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Abstract— We consider bilateral teleoperation of a wheeled
mobile robot over communication channels with constant delays.
Our main objective is to enable humans to control the mobile
robot much as they drive a car: i.e. by operating a master haptic
joystick, they can control the linear velocity and heading angle
of the mobile robot, much like they do so with the gas pedal and
steering wheel. Passivity of the closed-loop system is also enforced
so that, even with communication delays, humans can stably and
safely teleoperate the wheeled mobile robot with force-reflection.
A semi-experiment (i.e. real master/simulated slave) is performed
to validate the proposed framework.

I. INTRODUCTION

There are many important robotic applications where a
deployed agent needs to cover a large spatial domain. Ex-
amples include exploration [1], rescue and surveillance [2],
and material/parts handling (e.g. Cobot [3]). For such appli-
cations, mobile robots are desired if not necessary. Mobile
robot teleoperation would make even more compelling appli-
cations, as it extends the aforementioned usages of the mobile
robots to remote environments, which might be highly unkn-
won/unstructured, physically distant (e.g. space operation), or
of a different size (e.g. remote micro-manipulation).

In this paper, we propose a novel passive bilateral frame-
work for the mobile robot teleoperation. The presented frame-
work enables humans to tele-control a wheeled mobile robot
by operating a (linear) master haptic joystick over communi-
cation channels with constant delays. See Fig. 1.

Being bilateral, the proposed framework provides humans
with haptic-feedback (or force-feedback). Such a haptic-
feedback can complement other sensory feedback (e.g. vision,
auditory), and would be even more crucial when the task
heavily involves mechanical manipulation. This bilateral loop,
however, leads into creation of feedback-loops at the inter-
action ports of the humans and slave environments with the
closed-loop teleoperator (e.g. via force feedback). To ensure
stability of these feedback-loops (i.e. interaction stability),
the proposed framework enforces passivity of the closed-loop
teleoperator so that, from the well-known property of the
passive systems [4], its interaction with any passive humans
and environments can be guaranteed to be stable over the
delayed communication channels.

Compared to the conventional teleoperation of non-mobile
robots, that of the wheeled mobile robot has unique challenges
arising from kinematic discrepancy: 1) the workspace of the
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Fig. 1. Closed-loop teleoperator consisting of the 2-DOF master hap-
tic joystick, the slave wheeled mobile robot, and the communication
channels with constant time-delays, τ1, τ2 ≥ 0. In this work, we
consider master systems with linear robotic dynamics.

master joystick is usually limited, but that of the slave mobile
robot is not (e.g. the cart in Fig. 1 can be anywhere in �2); and
2) the wheeled mobile robot is under nonholonomic constraints
so that the directions of permissible motions are restricted (e.g.
only v and φ̇ are possible in Fig. 1).

As a way to address this kinematic discrepancy, the pro-
posed framework aims to achieve a car-driving metaphor:
i.e. humans control the linear velocity v and heading angle
φ of the wheeled mobile robot by operating two degree-of-
freedom (DOF) motions of the master joystick (e.g. q1 and
q2 in Fig. 1, respectively) much as they do so with the gas
pedal and steering wheel of a usual car. This car-driving
metaphor has also been adopted in [5], [6], and we also believe
that, given the ubiquitousness of car driving, it would enable
humans to teleoperate the wheeled mobile robot comfortably
and efficiently.

The basic requirements for this car-driving metaphor is
the (q1, v)-coordination (for linear velocity control) and
the (q2, φ)-coordination (for heading angle control) over
the delayed communication network. Here, for the (q2, φ)-
coordination, many passivity-enforcing teleoperation schemes
with time-delays are readily applicable (e.g. [7], [8], [9]), since
this is merely a position-position coordination problem.

Unfortunately, this is not the case for the (q1, v)-
coordination, as it requires position-velocity coordination. This
is because those passivity-enforcing schemes are based on the
passivity of the open-loop master/slave systems, which, for
robotic teleoperators, is usually energetic passivity, i.e. passive
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with the mechanical power as the supply rate [10]. Since this
mechanical power is function of velocity (and force), those
passivity-enforcing schemes are only capable of coordinating
velocities, positions, or their integrations, and not of coordi-
nating signals with different relative degrees when force is
considered as input (e.g. position-velocity coordination).

To solve this problem, injecting a local control, we modify
the energetic passivity of the master robotic system so that
it becomes passive with a new supply rate which contains
position information (i.e. q1). Then, roughly speaking, this
modified passivity enables us to consider the position q1

just like as a usual velocity for the control design purpose.
Therefore, those passivity-enforcing schemes [7]-[9], capable
of coordinating velocities, can also be applied for this (q1, v)-
coordination problem.

This modified passivity is in part inspired by [11], where the
authors also modify the open-loop energetic passivity by using
feedback. However, the modification of [11] requires either
exact knowledge of inertial parameters or an additional adap-
tation loop to estimate them. Our modified passivity, instead,
requires only upper-bounds of inertial parameters, hence, can
be achieved robustly with a simpler control architecture.

In this work, we assume that the communication suffers only
from constant delays and the master robot is linear. Although
communication can generally have time-varying delays and
packet losses, we believe that the constant-delay assumption
would not severely limit applicability of our framework,
because, by using data-buffering (e.g. [12]), we can still ensure
it in many practical applications where, usually, time-varying
delays are bounded and packet losses are insignificant. The lin-
ear assumption also goes well with the car-driving metaphor,
for which it is desired to have two 1-DOF linear robots (e.g.
single link) as separate steering wheel and gas pedal. How to
extend the proposed framework to nonlinear master robots and
to communications with time-varying delays/packet losses is
a topic for future research.

Compared to the non-mobile robot bilateral teleoperation,
relatively rare schemes have been proposed for that of the
mobile robot. To our knowledge, we believe that [5], [6],
[13], [14] adequately cover the state-of-the-art technology
in this field, although this list is certainly not exhaustive.
Among them, unfortunately, time-delay issue is considered
only in [14]. However, the approach of [14] neglects a crucial
aspect of bilateral teleoperation, that is, feedback loops can
be generated around the slave’s state via the human command
(i.e. neglecting feedback via the planner in [15]). In contrast,
relying on passivity theory, our proposed framework allows
bounded constant communication delays, and ensures stability
of such a feedback-loop.

On the other hand, in all of [5], [6], [13], [14], haptic-
feedback is achieved by transmitting either real contact force
(measured by force sensors) or artifical/virtual force computed
according to the distance between the robot and obstacles
(measured by proximity sensor). Therefore, in addition to
indispensable navigation sensors (e.g. wheel encoder), extra
force or proximity sensors are necessary there. However, in

some applications, such extra sensors may be too costly or
ineffective (e.g. contact outside sensing zone). Their failures
may also result in erroneous force feedback or even unstable
system behaviors. In contrast, our proposed framework can
achieve haptic-feedback by using only the basic navigation
sensors.

The rest of the paper is organized as follows. Problem
formulation is given in Sec. II. Energetic passivity of the
master is modified in Sec. III. The control law is then designed
and its properties are detailed in Sec. IV. Semi-experiment
results are presented in Sec. V, and Sec. VI contains some
concluding remarks.

II. PROBLEM FORMULATION

A. System Modelling

Following [16], the dynamics of a (nonholonomically con-
strained) differential wheeled mobile robot is given by

D(x)
(

v̇

φ̈

)
+ Q(x, ẋ)

(
v

φ̇

)
=

(
u1

u2

)
+

(
δ1

δ2

)
(1)

where v, φ are the linear velocity and the heading angle of the
cart, x := (xc, yc, φ, θr, θl) is the 5-DOF configuration of the
mobile robot with (xc, yc) and (θr, θl) being the position of
the cart and the rotation of the right/left wheels, (δ1, δ2) are
the external force/torque acting on the cart, and (u1, u2) :=
( c

h (ur +ul), c
h (ur −ul)) are the controls with (ur, ul), h, and

c being the angular torques of the right and left wheels, the
radius of the wheels, and the cart’s half-width, respectively.
See Fig. 1. The inertia matrix D(x) and the Coriolis matrix
Q(x, ẋ) satisfy the structural property of the robotic systems,
i.e., D(x) is symmetric and positive-definite, and d

dtD(x) −
2Q(x, ẋ) is skew-symmetric. Then, the evolution of the 5-
DOF mobile robot can be computed by solving the (reduced)
2-DOF dynamics (1) and the following kinematic constraint

d

dt
(xc, yc, φ, θr, θl) = (v cos φ, v sin φ, φ̇,

v + cφ̇

h
,
v − cφ̇

h
).

This constraint is nonholonomic, since its annihilating distri-
butions (i.e. space of permissible motions) are not integrable
[17].

We consider a 2-DOF haptic joystick as the master device
with the following linear robotic dynamics:

Mq̈ = p + f (2)

where q = [q1, q2]T , p = [p1, p2]T , and f = [f1, f2]T ∈
�2 are the configuration of the joystick, control torque, and
human force, respectively. Similar to (1), M is symmetric and
positive-definite and dM/dt = 0.

We assume the communication structure as shown in Fig.
1, where the forward (i.e. master to slave) and backward (i.e.
slave to master) communications are subject to (finite) constant
time-delays, τ1 ≥ 0 and τ2 ≥ 0, respectively.
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The slave mobile robot (1) and the master joystick (2)
possess the following energetic passivity [18]: ∀T ≥ 0,∫ T

0

(
u1 + δ1

u2 + δ2

)T (
v

φ̇

)
dt = ks(t) − ks(0) ≥ −ks(0) (3)

∫ T

0

(
p1 + f1

p2 + f2

)T (
q̇1

q̇2

)
dt = km(t) − km(0) ≥ −km(0) (4)

where ks(t) := 1
2

(
v

φ̇

)T

D(x)
(

v

φ̇

)
and km(t) := 1

2 q̇T Mq̇.

These conditions (3)-(4) imply that the master and slave
are energetically conservative with their respective kinetic
energy as energy storage. They can be easily obtained
by using the skew-symmetric property of (1)-(2). In many
passivity-enforcing teleoperation schemes, this energetic pas-
sivity (3)-(4) is pivotal to ensure stable bilateral teleoperation
with/without communication delays (e.g. [7]-[9], [18]), which,
however, needs to be modified for our work as in Sec. III.

B. Car-like Haptic Interface

Compared to the conventional teleoperation problems, one
of unique challenges of the mobile robot teleoperation is the
kinematic discrepancy between the master and slave systems.
To address this kinematic discrepancy, we aim to achieve a car-
driving metaphor, i.e. humans control v by operating q1 (i.e.
linear velocity control) and adjust φ by manipulating q2 (i.e.
heading angle control). In this way, q1 and q2 of the master
joystick are used much as the gas pedal and the steering wheel
of a usual car.

For this car-driving metaphor, we need to achieve the
(q1, v)-coordination and the (q2, φ)-coordination. Here, the
(q2, φ)-coordination can be easily achieved by many passivity-
enforcing teleoperation schemes (e.g. [7]-[9]). However, this
is not true for the (q1, v)-coordination, because it requires
coordination between signals of different relative degrees (with
force as input). In the next section, we modify the energetic
passivity (4), so that this (q1, v)-coordination can also be
achieved by using those passivity-enforcing schemes.

III. PASSIVITY WITH REDEFINED INPUT-OUTPUT PAIR

In this section, we modify the energetic passivity (4) by
replacing q̇1 with a new variable r := q̇1 + λq1 where
λ ≥ 0. Since this r contains q1, by coordinating r and v, a
human would be able to control the slave linear velocity v by
controlling the master position q1, if q̇1 is small. Moreover, as
r replaces the velocity in the passivity condition (4), we could
consider r as if it is a velocity. Therefore, many passivity-
enforcing teleoperation schemes (e.g. [7]-[9]), which are based
on the energetic passivity (4) and capable of coordinating
velocities, could be directly used for coordinating r and v.

Suppose that the master control p in (2) is designed s.t.
p := p′ + p̄, where p′ is a local control defined by p′ :=
−[b1q̇1 + k1q1, b2q̇2]T with b1, b2, k1 > 0, and p̄ := [p̄1, p̄2]T

is an additional control to achieve the car-driving metaphor
(to be designed later). Then, the closed-loop dynamics of the

master is given by

Mq̈ +
(

b1q̇1 + k1q1

b2q̇2

)
=

(
p̄1 + f1

p̄2 + f2

)
. (5)

We state the modified passivity of (5) in the following propo-
sition with its proof given in the Appendix.

Proposition 1 There exists an upper-bound λ̄ ≥ 0 s.t. for all
λ ≤ λ̄, the locally-controlled master (5) satisfies the following
modified passivity: for all T ≥ 0,∫ T

0

(
p̄1 + f1

p̄2 + f2

)T (
r
q̇2

)
dt ≥ kml(T ) − kml(0) ≥ −kml(0) (6)

where kml(t) (defined in (24)) is a positive function as long
as λ ≤ λ̄. A (conservative) estimate of λ̄ is given in (27).

Suppose that the master (2) consists of two separate linear
robots, i.e. M = diag[m11,m22] in (2) (e.g. separate steering
wheel and gas pedal). Then, from (27), λ̄ = b1

m11
. This can

also be obtained by enforcing the positive-realness of the
transfer function of the first line of (5), i.e. H(s) = L[q̇1+λq1]

L[p̄1+f1]

= s+λ
m11s2+b1s+k1/λ s.t. Re[H(jw)] ≥ 0 ∀w ∈ �, where L and

s are the Laplace transform and its corresponding variable.
The modified passivity property in Proposition 1 is in

part inspired by [11], where a similar passivity-modification
was achieved for any positive λ. However, it requires exact
knowledge of the inertia matrix or an additional adaptation-
loop.

IV. CONTROL DESIGN

In this section, to achieve the car-driving metaphor, we will
design the controls (u1, p̄1) and (u2, p̄2) in (1) and (5).

Once the modified passivity (6) is granted, r can be thought
of just like as a velocity satisfying its passivity (i.e. r and (6)
as q̇1 and (4)). Thus, the (r, v)-coordination problem can be
thought of as a standard velocity-coordination problem of tele-
operation. Also, the (q2, φ)-coordination is merely a standard
position-coordination problem of teleoperation. Therefore, for
both the linear-velocity and heading-angle controls, many
passivity-based bilateral teleoperation schemes can be applied
(e.g. [7]-[9]). Among them, in this paper, we use the scheme
of [7], as it can guarantee the velocity or position coordination
while enforcing passivity with simple PD-based controls over
a delayed communication network.

Following [7], we design the linear velocity control (p̄1, u1):

p̄1(t) := −kv(r(t) − v(t − τ2)) (7)

u1(t) := −kv(v(t) − r(t − τ1)) (8)

where kv > 0 is the control gain. We also design the heading
angle control (p̄2, u2) s.t.

p̄2(t) := −bφ(q̇2(t) − φ̇(t − τ2))
− bdq̇2(t) − kφ(q2(t) − φ(t − τ2)) (9)

u2(t) := −bφ(φ̇(t) − q̇2(t − τ1))

− bdφ̇(t) − kφ(φ(t) − q2(t − τ1)) (10)
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where bφ > 0, kφ > 0 are the PD-control gains, and bd > 0 is
the dissipation. Following [7], to passify the delayed P-action
(i.e. with kφ), the dissipation gain bd is set to be

bd ≥ τ1 + τ2

2
kφ. (11)

Note from (7)-(10) that each control consists of the local sens-
ing (i.e. �(t)) and the delayed information directly received
from the communication channels (i.e. �(t− τi), i = 1, 2). In
this sense, the controls (7)-(10) are distributed.

Theorem 1 Consider the slave mobile robot (1) and the
locally-controlled master (5) with the modified passivity (6)
under the controls (7)-(11).

1) The closed-loop teleoperator is passive in the sense that
∃ a finite d s.t. ∀T ≥ 0,∫ T

0

[(f1r + f2q̇2) + (δ1v + δ2φ̇)]dt ≥ −d2 (12)

2) Suppose that the human operator and the slave environ-
ment are passive in the sense that: ∃ finite d1, d2 s.t.∫ T

0

(f1r + f2q̇2)dt ≤ d2
1,

∫ T

0

(δ1v + δ2φ̇)dt ≤ d2
2 (13)

∀T ≥ 0. Then, q1(t), q̇1(t), q̇2(t), v(t), φ̇(t) are all
bounded ∀t ≥ 0. Also, the coordination errors r(t)−v(t)
and q2(t) − φ(t) are bounded ∀t ≥ 0.

3) Suppose that (q̈1(t), q̈2(t), v̇(t), φ̈(t), q̇1(t), q̇2(t), φ̇(t)) →
0. Then, f2(t) → −kφ(q2(t) − φ(t)) → −δ2, which
implies heading-torque reflection. Also, if v(t) → 0, we
achieve linear-force reflection f1(t) → −k1+λkv

λkv
δ1(t);

and if δ1(t) → 0, f1(t) → k1
λ v(t), i.e. humans can

perceive the slave linear velocity.

Proof: 1) Following the procedure in [7], we can show that
the supply rate associated to the linear velocity control satisfies
the following inequality

p̄1(t)r(t) + u1(t)v(t) ≤ − d

dt
Vv(t) (14)

where Vv(t) is a (positive) Lyapunov-Krasovskii functional
[19] given by

Vv(t) :=
kv

2

[∫ 0

−τ1

r2(t + θ)dθ +
∫ 0

−τ2

v2(t + θ)dθ

]
. (15)

Then, by integrating (14) with (15), we have ∀T ≥ 0,∫ T

0

(p̄1r + u1v)dt ≤ −Vv(T ) + Vv(0) ≤ Vv(0) (16)

i.e. Vv(t) is the storage function [10] for the supply rate of
the linear velocity control.

Also, from the results in [7], the heading angle control with
(11) satisfies the following inequality: ∀T ≥ 0,∫ T

0

(p̄2q̇2 + u2φ̇)dt ≤ −Vφl(T ) + Vφl(0) − Vφp(T ) + Vφp(0)

≤ Vφl(0) + Vφp(0) (17)

where Vφl(t) and Vφp(t) are the (positive) Lyapunov-
Krasovskii functional and the spring energy defined by

Vφl(t) :=
bφ

2

[∫ 0

−τ1

q̇2
2(t + θ)dθ +

∫ 0

−τ2

φ̇2(t + θ)dθ

]
(18)

Vφp(t) :=
1
2
kφ(q2(t) − φ(t))2. (19)

Then, combining (3), (6), (16), and (17), we can prove (12):∫ T

0

[(f1r + f2q̇2) + (δ1v + δ2φ̇)]dt (20)

≥ ks(T ) − ks(0) + kml(T ) − kml(0) + Vv(T ) − Vv(0)
+ Vφl(T ) − Vφl(0) + Vφp(T ) − Vφp(0)

≥ −ks(0) − kml(0) − Vv(0) − Vφl(0) − Vφp(0) =: −d2.

2) Using (20) with (13), we can show that, for all t ≥ 0,

ks(t) + kml(t) + Vv(t) + Vφl(t) + Vφp(t) (21)

≤ d2
1 + d2

2 + ks(0) + kml(0) + Vv(0) + Vφl(0) + Vφp(0).

Thus, from the definitions of km(t) and ks(t) (after (3)-
(4)), kml(t) in (24), and Vφp in (19), boundedness of
q1(t), q̇1(t), q̇2(t), v(t), φ̇(t), q2(t) − φ(t) follows. This also
implies that r(t) = q̇1(t) + λq1(t) is bounded, therefore,
r(t) − v(t) is also bounded ∀t ≥ 0.
3) With (q̈1(t), q̈2(t), v̇(t), φ̈(t), q̇1(t), q̇2(t), φ̇(t)) → 0, the
closed-loop dynamics of the slave (1) and the locally-
controlled master (5) under controls (7)-(10) are reduced to⎛

⎜⎜⎝
f1(t)
f2(t)
δ1(t)
δ2(t)

⎞
⎟⎟⎠ →

⎛
⎜⎜⎝

k1q1(t) + kv(λq1(t) − v(t))
kφ(q2(t) − φ(t))
kv(v(t) − λq1(t))
−kφ(q2(t) − φ(t))

⎞
⎟⎟⎠ (22)

where we use the fact that Q(x, q̇) → 0 if φ̇(t) → 0. This is
because Q(x, q̇) in (1) is given by (see [16]):

Q(x, ẋ) :=
[

0 −amcφ̇

amcφ̇ 0

]
where a is the distance between the origin of the coordinate
system (i.e. Po) and the center-of-mass of the mobile robot
(i.e. Pc), and mc is the mass of the cart. See Fig. 1. In (22),
we also use the fact that, if �̇(t) → 0, �(t) → �(t − τ). From
(22), we can show that the heading-angle torque reflection is
achieved, since f2(t) → −kφ(q2(t)−φ(t)) → −δ2. Moreover,
1) if δ(t) → 0, humans will perceive the slave linear velocity,
as f1(t) → k1

λ v(t); and 2) if v(t) → 0, they will feel the
external force acting in the slave’s linear-velocity direction,
as f1(t) → −k1+λkv

λkv
δ1(t).

Our passivity assumption on humans in (13) is slightly
different than the usual ones where humans are assumed to
be energetically passive [20] (i.e. (13) with f1(q̇1 + λq1)
replaced by f1q̇1). However, from our experience (e.g. semi-
experiment in Sec. V), the assumption (13) also seems to
be reasonable for our application, where humans manipulate
the locally-controlled master (5) with time-delays. A rigorous
identification of human behaviors under our control scheme is
a topic for further investigation.
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V. SEMI-EXPERIMENT

We use a commercial haptic device (PHANToM R©
DesktopTM, Sensable Technologies Inc.) as a master robot. We
use only its 2-DOF (distance from the origin as q1 and the yaw
angle as q2) as the actuated DOF. We set λ to be small-enough
by trial-and-error so that the system is well-behaving. For the
slave wheeled mobile robot, we simulate the dynamics (1). We
also implement some obstacles in the slave environment using
the artificial potential field. We use GHOST R© SDK software
to generate this virtual environment and show it to humans.
Both the forward and backward delays are set to be 0.7sec.
Data update rate for the haptic-loop is 1ms, while that for the
graphics is 30ms.

The results are shown in Fig. 2. The human pushes the
slave mobile robot against the obstacle 14 − 21 sec. During
this contact, the coordination errors (i.e. r(t) − v(t) and
q2(t)− φ(t)) became large and the human could perceive the
external force acting on the slave via the delayed communica-
tion network. Once the contact is removed, the coordination
errors asymptotically converge to zero, and the human could
control the linear velocity while perceiving it. The excessive
overshoots around 21−23 sec. are due to the sudden transition
between the contact and the non-contact.

The system behavior was stable in both the free-motion
mode and the contact task, although the master-slave commu-
nications suffer from relatively large time-delays (i.e. round-
trip delay= 1.4 sec), and the master system is not linear as
modeled by (2). We believe that this is because 1) interaction
stability is enhanced, as passivity is enforced by the proposed
framework; 2) the designed controller may have a level of
robustness against the nonlinearity of the master system’s
dynamics (e.g. modified passivity (6) may be preserved even
for nonlinear master robots); and 3) our passivity assumption
on humans (13) is reasonable enough for our application.

Recently, we also successfully performed an experiment
using a real wheeled mobile robot over the Internet. This
experimental result is omitted here due to space limitation and
will be reported in a future publication.

VI. CONCLUSIONS

In this paper, we propose a novel passive framework for the
bilateral teleoperation between a master haptic joystick and
a wheeled mobile robot over communication channels with
constant delays. The proposed framework enable us to control
the wheeled mobile robot much as we drive a car: i.e. we can
tele-control the linear velocity and heading angle of a wheeled
mobile robot by operating 2-DOF master joystick just like as
we do with the gas pedal and the steering wheel. By enforcing
passivity of the closed-loop system, the proposed scheme also
ensures safe and stable interaction with a large class of humans
and environments over delayed communication network. The
presented framework generates force-feedback by using only
basic navigation sensors (e.g. encoders). Thus, it would be
useful for applications, where extra proximity or force sensors
are too costly or ineffective for generating force feedback.

APPENDIX: PROOF OF PROPOSITION 1

Consider the closed-loop master dynamics with the local
control p′ in (5). Then, using (5), the definition r := q̇1 +λq1,
and the facts that d

dt
1
2q2

i = q̇iqi (i = 1, 2) and d
dt

1
2yT My =

yT Mẏ, ∀y ∈ �2, we can rewrite the integrand in (6) as:(
p̄1 + f1

p̄2 + f2

)T (
r
q̇2

)
=

(
r
q̇2

)T [
Mq̈ +

(
b1q̇1 + k1q1

b2q̇2

)]

=
(

r
q̇2

)T

M

(
ṙ
q̈2

)
− λ2

(
q1

0

)T

M

(
q̇1

0

)

−
(

q̇1

q̇2

)T

M

(
λq̇1

0

)
+

(
r
q̇2

)T (
b1q̇1 + k1

λ q1

b2q̇2

)

=
d

dt
kml(t) + sml(t) (23)

where

kml(t) :=
1
2

[(
r
q̇2

)T

M

(
r
q̇2

)
−

(
λq1

0

)T

M

(
λq1

0

)]

+
1
2
(k1 + λb1)q2

1

=
1
2

⎛
⎝q1

q̇1

q̇2

⎞
⎠

T ⎡
⎣ k1

λ + λb1 λm11 λm12

λm11 m11 m12

λm21 m21 m22

⎤
⎦

︸ ︷︷ ︸
=:Pml(t)∈�3×3

⎛
⎝q1

q̇1

q̇2

⎞
⎠ (24)

and

sml(t) :=

⎛
⎝q1

q̇1

q̇2

⎞
⎠

T ⎡
⎣ λk1 0 0

0 b1 − λm11 −λ
2 m12

0 −λ
2 m21 b2

⎤
⎦

︸ ︷︷ ︸
=:Qml(t)∈�3×3

⎛
⎝q1

q̇1

q̇2

⎞
⎠.

(25)

In (24) and (25), mij are the ij-th component of M of the
master (2), i, j = 1, 2. Recall that mij = mji.

Here, if we can set Pml(t) and Qml(t) in (24)-(25) to be
positive-definite and positive-semidefinite (i.e. Pml(t) 
 0,
Qml(t) � 0), the modified passivity (6) can be achieved, since,
from (23), we have, ∀T ≥ 0,∫ T

0

(
p̄1 + f1

p̄2 + f2

)T (
r
q̇2

)
dt = kml(T ) − kml(0) +

∫ T

0

smldt

≥ kml(T ) − kml(0) ≥ −kml(0) (26)

with kml(t) ≥ 0 and sml(t) ≥ 0 ∀t ≥ 0.
From the Geršgorin’s theorem [21, pp.344], we can show

that there exists an upper-bound λ̄ ≥ 0 s.t. for any λ ≤ λ̄ with
a large-enough k1, Qml in (25) will be positive-semidefinite,
since the diagonal terms of Qml become dominant as λ → 0.
Using the same theorem, we can also show that a (conserva-
tive) solution for this λ̄ is given by

λ̄ := min
(

2b1

2m̄11 + m̄12
,

2b2

m̄21

)
(27)

with �̄ defined s.t. �̄ ≥ | � | ∀q, q̇.
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Fig. 2. Results of the semi-experiment: the slave wheeled mobile
robot is pushing against the artificial potential field around 14−21sec.

Also, following [21, pp.472], Pml 
 0, if and only if

k1 + λb1 >

(
λm11

λm12

)T

M−1

(
λm11

λm21

)
= λ2m11. (28)

This condition (28) is automatically satisfied for any λ ≤ λ̄,
since b1−λm11 ≥ 0 ∀λ ≤ λ̄ is a necessary condition for Qml

in (25) to be positive-semidefinite ∀λ ≤ λ̄ (This is because any
principal submatrix of Qml should be positive-semidefinite if
Qml � 0 [21, pp.397]). Therefore, there exists an upper-bound
λ̄ (e.g. given in (27)) s.t. for any λ ≤ λ̄, Qml � 0, and
also, automatically, Pml 
 0. Thus, from (26), the modified
passivity (6) is achieved.
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