jumpings of the untreated
position-feedback over the packet-switching communication net-
work will be introduced in Sec. 2. The main result - passive set-
position modulation - will be derived and detailed in Sec. 3, and its
application to the problem of the bilateral teleoperation over the In-
ternet will be presented in Sec. 4 along with some experimental re-
sults. Concluding remarks with some comments on future research
will be given in Sec. 5.
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Figure 1: Continuous robot’s position trajectory x(t), received posi-
tion signal y(k), and its modulated version ȳ(k).

2 PRELIMINARY

2.1 Human-Interactive Robotic System and Passivity
Let us consider the following 1-degree-of-freedom (DOF) scalar
point mass robot:

mẍ = τ + f (1)

where m > 0 is the mass, x ∈ � is the position, and τ, f ∈ � are
the control torque and the external/human force. We also define the
open-loop energetic passivity of (1): ∀T ≥ 0,

∫ T

0

(τ + f)ẋdt = κ(T ) − κ(0) ≥ −κ(0)

where κ(t) := 1
2
mẋ2 is the kinetic energy.

In many human-interactive robotic systems, for ensuring interac-
tion stability and safety with humans, it is often desirable to enforce
the closed-loop energetic passivity, that is, ∀T ≥ 0,

∫ T

0

fẋdt ≥ −d2 (2)

where d ∈ � is a bounded scalar depending on the initial condition.
The meaning of this inequality is that the maximum (net) energy
extractable by the human/environment from the closed-loop system
is always bounded. To enforce interaction stability and safety, in
this work, we aim to guarantee this (closed-loop) energetic passiv-
ity while utilizing the explicit position feedback over the packet-
switching communication network with varying-delay and packet-
loss.

2.2 Energy Jumping from (Untreated) Position Feed-
back

Consider that we now receive a desired position information over
a packet switching network with substantial varying-delay and
packet-loss (e.g. Internet). This packet switching communica-
tion network is inherently a discrete system, although the hu-
man/environment and robot (1) are continuous. Let us denote this
received position data by y(k) and the time of its reception by tk

(k = 1, 2, ...). See Fig. 1. Here, this y(k) is fixed during the
time-interval Ik = [tk, tk+1). These intervals Ik are not necessar-
ily uniform (e.g. varying-rate). Also, there is no guarantee (or need
for our result to hold) that y(k) is necessarily sent before y(k + 1)
from its sending port (i.e. time-swapping).
Following [15], let us consider the case where the system (1) is

controlled by the following simple P-action with explicit position
feedback and damping dissipation:

τ(t) = −bẋ(t) − k(x(t) − y(k)) (3)
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for t ∈ Ik. Here, we assume that the control τ(t) is continuous,
although it contains the discrete switching signal y(k) fixed during
Ik. This assumption would be granted if we have sufficiently fast
low-level control servo-loop.
Then, within each switching interval, with y(k) acting as a step-

input, the closed-loop system behaves as a passive system. More
precisely, we have, during Ik = [tk, tk+1),

κ(t−k+1)+ϕ(t−k+1)

= κ(tk) + ϕ(tk) −
∫ t−

k+1

tk

bẋ2dt +

∫ t−
k+1

tk

fẋdt (4)

where ϕ(t) = 1
2
k(x(t) − y(k))2 for t ∈ Ik. This can be re-

organized into the energetic passivity condition (2) with d2 =
κ(tk) + ϕ(tk). Unfortunately, this energetic passivity with the di-
rect position feedback begins to break down when we combine (4)
over the entire operation time. This is because, at the switching in-
stance, although κ(t) is continuous, the spring energy ϕ(t) jumps
due to the switching of y(k). In other words, we have, in general,

ϕ(t−k ) =
1

2
(x(t−k ) − y(k − 1))2 �= ϕ(tk) =

1

2
(x(tk) − y(k))2

although κ(t−k ) = κ(tk).
We denote this energy-jump by

ΔP (k) := ϕ(tk) − ϕ(t−k ) (5)

which can be positive (i.e. breaking passivity) or negative (i.e. en-
forcing passivity), although there is no guarantee that this is always
negative as we want. Let us also define the damping dissipation
during Ik = [tk, tk+1) s.t.

D(k) :=

∫ t−
k+1

tk

bẋ2dt. (6)

Then, combining (4) over the time-intervals I0 through In =
[tn, tn+1) with t0 = 0, we have, for all n ≥ 0 and t̄ ∈ [tn, tn+1),

V (t̄) − V (0) −
n∑

k=1

ΔP (k) +

n−1∑
k=0

D(k) +

∫ t̄

tn

bẋ2dt =

∫ t̄

0

fẋdt

(7)

where V (t) := κ(t) + ϕ(t) is the total energy. Thus, if there is no
energy jumpings so thatΔP (k) = 0, since D(k) ≥ 0 and V (t) ≥
0, we will achieve the energetic passivity (2). However, if we have a
certain sequence of y(k) s.t. it creates positive (net) energy jumping
and

∑n
k=1 ΔP (k) becomes large enough, the energetic passivity

will break down and the interaction stability/safety will be at risk.
In the next Sec. 3, we propose a novel framework, passive set-

position modulation, which enables us to still use the explicit posi-
tion feedback y(k) while avoiding this breaking-down of the ener-
getic passivity due to the energy-jumpings.

3 PASSIVE SET-POSITION MODULATION

As shown above, using the raw signals y(k) directly may compro-
mise energetic passivity. To address this issue, we, instead, use its
modulated version ȳ(k), which, as designed below, will guaran-
tee energetic passivity while allowing us to utilize explicit position
feedback information contained in y(k).
Let us start by considering the time-interval Ik = [tk, tk+1).

Then, during this interval, we have (possibly passivity-breaking)
energy jumping ΔP (k). On the other hand, we also have a
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Figure 2: Energetics of the passive set-point modulation.

(passivity-enforcing) damping dissipation D(k). This suggests us
the following modulation strategy at time tk:

min
ȳ(k)

||y(k) − ȳ(k)||

subj. D(k) − ΔP̄ (k) ≥ 0

where ΔP̄ (k) := 1
2
k(x(tk) − ȳ(k))2 − 1

2
k(x(t−k ) − ȳ(k − 1))2

with ȳ(k), ȳ(k − 1) being the modulated set positions. Here, this
optimization problem is always feasible, since the condition (sec-
ond line) has always a trivial solution ȳ(k) = ȳ(k − 1), since
x(t−k ) ≈ x(tk). Note that this condition enforces the energy jump-
ing to be all dissipated via the damping b, thereby, guarantees ener-
getic passivity.
This strategy, although serving as a starting point here, is not

implementable, since, at the time tk, to decide ȳ(k), we need to
computeD(k) in (6), which requires future information, i.e. evolu-
tion of ẋ(t) during [tk, tk+1). To avoid this causality problem, we
slightly modify the strategy as followings: at each tk,

min
ȳ(k)

||y(k) − ȳ(k)|| (8)

subj. D(k − 1) − ΔP̄ (k) ≥ 0 (9)

where D(k − 1) is now computable at the decision time tk. Note
that the new condition (second line) still enforces the energetic pas-
sivity, since, by summing up this over the entire operating time,
the total dissipation will always dominate the energy jumpings (see
(7)). This condition (9) implies that we allow the energy jumping at
tk only by the amount permitted by the damping dissipation in the
previous time-interval Ik−1 = [tk−1, tk).
We further refine this strategy as follows. First, let us consider

the computation of D(k − 1). Then, in practice, this will be com-
puted by numerically integrate bẋ2(t), for which ẋ is usually com-
puted by numerically differentiate the (measured) position signal
x(t) (e.g. from encoder). These numerical differentiation and inte-
gration may be noise-contaminated and inaccurate, thereby, result-
ing in possibly erroneous estimation ofD(k−1). Instead, here, we
use another (related) quantity, which is a function of only the po-
sition x(t) with no numerical integration/differentiation. For this,
using the Cauchy-Schwartz inequality (in integral form) [16, 17]
s.t.

∫ t−
k+1

tk

|ẋ|dt ≤

√√√√∫ t−
k+1

tk

|ẋ|2dt ×
∫ t−

k+1

tk

1dt

we have

D(k) ≥ b

t−k+1 − tk

(xmax(k) − xmin(k))2 =: Dmin(k) (10)
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where xmax(k) and xmin(k) are the maximum and minimum of
x(t) during Ik = [tk, tk+1). We use thisDmin(k) instead ofD(k).
As shown in Lemma 1, the error between D(k) and Dmin(k) is
cubic w.r.t. the updating rate of y(k), thus, by densifying the data
stream of y(k) (e.g. smoothing filter), we can easily make this error
practically negligible.
Suppose we start with the stationary system: D(0) = 0, ȳ(0) =

x(0), and ẋ(0) = 0. Then, if receive a signal y(1) �= ȳ(0) for the
first time, since we do not have any available energy to track this
desired position signal y(1), all we can do is just to stay where we
have been, that is, x(t) = ȳ(0). This can be seen mathematically
as follows: from (9),

D(0) = 0 ≥ ΔP (1) = ϕ(t1) − ϕ(t−1 ) = ϕ(t1)

thus, we need to have ϕ(t1) = 1
2
k(x(t1) − ȳ(1))2 = 0. This im-

plies ȳ(1) = x(t1) = ȳ(0), thus, no attempt to follow the received
position signal will be made whatsoever.
This problem is because we start with zero initial energy in our

disposal, thus, can not generate any (non-zero) initial control action.
To remedy this, we augment the system with a virtual energy reser-
voir, which, with non-zero initial energy, will provide energy neces-
sary to generate such initial (and also later) control action while also
recapturing portion of the energy waste via the internal damping b.
More precisely, we simulate (in computer) the following discrete
dynamics of virtual energy reservoir E s.t. E(0) > 0 and, at each
data reception time tk,

E(k) = E(k − 1) + Dmin(k − 1) − ΔP̄ (k) (11)

where Dmin(k) is the estimation of D(k) as defined in (10). This
(11) means that, at each tk, the energy reservoir E will provide (or,
take from, depending on the sign ofΔP̄ (k)) energy to generate the
energy jumpings (i.e. ΔP̄ (k)), while also re-harvesting some of
the internally-wasted energy (i.e. Dmin(k − 1)) into it. See Fig. 2
for the energetics.
In (11), we also restrict E(k) ≥ 0 to enforce passivity. This

requires us to choose ȳ(k) at the decision time tk to satisfy:

E(k − 1) + Dmin(k − 1) ≥ ΔP̄ (k)

which manifests the passivity of this modulation strategy, that is, it
permits energy jumping only when there is enough energy to do so
(i.e. E(k − 1) + Dmin(k − 1)). Using these E(k) and Dmin(k),
we now present passive set-position modulation: at each tk,

min
ȳ(k)

||y(k) − ȳ(k)|| (12)

subj. E(k) = E(k − 1) + Dmin(k − 1) − ΔP̄ (k) ≥ 0 (13)

with a suitably bounded E(0) ≥ 0. Here, note that, if we have
enough energy (i.e. E(k−1)+Dmin(k−1) is big enough), we will
have ȳ(k) = y(k), that is, the received position information can
be fully utilized in the control (3) without any loss of information.
On the other hand, if the energy in the system is not enough, the
modulation strategy will then restrict ȳ(k) in such a way that some
information contained in y(k) will be lost (i.e. ȳ(k) �= y(k)) for
enforcing passivity. Now, we present the properties of this passive
set-position modulation.

Theorem 1 Consider the robot (1) under the control (3) with the
passive set-position modulation (12)-(13).

1. (Passivity) The closed-loop system is energetically passive in
the sense of (2).

2. (Position tracking) Suppose that y(k) → yo and f(t) → 0
for all t ≥ 0. Suppose further that E(k) > 0 for all k ≥ 1.
Then, x(t) → yo.

3. (Haptic feedback) Suppose that y(k) → yo, ẍ(t) → 0 and
ẋ(t) → 0. Suppose further that E(k) > 0 for all k ≥ 1.
Then, f(t) → k(xo − yo) where x(t) → xo.

Proof: The first item can be easily proved by combining (7), (10),
and (11) with ΔP (k) replaced by ΔP̄ (k), so that, for all n ≥ 0
and t̄ ∈ In = [tn, tn+1) withD(0) = 0,

∫ t̄

0

fẋdt ≥ V (t̄) − V (0) + E(n) − E(0) +
n∑

k=1

eD(k)

≥ −V (0) − E(0) (14)

where V (t) = κ(t) + ϕ(t) and eD(k) := D(k) − Dmin(k) ≥ 0
is the energy re-harvesting error. This inequality (14) can be easily
converted to the energetic passivity condition (2) with d2 = V (0)+
E(0). For the second and third items, if E(k) > 0 for all k ≥
0, we always have enough energy to make ȳ(k) = y(k) → yo,
thus, eventually, the closed-loop dynamics of the robotic system
(1) under the control (3) will become

mẍ(t) + bẋ(t) + k(x(t) − yo) = 0.

This implies that x(t) → yo (i.e. second item proved). For the
third item, if ẍ → 0 and ẋ → 0, similar to the above, we will also
eventually have the following closed-loop dynamics:

k(xo − yo) = f

where we can replace x(t) by xo, since, with ẍ → 0 and ẋ → 0,
x(t) converges to a certain constant position, xo.

Here, note that the assumptions f(t) → 0 for the item 2 and
ẍ(t) → ẋ(t) → 0 for the item 3 are made only to reflect the situ-
ations in which the human operator releases the robot and makes a
hard contact with the robot, respectively. This by no means implies
that we assume non-existence of the human operator. Notice that,
for instance, in the item 1 of Th. 1, we prove the energetic passivity
with the human operator.
The main assumption we made here for the performance (i.e.

items 2 and 3 of Th. 1) is that E(k) > 0 for all k ≥ 0. This
means the energy reservoir does not deplete energy (while still en-
forcing passivity). Of course, if the human/environment behaves as
a strongly dissipating system (e.g. huge damper), E will deplete,
and, eventually, the performance will deteriorate. This is natural
here, since it is how any passive system is supposed to work: re-
strict its performance to enforce passivity. Even so, for certain con-
dition (e.g. f(t) = 0), as done in [18], we may be able to find
E(0), which guarantees the performance without energy depletion.
This we spare for future work.
Note that the dissipationD(k) is through the (internal) damping

b in (3), and not through the real human/environment interaction.
In other words, thisD(k) is completely an internal waste of energy
(i.e. dissipation via b), thus, we need to minimize this for better
energy efficiency, and thereby, better performance. One way to do
so is to reduce the energy re-harvesting error eD(k) = D(k) −
Dmin(k). See (14). As shown in the following Lemma, speeding
up the communication reception rate (or creation rate using a data-
densifying/smoothing filter) to the modulation subroutine, we may
reduce this energy leak eD(k) practically negligible.

Lemma 1 The energy re-harvesting error eD(k) := D(k) −
Dmin(k) is cubic w.r.t. the communication update rate.

Proof: Consider the time-interval Ik = [tk, tk+1). Then, during
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this Ik, we have: for s, t, r ∈ Ik,

v(s) = v(k) +

∫ s

tk

a(r)dr

x(t) = x(k) +

∫ t

tk

v(s)ds

= x(k) + v(k)(t − tk) +

∫ t

tk

∫ s

tk

a(r)drds

where v(t) = ẋ(t) and a(t) = ẍ(t)with v(k) = v(tk) and x(k) =
x(tk). Using these expressions with (6), we have:

D(k) =

∫
Ik

bv2(s)ds =

∫
Ik

b

[∫ s

tk

a(r)dr + v(k)

]2

ds

while, using (10), we have, withΔtk := tk+1 − tk > 0,

Dmin(k) ≥ b

Δtk
(x(t−k+1 − x(tk))2

=
b

Δtk

[
v(k)Δtk +

∫
Ik

∫ s

tk

a(r)drds

]2

.

Therefore, by combining these two expressions, we can show that

D(k) − Dmin(k)

≤ b

∫
Ik

[∫ s

tk

a(r)dr

]2

ds − b

Δtk

[∫
Ik

∫ s

tk

a(r)drds

]2

(15)

≤ 1

3
bamaxΔt3k (16)

where amax ≥ |a(t)| for all t ∈ Ik.

Suppose that we run the experiment during [t0, t1, ..., tn, tn+1).
Then, from (16), the cumulative energy-harvesting error∑n

k=1 eD(k), which defines total energy leak (thus, energy
efficiency), will be approximately given by

n∑
k=1

eD(k) ≈ 1

3
bamaxΔt3 × tn+1 − t0

Δt
=

1

3
bamax(tn+1 − t0)Δt2

where Δt is the average of Δtk. Thus, given the same operation
time, the amount of energy leak via the damping b will be quadrat-
ically reduced as we increase the update rate of y(k). This means
that, if we generate 5ms-data stream from 50ms-data stream (e.g.
by simply fill the gap by duplicating previous data, or by using cer-
tain 5ms-running smoothing/interpolating filters), energy leak will
reduce more than 99%. Such smoothing will also be useful to alle-
viate sudden jumps in the haptic feedback due to the jumps in ȳ(k)
in the control (3), although this smoothing may also slow down the
system response and eliminate some valid information content of
the raw sequence of y(k). Here, note that the passive set-position
modulation will still enforce passivity even with using this data-
densifying filter. For example of this smoothing, see Sec. 4.
It would be worthwhile to make a few final comments on the pas-

sive set-position modulation. First, it is flexible in the sense that it
can be used with 1) non-uniform data update rates (i.e. non-uniform
Ik - e.g. multirate/varying-rate system); 2) varying-delay (even
time swapping) and arbitrarily severe packet-loss; and 3) interme-
diate smoothing/filtering (with running-rate faster/slower than the
raw data receiving rates). It is also local/decentralized in the sense
that its implementation in one location does not need any knowl-
edge on that over the communication. Note that, 1) by tuning the

k value, each user can tune the haptic feedback quality locally (see
item 3 of Th. 1). This local property will be useful when scalabil-
ity is demanded (e.g. multi-users haptic interaction). Finally, this
proposed modulation algorithm relies on the explicit position infor-
mation, enforces passivity by restricting the control action before
applying it, and does not possess any singularity in it. Due to these
properties, it is free from the incidental-diversion problem of the
scattering/wave-based approaches when the packet-loss is substan-
tial, and also from the noisy-behavior/impulsive-action problems of
the time-domain passivity control when the robot’s velocity is slow.
For more details, see Sec. 1.

4 EXAMPLE: BILATERAL TELEOPERATION OVER THE IN-
TERNET

In this section, we apply the proposed passive set-position modula-
tion to the bilateral teleoperation over the Internet with substantial
varying-delay and packet-loss. Now, we extend the Th. 1 to the
teleoperation case, where �1, �2 are variables for the master and
slave sides, respectively.

Proposition 1 Suppose we apply the passive set-position modula-
tion (12)-(13) along with the control (3) individually for the master
and slave robots, each having the dynamics of (1).

1. (Passivity) The two-port closed-loop teleoperator is passive in
the sense that: ∀T ≥ 0,

∫ T

0

[f1ẋ + f2ẋ2]dt ≥ −d2

where d ∈ � is a bounded scalar.

2. (Position coordination) Suppose that f1(t) = f2(t) = 0
for all t ≥ 0 and we have un-modeled device dampings
be
1, b

e
2 for the master and slave robots. Suppose further that

E1(k), E2(k) > 0 for all k ≥ 1. Then, (ẋ1(t), ẋ2(t), x1(t)−
x2(t)) → 0.

3. (Force reflection) Suppose that (ẍ1(t), ẍ2, ẋ1(t), ẋ2(t)) → 0.
Suppose further that E1(k), E2(k) > 0 for all k ≥ 1. Then,

f1(t) → k1

k2
f2(t) (17)

where k1, k2 are master and slave P-gains, respectively.

Proof: The first item is a direct consequence of the item 1 of
Th. 1: since the master and slave sides are individually one-port
passive (i.e. each satisfying (14)), their combination (i.e. closed-
loop teleoperator) is two-port passive.
For the second item, note that, from (14) with f1 = 0 and un-

modeled damping be
1, we have: for all n,

V1(t
−
n+1) + E1(n)

≤ V1(0) + E1(0) −
n∑

k=1

eD1(k) −
∫ t−n+1

0

be
1|ẋ1|2dt.

Here, the total energy V1(t
−
n+1)+E1(n) is bounded below by zero,

yet, it is non-increasing (w.r.t. n) since eD1(k) ≥ 0 and the be
1-

dissipation (i.e. last term above) is also non-negative. Thus, we
have V1(t

−
n+1) + E1(n) → c with a non-negative constant c. This

also implies that ẋ1(t) → 0, because 1) if not, V1(t
−
n+1) + E1(n)

will necessarily decrease even below zero as n → ∞; and 2) ẋ1 is
smooth, thus, any measure-zero phenomenon will not occur here.
Here, the latter argument is because, from the above inequality,
we have both bounded κ1(t) and ϕ1(t), thus, with the control (3),
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Figure 3: Communication characteristics. Here, tircvd is the
stamped time of the received data xi(k).

ẍ1(t) is also bounded for all t ≥ 0. Same result also holds for the
slave. Therefore, the closed-loop dynamics of the master robot will
eventually become:

m1ẍ1 + (be
1 + b1)ẋ1 + k1(x1(t) − x̄2(k)) = 0

where the modulated x̄2(k) = x2(k), since we assume E1(k) >
0 ∀k ≥ 0. This is nothing but the LTI mass-spring-damper system
with slowly changing set-position x2(k) as ẋ2 → 0. Thus, we have
x1(t) → x2(k) and ẍ1(t) → 0. Same also holds for the slave. This
proves the second item of this Prop. 1.
For the third item, note that, with the assumptions, similar to

above, the master and slave closed-loop dynamics will eventually
reduce to:

k1(x1 − x2) = f1, k2(x2 − x1) = f2

where we do not need arguments t, k, since ẋ1(t) → 0 and
ẋ2(t) → 0.

Similar to the statement after Th. 1, here, note again that the as-
sumptions for the item 2 and 3 are made here only to show 1) the
master-slave position convergence once the master and slave robots
are both released; and 2) the force reflection, when the human op-
erator makes a hard contact.
In many teleoperation scenarios, the human operator injects en-

ergy into the system (by manipulating the master system), while
the slave system depletes energy by interacting with (usually dis-
sipating) slave environment (e.g. hitting a wall with damping).
For this case, E1(k) will keep increasing, while E2(k) decreas-
ing. This issue, however, can be easily accommodated by the idea
of energy ceiling/shuffling: set a (safety/stability-ensuring) ceiling
value Ē1, and if E1(k) > Ē1, force E1(k) = Ē1 and transmit
ΔE1(k) = Ē1−E1(k) to the slave side (similar for the slave side).
Then, those excessive energy injection by the human operator will
be flowing to the slave system, thereby, enabling it to perform some
useful task in the dissipative slave environment. In doing this, pas-
sivity will still be intact, since it does not generate any additional
energy. In fact, as long as duplicated data reception is rare or pre-
vented (e.g. by packet numbering), the energy in the teleoperator
system (i.e. E1(k), E2(k) and energy in transit) will rather strictly
decrease due to the packet loss. If the packet loss rate is not so
great, the human operator may still be able to inject enough (net)
energy (after subtracting those lost energy during transit) to com-
mand the slave system to perform the task. In this way, the packet
loss rate will dictate energy efficiency of the combined teleoperator
system. How to improve this energy efficiency in the presence of
packet loss, especially when its probabilistic property is known, is
a very interesting problem and will be a topic of our future work.
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Figure 4: Teleoperation without smoothing.

We perform an experiment using two Novint Falcons with 5ms
low-level control servo rate. Although the passive set-position mod-
ulation enforce passivity with time-swapped data, here, we discard
time-reversed data in the data stream of y(k). This is done for bet-
ter performance by avoiding back-and-forth motion. Recall that
the passive set-position modulation enforce passivity even for such
time-swapped data. On the other hand, we allow the time-swapping
in the energy shuffling, since it only changes the internal energy
level without creating any perceivable disruptive sensations such
as the back-and-forth motion. Again, note that this time-swapped
energy-shuffling does not violate passivity either, since no extra en-
ergy is created by this process. We also use the energy ceiling with
the upper-bound Ē1 = Ē2 = 1Nm.
We model the Internet between the master and slave systems

using a simple probabilistic model and achieve the communica-
tion characteristics as follows (after the time-swapping correc-
tion): 1) for the delay (i.e. delay between the local time and the
stamped time at the time of data sending - see Fig. 3): mean
=(0.344,0.289)[s], standard deviation (std) = (0.033,0.028)[s], max-
imum = (0.48,0.40)[s]; 2) for the update interval (i.e. local time
duration between two consecutive date receptions after the time-
swapping correction- see Fig. 3): mean = (0.038,0.042)[s], std =
(0.028,0.031)[s], maximum = (0.181,0.182)[s]; and 3) packet loss
rate =(95.1,95.3)[%], where the first and second numbers are re-
spectively for the forward (i.e. master to slave) and backward (i.e.
slave to master) communication channels.
The results are shown in Fig. 4 (with no smoothing) and Fig. 5

(with smoothing via low-pass-filter with cut-off frequency 50Hz).
From the results, it is clear that 1) the human can teleoperate the
slave robot stably over the Internet with substantial varying-delay
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Figure 5: Teleoperation with smoothing low-pass-filter.

and high packet-loss rate; 2) once the slave robot is outside of the
wall, the master and slave position track with each other (e.g. 5-14s,
32-45s in Fig. 4, and 5-8s, 55-60s in Fig. 5); 3) at the hard-contact
with the wall (20-30s in Fig. 4, and 28-38s in Fig. 5), the human
can perceive the same contact force as the slave experiences, since,
here, we set k1 = k2 (see item 3 of Prop. 1); 4) due to the energy
ceiling/shuffling, the master energy is transferred to the slave sys-
tem (after 15s in Fig. 4, and after 17s in Fig. 5), yet, E1, E2 both
are bounded by 1Nm; 5) due to the low-pass-filtering, the system
behavior becomes slower in Fig. 5 than without smoothing in Fig.
4, yet, the energy-efficiency becomes better in Fig. 5 than Fig. 4
(compare minimum values of E2(k)).

Here, the increase of E1(k) in both experiments is due to the
energy injection by the human operator. On the other hand, for the
slave side: 1) the decrease of E2(k) in the beginning of the hard-
contact is mainly because the (real) contact wall absorbs the slave
system’s energy via its damping and spring. Note that, as the con-
tact is removed, the energy stored in the wall spring is recovered
to the slave system, thereby, leads in the increase of E2(k) (around
32s in Fig. 4 and 40s in Fig. 5). Also, although not shown here, the
amount of re-harvested energy (i.e.

∑
Dmin 1(k),

∑
Dmin 2(k))

are (5.7, 4.8)Nm (with smoothing - Fig. 5) and (4.4, 3.2)Nm (with-
out smoothing - Fig. 4), where the two numbers in parenthesis
are respectively for the master and the slave sides. This clearly
shows that 1) energy re-harvesting is crucial for performance, since,
without this energy re-harvesting, E1 and E2 both will very likely
deplete all the energy and cease to generate any intended control
actions; and 2) the energy (re-harvesting) efficiency is indeed im-
proved with the smoothing due to denser data stream as predicted
in Lemma 1.

5 CONCLUSION AND FUTURE RESEARCH DIRECTIONS

In this paper, we propose a novel passive set-position modu-
lation framework, which enables us to use the position feed-
back over packet-switching communication network with varying-
delay and packet-loss, while enforcing energetic passivity of the
closed-loop system. This proposed framework is flexible, lo-
cal/decentralized, does not involve often-problematic numerical in-
tegration/differentiation, and easily extended to nonlinear robots.
This proposed modulation strategy is also free from the incidental-
diversion/wave-reflection problem of the scattering/wave-based ap-
proaches when the packet-loss is substantial (especially during
the hard-contact task) and also from the noisy-behavior/sudden-
impulsive-force problems of the time-domain passivity control
when the robot’s velocity is slow. We also perform some experi-
ment of bilateral teleoperation over the Internet to show its efficacy.
We believe this new framework would be useful in many practi-
cal applications, including bilateral teleoperation over the Internet,
varying-rate haptic system, multiuser haptic interaction, etc.
Some comments would be worthwhile for the possible future re-

search directions. First, in this work, we assume that the control
signal is continuous in time (although the set-position for the con-
trol is assumed to be switching). This assumption would be granted
(or well-approximated) as long as the low-level control servo-rate
is fast enough. We will investigate ways to remove this assump-
tion. Other exciting direction will be how to design the intermedi-
ate data generation algorithm while incorporating some useful ob-
jectives (e.g. smoothing, reconstruction, probabilistic interpolation,
etc). Applying the results in this paper to the multiuser haptic col-
laboration and varying-rate haptic interaction is also under way in
the authors’ research group.
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