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Abstract— Let us consider the control problem of bilateral
teleoperation over the Internet. One of its important, yet,
often overlooked, aspects is its hybrid nature, that is, the
(nonlinear) master and slave robots are continuous-time systems
with sampled-data controls, while the Internet between them is
a discrete-time packet-switching communication channel with
the communication unreliability (e.g., varying-delay, packet-
loss, data duplication/swapping, etc.). To tackle this problem,
a hybrid proportional-derivative (PD) type control framework
has recently been proposed in [1], which, by utilizing the
hybrid nature, can enforce closed-loop passivity and asymptotic
position/force coordination, by compensating for the Internet’s
communication unreliability solely via device viscous damping.
This scheme of [1], yet, requires large device damping when
the communication delay/loss is large, thus, would not be so
suitable if the device’s un-tunable damping is low, but, the
communication unreliability is severe. In this paper, extending
the results of [1], [2], [3], we propose a novel virtual-proxy based
hybrid teleoperation control framework, which can passify
the Internet’s communication unreliability through the virtual
proxy’s tunable discrete damping, thus, removing the require-
ment of large device damping of [1] and rendering a more
flexible framework than [1], while providing explicit position
feedback via the PD-action. Simulation is also performed to
verify the theory.

I. INTRODUCTION

Let us consider a class of bilateral teleoperation systems
over the Internet as shown in Fig. 1, which consists of
the continuous-time master and slave robots, discrete-time
packet-switching Internet communication, and the hybrid
sampled-data control in the master and slave sites. This
hybrid teleoperator mechanically interacts with generally un-
known/unmodeled human operators and slave environments.
Through haptic feedback, the human users can perceive the
remote environment. However, this bilateral haptic feedback
may cause instability in the system if the communication
channel is unreliable (e.g., varying-delay, data-loss, data
duplication/swapping). This communication unreliability is
the inherent characteristics of the Internet and cannot be
eliminated especially when the geographic distance between
the two sites is far. Our primary goal in this paper is to
achieve interaction stability of this Internet bilateral teleop-
eration system with the communication unreliability.
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Fig. 1. Internet bilateral teleoperation system.

To enforce interaction stability with unknown hu-
man/enviornment and nonlinear robots, the concept of (en-
ergetic) passivity has been widely used [4], [5], [6], [7], [8].
This is due to the well known property of passive system
[9]: a feedback interconnection of any passive systems (with
compatible supply rates) is passive, thus, necessarily stable.
What this means to the bilateral teleoperation is that, if the
closed-loop teleoperator is somehow rendered to be passive,
its interconnection with any passive slave environments and
human users will be stable. Physically, any passive closed-
loop teleoperator should not produce any energy by itself.
However, the communication unreliability may generate (un-
wanted/unbounded) energy, thereby, turns the closed-loop
teleoperator not passive and destabilizes the system. Hence,
many teleoperation works focus on addressing the instability
issues caused by the communication unreliability.

For continuous-time communication channels, many re-
sults have been proposed, e.g., 1) for constant delay,
scattering-based method was proposed in [4], and later
extended in [5] by using wave variable; 2) H∞-control [10]
and µ-synthesis [11] were used, with the assumption of
constant delay and the humans, environments and robots
are all known linear time-invariant (LTI) systems; 3) [7],
[12] showed that simple proportional-derivative (PD) control
with enough local damping can enforce passivity for constant
delay while providing position/force coordination; and 4)
[13] provided a scheme for varying delay by extending the
scattering-based method. However, these results, derived for
the continuous-time communication channels, can neither
handle the Internet’s discrete-time nature nor some of its
communication unreliability (e.g, packet-loss, data-swap).

For discrete-time (imperfect) communication (e.g., Inter-
net), much less results are available. The scattering-based
method was extended in [14], [15] for the Internet bilateral
teleoperation and can passively handle the varying delay and
packet loss. However, due to the lack of explicit position
transmission in scattering-based method, these methods can
suffer from the well-known position drift problem in the pres-
ence of certain communication imperfectness (e.g., packet
loss).

In [1], a hybrid PD-based teleoperation control framework
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Fig. 2. Virtual-proxy based hybrid teleoperation control architecture over the Internet (only the master side is shown due the symmetry).

was proposed, where the master and slave robots are di-
rectly connected by the sampled-data PD-control over the
imperfect/discrete Internet communication. By relying on the
robots’ physical device damping, the Internet’s communica-
tion unreliability is passified and the closed-loop passivity
achieved. This result [1], however, requires a large device
damping when the communication delay and loss-rate are
large, thus, not so suitable if the haptic device has only small
device damping (e.g., Sensabler Phantom Desktop; Barrettr

WAM), yet, the communication unreliability is severe. This
relying on un-tunable device damping also makes the scheme
[1] not so flexible in practice. On the other hand, in [2],
[3], we showed that we can passively connect two discrete-
time passive virtual proxies (e.g., simulated by non-iterative
passive integrator [16] with mass) via PD-coupling, even if
their discrete-time communication has constant delay.

In this paper, extending these results [1], [2], [3], we pro-
pose a novel virtual-proxy (VP) based hybrid teleoperation
control framework, which can passify the Internet’s gen-
eral communication unreliability (e.g., varying-delay, packet-
loss, swapped/duplicate-packets) through the VP’s tunable
discrete-time damping, while also providing explicit posi-
tion feedback. Virtual coupling [17], [18] is also used to
passively connect the discrete-time VP and the continuous-
time haptic device. Then, different from [1], the level of
the required device damping is only dictated by the virtual
coupling gains and the device sampling rate (i.e., only small
device damping necessary with fast device servo-rate (e.g.,
1kHz)), while the VP’s discrete damping can be (arbitrarily)
adjusted to dissipate unwanted energy generated by the
Internet’s communication unreliability. Thus, our framework
here significantly improves flexibility of [1], by removing
the requirement on the un-tunable device damping to passify
communication unreliability and providing more freedom to
choose control gains.

Another closely-related work to our result here is passive
set-position modulation (PSPM [8]), which, also by exploit-
ing the hybrid nature, can achieve closed-loop passivity
and position/force coordination for the Internet teleopera-
tion. higher level performance than other “time-invariant”
schemes (e.g., PD control [7]; wave-method [19]). PSPM
implementation, yet, is more complicated than the framework
proposed here. Perhaps, the key distinguishing novelty of
our framework, as compared to other similar results, may lie
in that: 1) we show how the technique/concepts in haptics
can be utilized for teleoperation control; and 2) we reveal

that simple discrete-time PD-type control can handle with
complex communication unreliability even for continuous-
time system control, which may be utilized to other research
areas (e.g., networked control system [20]).

The rest of this paper is organized as follows. Problem for-
mulation and some preliminary materials are given in Sec. II.
The main result, our new VP-based hybrid control framework
for Internet teleoperation, is designed and analyzed in Sec.
III. Simulation results are presented in Sec. IV to validate
the proposed framework. Sec. V summarizes the paper with
some concluding remarks.

II. PROBLEM FORMULATION

A. Modeling of Haptic Devices

Consider the bilateral teleoperator of Fig. 2, where the
master and slave robots’ dynamics are given by n-degree-of-
freedom (DOF) Lagrangian dynamics, s.t. for i = 1, 2 and
t ∈ [tk, tk+1)

Mi(xi)ẍi(t) + Ci(xi, ẋi)ẋi(t) +Biẋi(t) = τdi (k) + fi(t) (1)

where ?1, ?2 refer to the values of master and slave sides
respectively; k refers to the index of update time interval
and tk is the time when kth update occurs; xi(t) ∈ <n is the
configuration; τdi (k) ∈ <n is the (discrete) virtual coupling
force acting on the robot during kth update interval [tk, tk+1);
fi(t) ∈ <n represents human/environmental force; Mi ∈
<n×n is symmetric positive-definite inertia matrix with its
minimum eigenvalue strictly larger than zero; Ci ∈ <n×n

is the Coriolis matrix; and Bi ∈ <n×n is positive-definite
inherent robot’s viscous damping. As mentioned in Sec. I,
for most haptic devices, the inherent device viscous damping
Bi is usually small and un-tunable. For the ease of further
presentation, we combine the device damping term with the
virtual coupling force τdi and introduce τ̂di (t) , τdi (k) −
Biẋi(t). The robot dynamics (1) is equivalent to

Mi(xi)ẍi(t) + Ci(xi, ẋi)ẋi(t) = τ̂di (k) + fi(t). (2)

It is well-known that this robotic system (2) possesses the
open-loop passivity [21]: ∀t̄ > 0, ∃ci ∈ < s.t.,

∫ t̄

0

ẋi(t)
T
(
τ̂di (t) + fi(t)

)
dt ≥ −c2i (3)

which can be obtained by using that Ṁi − 2Ci is skew-
symmetric [21].
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B. Passive Simulation of Virtual Proxies (VPs)

Our teleoperator controller (see Fig. 2) utilizes n-DOF
discrete-time VPs (with mass) for both the master and slave
sides. We also require their simulation to be haptically-fast
and discrete-time passive, so that we can provide realis-
tic haptic feedback and enforce passivity of the combined
system in Fig. 2. In fact, this haptically-fast and passive
mechanical simulation has been an open problem since the
seminar work [22]. For this, we utilize our recently-proposed
non-iterative passive integrator [16], which then suggests the
following integration step for the VP dynamics:

Mp
i

vi(k + 1)− vi(k)

Tk
= τpi (k) + ui(k)

v̂i(k) ,
vi(k + 1) + vi(k)

2
=
yi(k + 1)− yi(k)

Tk
(4)

where Tk , tk+1 − tk > 0 is the kth update interval; Mp
i ∈

<n×n is the symmetric positive-definite VP inertia matrix;
yi(k), vi(k) ∈ <n are the VP virtual position and velocity
respectively; τpi (k) ∈ <n is the virtual coupling force acting
on the VP; and ui(k) ∈ <n will embed PD-control between
the master and slave VPs over the Internet. Need to mention
that the numerical integrator used in the VP dynamics is
implicit, i.e. the update depends on future states. But, it can
be quickly solved without iterations. Following [16], we can
show that the VP, simulated by (4) possesses the following
discrete-time open-loop passivity: ∀N > 0, ∃c̄i ∈ <, s.t.,

N−1∑

k=0

(
τpi (k) + ui(k)

)T
v̂i(k)Tk ≥ −c̄2i (5)

For more details of the non-iterative passive mechanical
integrator (NPMI) and discrete-time passivity, please see
[16].

C. Control Objectives

For the teleoperator (1) with the master and slave VPs (4),
we would like to design the controls τdi (t), τpi (k) and ui(k)
to achieve the followings:

• closed-loop passivity: ∀t̄ ≥ 0, ∃c ∈ <, s.t.
∫ t̄

0

[
fT1 (t)ẋ1(t) + fT2 (t)ẋ2(t)

]
dt ≥ −c2 ∀t̄ ≥ 0 (6)

• position coordination: if fi(t) = 0, for i = 1, 2,

x1(t)→ x2(t) (7)

• force reflection: with (ẍi, ẋi)→ 0, for i = 1, 2,

f1(t) + f2(t)→ 0. (8)

Due to page limit, we will only prove closed-loop passivity
here, with position coordination and force reflection being
only demonstrated by simulation. Mathematical proofs for
the last two items, which can be proved similarly to [1], [8],
will be reported in a future publication.
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Fig. 3. Illustration of the indexing delay Nk
2 (from master to slave) with

varying-delay, packet-loss, data duplication and swapping.

III. VP-BASED PASSIVE HYBRID TELEOPERATION
CONTROL OVER THE INTERNET

As shown in Fig. 2, our teleoperation controller consists
of: 1) discrete-time master and slave VPs, simulated by (4);
2) discrete-time coupling between these two VPs over the
Internet; and 3) hybrid virtual coupling between the VP and
the robot. Among them, VPs are already explained in Sec. II-
B. In this section, we will focus on the other two components
and the total combination of Fig. 2.

A. Passive PD-Coupling between VPs over the Internet

To connect the (discrete) master and slave VPs over the
(discrete) imperfect Internet, we use the following PD-like
coupling: during [tk, tk+1),

ui(k) = −Bp
i v̂i(k)−D

(
v̂i(k)− δki v̂j(k −Nk

i )
)

−K
(
ŷi(k)− ŷj(k −Nk

i )
)

(9)

where (i, j) ∈ {(1, 2), (2, 1)}, D,K ∈ <n×n are re-
spectively symmetric positive semi-definite D and positive
definite P gains, Bp

i ∈ <n×n is the positive definite lo-
cal discrete-time virtual damping, Nk

i ≥ 0 is the time-
varying (integer) index, encoding the communication delay
of data reception at each time index k, δki ∈ {0, 1} is the
duplication avoidance function defined below, and ŷi(k) ,
(yi(k) + yi(k + 1))/2 with v̂i(k) also defined in (4).

The delay index Nk
i , in fact, can capture such various

communication unreliability as varying-delay, data swap,
packet duplication, etc - see Fig. 3. For the case of packet
loss, this Nk

i is not well-defined since ŷj(k − Nk
i ) and

v̂j(k−Nk
i ) are not received at all; it is also usually desirable,

for (9), to hold the previous set-position data ŷj instead of
suddenly change it to zero. Thus, if no packet arrives at
tk, the previous packet will be reused for computing ui(k)
which leads to an artificial duplication of previous packet.
Then, Nk

i is well-defined for the case of packet loss s.t.
Nk

i ⇐ Nk−1
i +1. With this definition of Nk

i , we also assume
there exists an upper bound N̄i, s.t., ∀k ≥ 0, N̄i ≥ Nk

i .
Need to clarify that, the controller does not need to track the
value of Nk

i during the operation. Only the upper bound of
index delay N̄i, which can be measured off-line, is required
for setting the invariant control gains Bp

i , D and K. On the
other hand, duplication of the set-velocity v̂j in (9), yet, can
violate passivity (see Appendix). To prevent this, we utilize
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the duplication avoidance function δki in (9) defined s.t.,

δki :=

{
0 if v̂j(k −Nk

i ) is duplicated
1 otherwise (10)

where the “duplication” includes both the “real” duplication
(from communication) as well as the “artificial’ one (with
packet loss as stated above). This δki can be easily imple-
mented by using packet numbering. Now we provide the
gain setting condition for assuring the discrete-time two-port
(controller) passivity of this PD-coupling over the Internet,
the proof of which is given in Appendix.

Proposition 1 Consider the PD-like coupling (9) over the
Internet. Suppose we set Bp

i ,K,D, s.t.,

Bp
i ≥

[N̄1 + N̄2

2

]
TmaxK +

1

2

[Tmax

Tmin
− 1
]
D (11)

for i = 1, 2, where N̄i ≥ maxk(Nk
i ), Tmax := maxk(Tk),

Tmin := mink(Tk), and vi(k) = 0, ∀k ≤ 0. Then, the
PD-like coupling (9) possesses the following (controller)
passivity [23]: ∀N > 0, ∃d̄ ∈ <, s.t.,

N−1∑

k=0

[
u1(k)T v̂1(k) + u2(k)T v̂2(k)

]
Tk ≤ d̄2. (12)

B. Passive Virtual Coupling between VP and Haptic Device

Virtual coupling (VC) is widely used for connecting
continuous-time haptic device with discrete-time virtual en-
vironment in haptics. In [24], the well known passivity
criterion b > KT/2+B (b is device damping; T is sampling
rate; K,B are virtual spring and damper respectively) was
given. This condition was further extended to variable-rate
haptics in [18]. In this paper, relying on the result of [18],
we passively connect the haptic device (1) and the VP (4).

Consider the following VC law: during [tk, tk+1),

τdi (t) =−Bc
i

(xi(k)− xi(k − 1)

Tk−1
− v̂i(k − 1)

)

−Kc
i

(
xi(k)− yi(k)

)

τpi (k) =− bpi v̂i(k)−Bc
i

(
v̂i(k)− xi(k)− xi(k − 1)

Tk−1

)

−Kc
i

(
yi(k + 1)− xi(k)

)
(13)

where i = 1, 2; xi(k) , xi(tk) ∈ <n is the sampled device
position at kth time step; bpi ∈ <n×n is the positive semi-
definite discrete-time virtual damping matrix; Bc

i ∈ <n×n

is the positive semi-definite VC damping matrix; and Kc
i ∈

<n×n is symmetric positive definite VC spring matrix.
This VC law (13) is slightly modified from the one in [18]

to allow the VP simulation of (4) to be used with the real
haptic device (e.g., xi(k + 1) not available for (13) during
Tk). Even so, we can use derivation and argument similar to
[18] to prove the hybrid two-port (controller) passivity [18]
of the VC (13): ∀N > 0 and t̄ ∈ TN , [tN , tN+1), ∃di ∈ <,

∫ t̄

0

τ̂di (t)T ẋi(t)dt+

N−1∑

k=0

τpi (k)T v̂i(k)Tk ≤ d2
i (14)

where τ̂i is defined in Sec. II-A, which consists the virtual
coupling force and device damping. The gain setting con-
dition for passive virtual coupling is summarized in Prop.
2, whose proof is, again, omitted here due to its similarity
with [18]. Using this Prop. 2, we can then connect the VP
(4) and the haptic device (1), while enforcing the two-port
hybrid passivity of their VC connection (13).

Proposition 2 The virtual coupling (13) is two-port hybrid
passive (14), if the following gain setting condition holds,

Bi ≥ Bc
i

[
1 +

Tk
Tk−1

]
+Kc

i Tk, bpi ≥ Bc
i

[
Tk
Tk−1

− 1

]
(15)

From (15), it is clear that the un-tunable device damping
Bi is only required to passify the hybrid VC which is
independent of the network conditions. Moreover, bpi , which
is on VP side, is only required to passify update rate variance
and will become 0 if the update rate is constant, i.e. Tk =
Tk−1∀k ≥ 0.

C. Main Result

We now present the main result of this paper: the closed-
loop passivity of the total hybrid teleoperator system in Fig.
2, consisting of the continuous-time master and slave robots
(1); discrete-time VPs (4) and their discrete PD-coupling (9)
over the Internet; and the hybrid-passive VC (13) between the
VP and the device. Again, here, only the proof for passivity
is given; those for position-coordination and force reflection
could be proved similar to [1], [8] and will be reported in
future publications.

Theorem 1 Consider the bilateral teleoperator in Fig. 2
with master and slave devices (1), virtual coupling (13),
passive VPs simulation (4) and the PD-type coupling over
the Internet (9). Then, if we choose the gains according to
the gain setting conditions (11) and (15), the closed-loop
passivity (6) of the teleoperator system in Fig. 2 is achieved.

Proof: First, combining the discrete-time passivity of
the VPs (5) and that of the PD-type coupling (12), we have,
∀N > 0,

N−1∑

k=0

(
τp1 (k)T v̂1(k) + τp2 (k)T v̂2(k)

)
Tk ≥ −c̄2 − d̄2

where c̄2 := c̄21 + c̄22. This inequality indicates that the
combination of the VPs (4) and the PD-type coupling control
(9) over the Internet is two-port discrete-time passive. Next,
substituting the above inequality into the controller passivity
(14) yields,

∫ t̄

0

(
τ̂d1 (t)T ẋ1(t) + τ̂d2 (t)T ẋ2(t)

)
dt ≤ d2 + c̄2 + d̄2

where d2 := d2
1 + d2

2 with di defined in (14). Finally,
substituting this inequality into (3), we can obtain, ∀t̄ ≥ 0,
∫ t̄

0

[
fT1 (t)ẋ1(t) + fT2 (t)ẋ2(t)

]
dt ≥ −(c2 + d2 + c̄2 + d̄2)
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where c2 := c21 + c22, which is the desired closed-loop
passivity (6).

Hence, by setting the control gains according to the gain
setting conditions, (11) and (15), the closed-loop passivity
(6) can be enforced. This, further, implies the interaction
stability between this Internet bilateral teleoperator and any
passive humans and environments (from the property of
passive interconnection as mentioned in Sec. I). Due to the
explicit position feedback in the PD-type coupling (9) and
the VC (13), the asymptotic position coordination and force
reflection can also be achieved similar to [1], [8], although,
due to space limitation, here, we do not provide their
proofs and only demonstrate these properties via numerical
simulations.

As compared to our previous hybrid control framework in
[1], which directly connects the haptic devices with sampled-
data PD-coupling over the Internet and relies solely on the
un-tunable device physical damping (i.e., Bi in (13)) to
passify the Internet’s communication unreliability, our VP-
based control framework here uses the discrete-time tunable
VP damping (i.e., Bp

i in (11)) to passify the Internet’s
unreliability, while the device damping is only used to passify
the VC (see Prop. 2) independently of the communica-
tion conditions. This means that, if the device damping is
small, as typically true for many commercial haptic devices
(e.g., Sensabler Phantom Desktop; Barrettr WAM), yet,
the communication unreliability is severe (e.g., large delay
and high packet loss rate), the direct PD-based framework
of [1] would likely not be applicable, although our VP-
based framework proposed here would be so. Of course,
if the communication unreliability is mild or the device
damping is large (e.g., large-size slave robot with brushed
motor actuation/braking), the direct PD-based framework
[1] would be preferable, with simpler implementation and
without intermediate VP dynamics, whose effect, yet, can
be made minimal by choosing Mp

i for (4) arbitrarily small
(this is possible due to the discrete passivity of (4) - see
[16]).

Our proposed VP-based control framework here is simple
and easy to implement. The VPs simulation (4), combined
with the PD-type control (9) and the VC connection (13),
can still be quickly solved/updated (i.e., computing xi(k +
1), vi(k + 1)) with no iterations due to its non-iterative
nature [16], although the integration itself is implicit. For
the P action in the PD-type control (9), we directly use
the received position signal ŷj(k−Nk

i ) without any further
modulation/modification; whereas, for the D action, only the
duplication avoidance function δki needs to be added, which
can be easily implemented in practice by packet numbering.

The PD-type control (9) is conservative with its perfor-
mance degrading rapidly when maximum round-trip equiva-
lent delay (N̄1 + N̄2)Tmax becomes large. This is similar
to other “time-invariant” techniques (e.g. PD control [7],
[12]; wave-method [19]), which applies passifying action
(damping dissipation) designed for the ”worst” network
condition that is not often occurring during typical operations
(see Fig. 4). This conservatism may be substantially reduced
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Fig. 4. Equivalent delays Nk
i T for the simulation, with N̄1T = 0.35s

and N̄2T = 0.45s (i.e., maximum round-trip delay 0.8s).

by using (time-variant) PSPM [8], which only selectively
activates the passifying action when necessary.

IV. SIMULATION

For the simulation, we consider a pair of 2-serial-links
revolute-joint planar manipulators as the haptic devices in
the form of (1) with the inertia matrix Mi(xi) given by

Mi(xi) =

[
αi + 2βic2 δi + βic2
δi + βic2 δi

]
(16)

where αi, βi, δi ∈ < are positive constants depending on the
robot’s attributes, i.e. the mass, moment of inertia and length
of links; and c2 := cos(xi2) with xi? representing the ?-th
element of xi, similarly, we define s2 := sin(xi2); and, the
Coriolis matrix Ci(xi, ẋi) given as

Ci(xi, ẋi) =

[
hẋi2 h(ẋi1 + ẋi2)
−hẋi1 0

]
(17)

where h = −βis2. For this simulation, we choose
(α1, β1, δ1) = (0.75, 0.063, 0.09)kgm2, and (α2, β2, δ2) =
(0.56, 0.046, 0.086)kgm2 according to [7]. The length for
all links is 0.38m. The human operator is modeled as a PD-
type position-tracking controller with its spring and damping
gains as 75N/m and 50Ns/m for both x and y directions. A
spring-damper type wall is placed at x = 0.35m with spring
gain Kw = 500N/m and light damping gain 0.1Ns/m, and
the wall only reacts to the motion along the x-axis to evaluate
the contact stability. On the other hand, the forces from the
human and the wall, which act on the end-effector of the
haptic device, are converted into the torque acting on the
device joints via the well-known Jacobian matrix [21] (to
be consistent with fi(t) in (1)). The Matlab r Simulink is
chosen as the simulation platform with the update rate set to
be T = 5ms.

We conduct simulations with the following scenario simi-
lar to [1] for comparison purpose. In the beginning 0− 30s,
the human operator applies zero force (no contact with
the master device) and the master and slave devices’ end-
effectors start at different initial positions in x-axis which
are (0.35, 0.05)m, respectively. During 30−110s, the human
pushes the master to x = 0.6m and maintains the hard
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Fig. 5. Simulation results with free motion and hard contact with different
initial conditions.

contact with the wall. At 110 − 200s, the human retracts
the master to x = 0.2m. We also simulate Internet like com-
munication with: normally distributed varying delay within
0.2 − 0.4s and 0.2 − 0.3s for the forward and backward
channels respectively; 5% packet loss rate and 1% data
duplication rate. The equivalent maximum round-trip delay,
(N̄1 + N̄2)T , is 0.8s. See Fig. 4. We also assume the
master/slave robot can only provide B1 = B2 = 2Ns/m
device viscous damping. According to the passivity condition
(11) and (15), we choose Kc

1 = Kc
2 = 300 N/m, Bc

1 =
Bc

2 = 0.1Ns/m, bp1 = bp2 = 0Ns/m1, Bp
1 = Bp

2 = 21Ns/m,
K = 50N/m, and D = 1Ns/m. Due to the discrete-time
passivity of non-iterative passive integrator [16], in contrast
to [22], we can also choose the VP’s mass Mp

i of (4)
arbitrarily small. Here, both Mp

1 and Mp
2 are set to be

0.001kg, much smaller than the inertia of master and slave
robots, to make the effect of VPs’ intermediate dynamics
minimal.

As shown in Fig. 5, the position coordination between
master and slave is achieved within first 2s with 0.3m initial
position error. When the slave pushes against the wall with
low velocity and acceleration (80−110s), the environmental
torque acting on the slave’s joints are accurately reflected
to the human operator (force reflection). When the human
and environmental forces are close to zero (0 − 30s and
180 − 200s), both haptic devices converge to the same
position (position coordination). The closed-loop passivity

1According to (15), bpi can be zero for the constant update rate case.

(6), which can be seen from Fig. 5, is guaranteed throughout
the whole operation due to our enforcing (11) and (15). If
we use the direct PD-based control framework of [1] with
the same device damping 2Ns/m (which is far smaller than
23Ns/m of [1]), the P-gain K will be upper bounded by
5N/m which is much smaller than 50N/m we are using
here. Note that there is no upper limit for K in theory as
long as (11) is satisfied. Hence, the flexibility of choosing
control parameters is significantly improved with our VP-
based control framework.

V. CONCLUSION

In this paper, we propose a novel hybrid virtual-proxy
based passivity-enforcing control framework for the bilateral
teleoperation over imperfect and discrete Internet commu-
nication network with arbitrary varying-delay, packet-loss,
data duplication/swapping, etc. By enforcing passivity of
each sub-module, some discrete-time, some continuous-time,
and some hybrid, this new VP-based control framework
can not only passify the Internet’s general communication
unreliability but also successfully decouple the requirement
of the (un-tunable) device physical damping from the com-
munication conditions, thereby, significantly enhances con-
trol design flexibility as compared to our previous hybrid
direct PD-based teleoperation control scheme [1]. Due to its
explicit position feedback via P-control actions, the proposed
control law also guarantees position coordination and force
reflection.

APPENDIX

A. Proof of Proposition 1:

Notation: In the following derivation, we define the norm
||a||2L , aTLa, where a ∈ <n and L ∈ <n×n.
Energy Generation by PD Synchronization Control: Denote
the energy generated by the PD synchronization control (9)
during Tk as

sE(k) ,
2∑

i=1

v̂i(k)Tui(k)Tk

= −
2∑

i=1

[
Λi(k) + v̂i(k)TK

(
ŷi(k)− ŷj(k −Nk

i )
)
Tk

+ v̂i(k)TD
(
v̂i(k)− δki v̂j(k −Nk

i )
)
Tk

]
(18)

where (i, j) ∈ {(1, 2), (2, 1)} and Λi(k) , ||v̂i(k)||2
Bp

i
Tk is

the discrete damping dissipation during Tk on site i; and the
second term in the bracket can be rewritten as

2∑

i=1

[
v̂i(k)TK

[
ŷj(k)− ŷj(k −Nk

i )
]
Tk

+ v̂i(k)TK
[
ŷi(k)− ŷj(k)

]
Tk

]

=

2∑

i=1

v̂i(k)TK
[
ŷj(k)− ŷj(k −Nk

i )
]
Tk (19)

+ [v̂1(k)− v̂2(k)]
T
K [ŷ1(k)− ŷ2(k)]Tk.
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Denote the potential energy stored in the spring K as
ϕ(k) := 1

2 ||y1(k) − y2(k)||2K . Then, the last terms of (19)
can be simplified as, with ∆y(k) , y1(k)− y2(k),

[v̂1(k)− v̂2(k)]TK [ŷ1(k)− ŷ2(k)]Tk

=
1

2
[∆y(k + 1)−∆y(k)]

T
K [∆y(k + 1) + ∆y(k)]

=ϕ(k + 1)− ϕ(k).

Then, we can rewrite sE(k) s.t.

sE(k) = −
{ [
ϕ(k + 1)− ϕ(k)

]
︸ ︷︷ ︸

spring energy storage

+

2∑

i=1

Λi(k)︸ ︷︷ ︸
local damping

+

2∑

i=1

v̂i(k)TK
[
ŷj(k)− ŷj(k −Nk

i )
]
Tk︸ ︷︷ ︸

delayed spring term

+

2∑

i=1

v̂i(k)TD
[
v̂i(k)− δki v̂j(k −Nk

i )
]
Tk︸ ︷︷ ︸

delayed damper term

}
(20)

which clearly shows that the (unwanted) energy generation
caused by the communication unreliability can be
decomposed into those of the delayed spring and the
delayed damper. The essential idea of the following proof
is to show that, under the passivity condition (11), this
unwanted energy generation is guaranteed to be dissipated
by the local VP damping dissipation Λi.

Energy Generated by Delayed Spring Term: Let us denote
the delayed spring energy term as

Θi(k) := v̂i(k)TK
[
ŷj(k)− ŷj(k −Nk

i )
]
Tk. (21)

Inserting dummy terms
∑k−1

l=k+1−Nk
i

[
ŷj(l)− ŷj(l)] between

ŷj(k) and ŷj(k −Nk
i ), we can rewrite Θi(k) as

Θi(k) = Tkv̂i(k)TK

k−1∑

l=k−Nk
i

(
ŷj(l + 1)− ŷj(l)

)

= Tkv̂i(k)TK

k−1∑

l=k−Nk
i

1

2

[
v̂j(l + 1)Tl+1 + v̂j(l)Tl

]

= Tkv̂i(k)TK
[ k−1∑

l=k+1−Nk
i

v̂j(l)Tl

+
1

2

(
v̂j(k)Tk + v̂j(k −Nk

i )Tk−Nk
i

)]

where the second line is due to (4). Since K is symmetric
and positive-definite, we have the following fact s.t.

|aTKb| ≤ 1

2

(
||a||2K + ||b||2K

)
, ∀a, b ∈ <n. (22)

Using this, we can then show that

|Θi(k)| ≤ 1

2
Tk

k−1∑

l=k+1−Nk
pq

Tl
[
||v̂i(k)||2K + ||v̂j(l)||2K

]

+
1

4
T 2
k

[
||v̂i(k)||2K + ||v̂j(k)||2K

]

+
1

4
TkTk−Nk

i

[
||v̂i(k)||2K + ||v̂j(k −Nk

i )||2K
]

=
1

2
αi(k)

[1
2
Tk +

1

2
Tk−Nk

i
+

k−1∑

l=k+1−Nk
i

Tl
]

+
1

2
Tk
[1
2
αj(k) +

1

2
αj(k −Nk

i ) +

k−1∑

l=k+1−Nk
i

αj(l)
]

where αi(k) := Tk||v̂i(k)||2K ≥ 0. We can further obtain,

2∑

i=1

|Θi(k)| ≤
2∑

i=1

{1

2
αi(k)

[1
2
Tk +

1

2
Tk−Nk

i
+

k−1∑

l=k+1−Nk
i

Tl
]

+
1

2
Tk
[1
2
αi(k) +

1

2
αi(k −Nk

j ) +

k−1∑

l=k+1−Nk
j

αi(l)
]}

=

2∑

i=1

{1

2
αi(k)

[1
2
Tk +

1

2
Tk−Nk

i
+

k−1∑

l=k+1−Nk
i

Tl
]

+
1

4
Tk
[ k−1∑

l=k−Nk
j

αi(l) +

k∑

l=k−Nk
j +1

αi(l)
]}

≤
2∑

i=1

{N̄i

2
Tmaxαi(k)

+
1

4
Tmax

[ k−1∑

l=k−N̄j

αi(l) +

k∑

l=k−N̄j+1

αi(l)
]}
. (23)

By summing (23) over the time, we have

N−1∑

k=0

2∑

i=1

|Θi(k)| ≤
N−1∑

k=0

2∑

i=1

{N̄i

2
Tmaxαi(k)

+
1

2
Tmax

k∑

l=k−N̄j+1

αi(l)
}

=

N−1∑

k=0

2∑

i=1

{N̄i

2
Tmaxαi(k) +

N̄j

2
Tmaxαi(k)

}

− 1

2
Tmax

2∑

i=1

N̄j∑

k=2

(k − 1)αi(k +N − 1− N̄j)

≤
N−1∑

k=0

2∑

i=1

N̄i + N̄j

2
Tmaxαi(k) (24)
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where the equality is due to the following fact
N−1∑

k=0

k∑

l=k−N̄j+1

αi(l) =

N−1∑

k=0

N̄jαi(k)−
N̄j∑

k=2

(k − 1)αi(k +N − 1− N̄j) (25)

with the proof omitted here due to the space limitation.
The inequality (24) then shows that the possible energy
generation via the delayed spring term is upper bounded.

Energy Generated by Delayed Damper Term: Let us denote
the delayed damper term as

Υi(k) := v̂i(k)TD
[
v̂i(k)− δki v̂j(k −Nk

i )
]
Tk. (26)

Following fact (22), we then have

Υi(k) ≥ ||v̂i(k)||2DTk −
1

2
δki
(
||v̂i(k)||2D + ||v̂j(k −Nk

i )||2D
)
Tk

≥ 1

2

(
||v̂i(k)||2D − δki ||v̂j(k −Nk

i )||2D
)
Tk

therefore,
2∑

i=1

Υi(k) ≥
2∑

i=1

1

2

(
||v̂i(k)||2D − δkj ||v̂i(k −Nk

j )||2D
)
Tk.

Summing the inequality above over the time then yields
N−1∑

k=0

2∑

i=1

Υi(k) ≥ (27)

1

2

N−1∑

k=0

2∑

i=1

(
||v̂i(k)||2DTmin − δkj ||v̂i(k −Nk

j )||2DTmax

)
.

Local Damping Dissipation: From passivity condition (11),
the local energy dissipation via Bp

i can be computed as
2∑

i=1

N−1∑

k=0

Λi(k) ≥
2∑

i=1

N−1∑

k=0

{N̄1 + N̄2

2
Tmax||v̂i(k)||2KTk

+ ||v̂i(k)||2D(Tmax − Tmin)
}

(28)

Controller Passivity: Then, combing (24), (27) and (28), we
can rewrite (20) s.t.: ∀M̄ ≥ 0,

N−1∑

k=0

sE(k) =−
2∑

i=1

N−1∑

k=0

(
Λi(k) + Θi(k) + Υi(k)

)

+ ϕ(0)− ϕ(N + 1) ≤ ϕ(0) =: d̄2 (29)

where d2 is a bounded constant. The inequality in (29) is
obtained by the following facts:

−
2∑

i=1

N−1∑

k=0

Θi(k) ≤
2∑

i=1

N−1∑

k=0

|Θi(k)|

N−1∑

k=0

||v̂i(k)||2D ≥
N−1∑

k=0

δkj ||v̂i(k −Nk
j )||2D

and (24), (27). This proves the controller passivity (12).

�
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