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Passive Bilateral Control and Tool Dynamics
Rendering for Nonlinear Mechanical

Teleoperators
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Abstract—We propose a passive bilateral teleoperation con-
trol law for a pair of -degree-of-freedom (DOF) nonlinear
robotic systems. The control law ensures energetic passivity of the
closed-loop teleoperator with power scaling, coordinates motions
of the master and slave robots, and installs useful task-specific
dynamics for inertia scaling, motion guidance, and obstacle avoid-
ance. Consequently, the closed-loop teleoperator behaves like a
common passive mechanical tool. A key innovation is the passive
decomposition, which decomposes the 2 -DOF nonlinear tele-
operator dynamics into two robot-like systems without violating
passivity: an -DOF shape system representing the master–slave
position coordination aspect, and an -DOF locked system rep-
resenting the dynamics of the coordinated teleoperator. The
master–slave position coordination is then achieved by regulating
the shape system, while programmable apparent inertia of the
coordinated teleoperator is achieved by scaling the inertia of the
locked system. To achieve this perfect coordination and inertia
scaling, the proposed control law measures and compensates for
environment and human forcing. Passive velocity field control and
artificial potential field control are used to implement guidance
and obstacle avoidance for the coordinated teleoperator. The
designed control is also implemented in an intrinsically passive
negative semidefinite structure to ensure energetic passivity of
the closed-loop teleoperator, even in the presence of parametric
model uncertainties and inaccurate force sensing. Experiments
are performed to validate the properties of the proposed control
framework.

Index Terms—Avoidance, decomposition, guidance, inertia
scaling, nonlinear teleoperator, passive control implementation,
passivity, power scaling.

I. INTRODUCTION

ACLOSED-LOOP teleoperator is, energetically, a two-port
system where the master and the slave robots interact with

humans and slave environments, respectively (Fig. 1). Thus, the
foremost and primary goal of the control design is to ensure in-
teraction safety and coupled stability [1] when it is mechanically
coupled with a broad class of slave environments and human
operators.
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Fig. 1. Two-port closed-loop teleoperator with a power scaling � > 0:
mechanical strength of the master robot and human is magnified (when
� > 1) or attenuated (when � < 1) w.r.t. that of the slave robot and its
environment. Here, impedance and admittance causalities are assumed for
human/environment/controller and robots, respectively.

Energetic passivity (i.e., passivity with (scaled) mechanical
power as the supply rate [2]) of the closed-loop teleoperator
has been widely used as a means toward interaction safety and
coupling stability [3]–[12]. This is due to the well-known fact
that the feedback interconnection between a passive closed-loop
teleoperator and any passive environment/human is necessarily
stable with bounded master and slave velocities [13]. In many
practical cases, since the slave environments are usually passive
(e.g., pushing against a wall or grasping a ball), and humans’
mechanical impedances are indistinguishable from that of pas-
sive systems [14], this energetic passivity can ensure coupled
stability. Moreover, it would be potentially safer to interact with
an energetically passive teleoperator, since the maximum ex-
tractable energy from it would be bounded, limiting the possible
damages on the environment, humans, and the system itself.

Many successful control schemes have been proposed for
linear robotic teleoperators [5], [6], [9], [15]–[18]. How-
ever, multiple-degree-of-freedom (DOF) robots are typically
nonlinear (e.g., serial linkages), thus, applying those linear
approaches to such nonlinear systems would result in degraded
controller performance (see [9] for an example).

Control schemes for nonlinear robotic teleoperators are
rare, compared with those for linear ones. A control scheme
proposed in [7] cancels out the open-loop nonlinear dynamics
and replaces it by the desired virtual tool dynamics. However,
since passivity is proved only for the desired virtual dynamics,
it might be violated when the open-loop dynamics is not per-
fectly replaced by the desired one (e.g., with inaccurate model
parameters and measurement). An adaptive control scheme is
proposed in [19] where the virtual decomposition [20] is used
to address the nonlinear dynamics. However, its applicability
would be limited as it assumes simple mass-spring-damper
models for the human and slave environment. In [21] and [22],
sliding-mode and adaptive schemes are proposed for nonlinear
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mechanical teleoperators using virtual-slave and virtual-master
concepts, respectively. The main drawback of these schemes is
that they do not consider the interaction between the teleoper-
ator and the human/environment as a feedback interconnection
between dynamical systems. Therefore, the interaction might
become unstable in many practical applications where such a
feedback loop is created (e.g., unstable contact in [21]).

In this paper, we propose a control scheme that explicitly ad-
dresses the nonlinear dynamics of the teleoperator, and enforces
energetic passivity of the closed-loop teleoperator robustly.
Bilateral power and kinematic scalings are also achieved while
enforcing passivity, so that we can accommodate different
sizes/strengths of the master and slave environments (e.g.,
in micro–macro telemanipulation). The aim of the proposed
control scheme is to render the closed-loop teleoperator as a
common passive mechanical tool [9] with which both human
and slave environments interact, and whose inertia and dy-
namics can be adjusted according to a given task objective.

A key innovation of our work is the passive decomposition
[23] that decomposes the nonlinear dynamics of the -DOF
mechanical teleoperator into two decoupled -DOF robot-like
systems while enforcing passivity: the -DOF shape system rep-
resenting the master–slave position coordination aspect; and the

-DOF locked system describing the overall behavior of the co-
ordinated teleoperator. It also decomposes the total energy and
the supply rate of the original system into the sums of those
of the shape and locked systems, so that passivity of the total
system can be easily obtained by designing individually passive
locked and shape controls.

Once the nonlinear teleoperator has been decomposed,
master–slave position coordination can be achieved by reg-
ulating the shape system with simple proportional-derivative
(PD) control and feedforward cancellation of the human/en-
vironmental disturbances acting on it. Also, scaling of the
apparent inertia of the coordinated teleoperator is obtained
by scaling the combined human/environmental forcings on
the locked system. By making this apparent inertia arbitrarily
small, the teleoperator approaches an ideally transparent system
[15] (i.e., perfect position coordination with zero intervening
inertia [16]). This apparent inertia can also be scaled up for
some applications where inertial effects are desired (e.g.,
hammering).

To help human operators perform tasks more efficiently and
comfortably, we also endow the coordinated teleoperator with
the dynamics of motion guidance and obstacle avoidance. Mo-
tion guidance is achieved by the passive velocity field control
(PVFC, [24], [25]), which enables the coordinated teleoperator
to follow the direction of a desired velocity field. Due to its pas-
sivity property, by extracting energy from or injecting energy
into the teleoperator, a human operator can slow down or speed
up the velocity field following speed. Thus, s/he can safely in-
tervene with a task whenever necessary. Obstacle avoidance is
achieved by imposing artificial potential functions [26]–[28] on
the master and slave configuration spaces, which prohibit the
robots from penetrating into regions with dangerous obstacles
or fragile objects (e.g., organs for telesurgery).

The proposed control law also uses an intrinsically passive
negative semidefinite (NSD) control implementation [9], [29].

By limiting the net energy generation by the control action,
this NSD implementation ensures that energetic passivity (with
power scaling) is robust to parametric uncertainty and inaccu-
rate force sensing. Thus, interaction safety and coupled stability
are enhanced substantially.

Our previous paper [9] considers a similar decomposition of
a pair of linear dynamically similar (LDS) robots. Although the
control law in [9] can be applied to nonlinear teleoperators by
approximating them as LDS systems, this generally results in
degraded controller performance. This is because the LDS ap-
proach cannot handle different inertia structures of the master
and slave (i.e., dynamically dissimilar) and their nonlinear dy-
namics (e.g., configuration-dependent inertia). By suitably con-
sidering the property of the nonlinear teleoperators, the pas-
sive decomposition proposed in this paper completely removes
the restriction that the system has to be LDS (or approximately
LDS), and is applicable to any pair of nonlinear robots of equal
DOFs. This paper also addresses the issue of rendering useful
task-specific dynamics, which is only alluded to in [9].

In this paper, we assume that effects of communication delay
and data sampling are negligible. This assumption would be
reasonable when the master and slave environments are close
enough to each other and the sampling is performed with suf-
ficiently fast rate and high resolution. Our experimental setup
possesses these properties, and we could not observe any sig-
nificant effects of such delay and sampling. These two issues,
however, are themselves vast and challenging research areas,
and we refer readers to [3], [4], [8], [19], [30]–[33], and ref-
erences therein.

The rest of this paper is organized as follows. Problem for-
mulation and control objectives are given in Section II. In Sec-
tion III, the passive decomposition of the nonlinear dynamics
of -DOF mechanical teleoperators into the -DOF shape and

-DOF locked systems is presented. Control laws for the shape
and locked systems are designed in Section IV, and the intrin-
sically passive NSD implementation is presented in Section V.
Experimental results are presented in Section VI. Section VII
contains some concluding remarks.

II. PROBLEM FORMULATION

A. Dynamics of Mechanical Teleoperators and Power Scaling

Consider a -DOF teleoperator consisting of two -DOF
nonlinear mechanical systems

(1)

(2)

where , , are the configurations, the control com-
mands from actuators, and the human/environmental forces, re-
spectively, are the symmetric and positive-def-
inite inertia matrices, and are the Coriolis
matrices such that (s.t.) are skew-sym-
metric, with for master and for slave. The scalar

is a user-specified power-scaling factor s.t., through the
controller, the human power appears to be amplified when
(or attenuated when ) with respect to (w.r.t.) that of the
slave environment (see Fig. 1).
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The mechanical teleoperator is said to satisfy the energetic
passivity condition if there exists a finite constant , s.t.

, and

(3)

where is the scaled en-
vironmental supply rate [2] (i.e., the sum of the slave environ-
mental power and the human power scaled by ). This
energetic passivity condition (3) can imply that the closed-loop
teleoperator block in Fig. 1 is passive with ( , ) as the input
and ( , ) as the output [34], if the closed teleoperator as-
sumes admittance causality, as in Fig. 1.

Similarly, we say that the controller in Fig. 1 satisfies the con-
troller passivity condition [23], [29] if there exists a finite con-
stant s.t.

(4)

where is the scaled
control supply rate. This condition can also imply that the con-
troller block in Fig. 1 is passive, with as
the input/output pair [34], when its causality is impedance (see
Fig. 1).

The teleoperator passivity condition (3) implies that the max-
imum extractable (scaled) energy from the closed-loop teleoper-
ator is always bounded, while the controller passivity condition
(4) implies that the maximum amount of (scaled) energy gener-
ated by the controller is bounded.

Proposition 1 [23]: For the mechanical teleoperator (1), (2),
controller passivity (4) implies energetic passivity (3).

Proof: Let us define the scaled kinetic energy

(5)

then, using the dynamics (1), (2) with the skew-symmetric prop-
erty of , we have

Thus, by integrating this equality with the controller passivity
condition (4) and the fact that , we have,

Proposition 1 allows us to conclude that a closed-loop tele-
operator is energetically passive (3) by simply examining the
controller structure. The intrinsically passive NSD control im-
plementation in Section V will robustly enforce the controller
passivity (4), thus, energetic passivity (3) will also be guaran-
teed robustly. For more details on general passivity properties
of mechanical systems, refer to [13] and [34].

B. Control Objectives

In order to render the -DOF teleoperator system as an
-DOF common passive mechanical tool, a controller will be

designed to achieve the following objectives.

1) The closed-loop teleoperator robustly satisfies the ener-
getic passivity condition with a power scaling in (3),
regardless of model parametric uncertainty and inaccu-
rate force measurements.

2) The motions of the master and slave robots are perfectly
coordinated, i.e., ,

(6)

where defines the master–slave
position-coordination error.

Once the coordination (6) is achieved, the coordinated
teleoperator would have the following dynamics (similar
to [35], by summing (1), (2) with the condition ):

(7)

where

(8)

(9)

(10)

Here, represents the configuration of the co-
ordinated teleoperator s.t. ,
is the total environmental/human forcing on the coor-
dinated teleoperator, and is the control to
be designed to achieve the target dynamics below (11).
It can be shown that (7) is the Levi–Civita connection
on the coordination submanifold

, with being a pa-
rameterization of [36], [37]. In this sense,
and can be thought of as the natural inertia
and Coriolis matrices of the coordinated (locked) teleop-
erator. Notice that -DOF of the total -DOF control

have already been exploited for the co-
ordination control to achieve (6) [also (7)].

3) We would like the dynamics of the coordinated tele-
operator (7) to converge to the following -DOF target
dynamics:

(11)

where as defined in (10),
is a user-specific scalar for adjusting the apparent in-
ertia of the coordinated teleoperator that the human op-
erator and slave environment feel [i.e., and

, respectively], and incorporates ob-
stacle avoidance and guidance, which will be designed
later on. A condition for is that it is compatible
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with the energetic passivity requirement. Note that an ar-
bitrarily small and the perfect coordination con-
dition (6) (with ) together imply the ideal
transparency [15] of the closed-loop teleoperator (i.e.,
perfect coordination with zero intervening inertia [16]).

The coordination requirement (6) can be extended to include
bijective kinematic scalings and
for the master and slave (1)–(2), respectively: i.e.,

after rewriting the dynamics (1)–(2)
in terms of and . These kine-
matic scalings , can be used to convert the joint space
dynamics to their individual Cartesian space dynamics (or vice
versa), or to match the workspaces of kinematically dissimilar
master and slave systems (e.g., revolute master and prismatic
slave).

III. THE PASSIVE DECOMPOSITION

In this section, we propose a transformation
of the tangent space, with which the -DOF nonlinear

teleoperator dynamics (1)–(2) is decomposed into two decou-
pled robot-like systems without violating passivity: the shape
system, representing the master–slave position coordination as-
pect; and the locked system, describing overall motion of the
coordinated teleoperator. This generalizes a similar decompo-
sition for the LDS teleoperators [9], [38] to general nonlinear
teleoperators.

The decomposition is designed according to the following
three design criteria: 1) the scaled kinetic energy (5) of the tele-
operator is decomposed into the sum of kinetic energies of the
locked and shape systems; 2) the inertia of the locked system
is given by the natural inertia
in (7); and 3) the shape-system velocity is given by the velocity
of the coordination error (6). The first criterion implies that the
transformed inertia matrix is block diagonalized.

These three design criteria uniquely define a decomposition
matrix s.t.

(12)

with

where

(13)

In (12), is the weighted mean velocity of the
master/slave robots, and is the velocity of the coor-
dination error as given by

(14)

(15)

Note that when .
With the decomposition matrix in (12), the inertia ma-

trix of the original teleoperator system (1)–(2) is transformed

into another block diagonal inertia matrix (i.e., the first design
criterion is satisfied)

(16)

where is the natural inertia of
the coordinated teleoperator in (7), and

(17)

where arguments are omitted for brevity. It is easy to see that
these two matrices and are symmetric and pos-
itive definite.

According to the transform (12), the compatible transform for
, are given as

(18)

Then, using (12)–(18) and the relation that
, the -DOF nonlinear dynamics of the teleoperator

(1)–(2) are transformed into two -DOF partially decoupled
systems

(19)

(20)

where as given by (9), and

(21)

(22)

(23)

from their definitions

(24)

with arguments being omitted for brevity.
We call the -DOF system in (19) the locked system, since it

represents the dynamics of the teleoperator after being perfectly
coordinated (locked). Also, the other -DOF system in (20) is
referred to as the shape system, which reflects the coordination
aspect. Notice that as the design criteria propose, the inertia of
the locked system in (19) is exactly the desired natural inertia

in (8), and the shape system velocity is the time
derivative of the coordination error [see (15)]. Therefore,
the coordination error is explicitly represented by the shape
system configuration. Also, in (20) and in (19) [both de-
fined in (18)] represent the mismatched human/environmental
forces inducing coordination error and their combined effect on
the overall motion of the coordinated teleoperator. In contrast
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to the LDS case [9], here, the locked- and shape-system dy-
namics (19)–(20) are partially decoupled, due to the couplings

and .
Proposition 2: The partially decomposed dynamics

(19)–(20) have the following properties.

1) and are symmetric and positive definite.
Moreover, the scaled kinetic energy (5) of the original
teleoperator is decomposed into the sum of the kinetic
energies of the shape and locked systems, s.t.

(25)

2) and are skew-
symmetric.

3) .
Proof: Item 1) is a direct consequence of (16). In

order to prove items 2) and 3), let us define
and

, where . Then, using
(16) and (24) with the fact that (from

), we have

where we omit the arguments for brevity. Thus,
and are skew-symmetric, and

.
Following Proposition 2, , and ,

in (19) and (20) can be thought of as inertia and
Coriolis matrices of the shape and locked systems. Thus, by
cancelling the coupling terms via the locked and shape system
controls and , the original -DOF nonlinear teleoperator
(1), (2) can be decomposed into the -DOF locked and -DOF
shape systems, whose dynamics are decoupled from each other
and have structure similar to the usual -DOF robotic dynamics.

From (12) and (18), the environmental supply rate (3) and the
controller supply rate (4) are given simply by the sum of those
of the locked and shape systems, s.t.

(26)

The following corollary is a direct consequence of this property
(26) and item 3) of Proposition 2.

Corollary 1: The controller supply rate associated
with the decoupling control and

is zero, since

Fig. 2. Circuit-network representation of the decomposed dynamics (19), (20).

Thus, the cancellation of the couplings in (19) and (20) does not
violate controller passivity condition (4).

A circuit network representation of the decomposed dy-
namics (19)–(20) is given in Fig. 2, where: 1) the locked and
shape systems are both passive (from Proposition 2); 2) the
coupling is energetically conservative (from Corollary 1); and
3) the control/environmental supply rates are also decomposed
[from (26)]. Therefore, energetic passivity of the total system
will be achieved, if we design individual locked and shape con-
trollers to be passive w.r.t. their respective supply rates, because
then, the total system will consist only of passive subsystems.

Geometrically, the locked velocity defines the projec-
tion of onto the current level set

, while the shape ve-
locity defines its orthogonal complement w.r.t. the inertia
(Riemannian) metric, as shown by the property (16). Further-
more, if , the shape system dynamics and coupling term

vanish, while the locked system dynamics and
coupling term become the constrained dynamics
(Levi–Civita connection) on and the second fundamental
form, respectively [36], [37]. For more details on the geometry
of the decomposition, which is beyond the scope of this paper,
refer to [23].

IV. CONTROL DESIGN

To achieve the control objectives in Section II-B, we design
the locked and shape system controls , in (19) and (20)
[hence, ( , ) in (1), (2) via (18)] to be

(27)

where the first term in the right-hand side is the decoupling con-
trol, the second and third terms will embed controls for obstacle
avoidance and motion guidance, respectively, and the last term
will be designed to achieve inertia scaling and position coordi-
nation. Here, in (27), we assume that the position and velocity
readings , , , and are accurate, while the force sens-
ings , , and the identified inertias , may
possibly be incorrect.
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A. Coordination Control

The control objective for the shape system (20) is
. Thus, we design the shape-system control

in (27) (with temporarily) to be

(28)

where , are constant symmetric and positive-
definite damping and spring gain matrices, and is the
estimate of the mismatched forcing (18) of the shape system
(20).

Proposition 3: Assume that the inertia matrices ,
, the Coriolis matrices , , and the

human/environmental forces , in (1) and (2) are bounded.
Then, the shape-system dynamics in (20), under the total control
(27) with the coordination control (28) and
has as a global exponentially stable
equilibrium, if the estimate of the mismatched force in
(28) is correct (i.e., ). If the feedforward cancella-
tion of is not used, or its estimation error
in (28) is bounded, then ( , ) is ultimately bounded [39].

Proof: The shape-system dynamics (20), under the control
(28), is given by

(29)

Define the Lyapunov function candidate to be

(30)

where is a sufficiently small scalar s.t. we can find a
symmetric and positive-definite matrix , and

is to achieve exponential convergence. Then,
with the closed-loop dynamics (29) and the fact that

(from Proposition 2), we have

(31)

where the induced norm of is bounded from the as-
sumption and its definition (21). Also, since , are pos-
itive definite, we can always find a small scalar and a
positive-definite matrix s.t.

(32)

for some exponential convergence rate , which may be
estimated from .

Thus, from (32), the Lyapunov function (30) satisfies

(33)

for some , where . Therefore,
if , exponentially,

and if in (28) is bounded, [and hence, ( , )]
is ultimately bounded by

(34)

A sufficient condition for the bounded and
, , is that the configuration space is com-

pact with a smooth inertia matrix (e.g., for revolute jointed
robots), and the operating speed ( , ) is bounded. The
latter condition can be ensured if the closed-loop teleoperator
is energetically passive (e.g., by the NSD implementation in
Section V), and if the human and slave environment are also
energetically passive: finite constants , s.t. ,

, (i.e., human and environment
can generate only a bounded amount of energy) [13], [40].
This bounded ( , ) will also imply boundedness of ( ,

), if the human and slave environment are also -stable
impedance maps (i.e., bounded input implies bounded output

, ).

B. Obstacle Avoidance: Artificial Potential Field Control

To prohibit regions of the master and slave workspaces, we
use an artificial potential field [26]–[28]. This can be thought of
as a position-dependent (i.e., impedance causality) virtual fix-
ture [41]–[44]. According to given task objectives, it can be a
simple virtual wall (i.e., constant spring), or possess more so-
phisticated properties (e.g., [26]).

Let us define smooth positive and bounded real potential
functions , on the master and the slave configuration
spaces, respectively

(35)

so that and are large in the prohibited regions
[26]. Let be their respective smooth and bounded
gradient one-forms: with

(36)

Then, we design the potential field control in (27) to be the neg-
ative gradient one-forms (36), s.t.

(37)
As desired, the locked system is affected by the scaled sum of
the master and slave potential fields, as shown by

in (37). However, the potential fields
control (37) also perturbs the shape system (i.e., induces coor-
dination error), since . Even the same potential
fields for the master and slave robots do not generally ensure

, because their inertias are different.
To combat this perturbation on the coordination, we modify

the coordination control (28) s.t.

(38)
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The feedforward cancellation of in (38) ensures that
the potential field control does not affect the exponential con-
vergence result of the coordination error in Proposition 3.

The NSD implementation (to be described in Section V) will
turn off the feedforward cancellation term in (38) when passivity
will likely be violated. In this situation, the ultimate bound (34)
for the Lyapunov function in Proposition 3 will be replaced with
a new ultimate bound

(39)

where . The cancellation
of in (37) can be omitted if its effect on master–slave
coordination is tolerable.

C. Guidance: Passive Velocity Field Control

We encode motion guidance objective for the coordinated
teleoperator by defining a desired velocity field ,
which assigns a desired velocity vector to each configuration of
the coordinated teleoperator. Then, guidance will be achieved by
encouraging the coordinated teleoperator to move in the direc-
tion of . The design of is task-dependent, and the readers
are referred to [25] and [45] for some examples.

While it is natural to prescribe for the coordinated tele-
operator (i.e., is a tangent vector to the coordination
submanifold
and ), the control for it must also operate, even
when the teleoperator is not perfectly coordinated yet. To do
this, the velocity field is lifted from to the ambient con-
figuration space of the teleoperator (1), (2). This is done
via the projection map , with the property
that , . Examples of in-
clude , where and

is a constant matrix. For a more detailed geometric
prescription, we refer readers to [23].

Then, the control objective will be to make the locked system
follow the lifted velocity field s.t.

(40)

where is the desired velocity field defined on , is
the projection map, and is a scalar determined by the kinetic
energy of the locked system (higher speed when more energy
is present). This condition (40) will ensure that if

, the velocity of the coordinated teleoper-
ator converges to a scaled multiple of the desired velocity field

on the coordination submanifold .
We adopt PVFC [24], [25] to achieve the guidance objective

(40), while enforcing energetic passivity of the closed-loop tele-
operator [(3) or (4)]. PVFC does not generate any energy, but
only uses the kinetic energy available in the open-loop locked
system (i.e., velocity field following speed is determined by the
open-loop system’s kinetic energy). Thus, a human operator and
slave environments can accelerate (or decelerate, resp.) the coor-
dinated teleoperator by injecting energy into (or absorbing en-

ergy away from, resp.) the system, while the direction of the
motion is guided by PVFC.

Since PVFC does not increase nor decrease the kinetic en-
ergy of the locked system, any flow of the velocity field

needs to be of constant energy. In [24] and [25], it
is done by augmenting the velocity field by incorporating a fic-
titious state. Here, we explicitly define the normalized velocity
field s.t.

where

with being a constant energy level. This ensures
that locked-system kinetic energy in (25) associated with the
normalized velocity field is a constant s.t.

(41)
Following [25], we now define PVFC for the locked system

(19). Let us define the following entities:

(42)

then, the PVFC for the guidance objective (40) is given by

(43)

where is a control gain, and and are
skew-symmetric matrices defined by

(44)

(45)

Proposition 4: Consider the locked-system dynamics in (19)
under the total control (27), with the PVFC (43) and

. Then:

1) the control supply rate in (26) associated with the PVFC
is zero, i.e.,

2) if , exponen-
tially from almost every initial condition (except the set
of unstable equilibria of , which is of
measure 0), where the constant is given by

(46)

Proof: The supply rate is zero because and
are skew-symmetric. Convergence proof follows the

standard PVFC proof in [25], with the velocity field following
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error defined to be , where is the scalar
defined in the proposition. Readers are referred there for more
details.

D. Inertia-Scaling Control

The locked-system dynamics (19) under the total control (27),
with potential field control (37) and PVFC (43) is given by

(47)

where is the combined human/environment
force, and is the inertia-scaling control to be designed.

Suppose that we achieve the master–slave coordination (6), so
that the -DOF shape system (20) vanishes [e.g., by (38)]. Then,
since from the velocity decomposition (12), the
left-hand side of the given dynamics (47) becomes the -DOF
dynamics of the coordinated teleoperator (7), with

. Thus, comparing the dynamics (47) with the target dynamics
(11), we design the inertia-scaling control to be

(48)

where is a user-defined inertia-scaling factor. The inclu-
sion of the potential field control is necessary for the
locked-system flywheel initialization, as will be shown in The-
orem 2.

With the inertia-scaling control (48), we have the closed-loop
locked system dynamics s.t.

(49)

where the function embeds the potential field
control and PVFC in it. Thus, if we achieve the master–slave
coordination (6) [e.g., by (38)], the target dynamics (11) will be
achieved from (49).

V. PASSIVE CONTROL IMPLEMENTATION

A. Passive Control Implementation Structure

The total control law (27) consisting of the (modified) coordi-
nation control (38), the obstacle-avoidance control (37), the mo-
tion-guidance control (43), and the inertia-scaling control (48)
can be written as follows:

(50)

Let us multiply both sides of (50) by ( ). Then, using
the skew-symmetricity of , in (44) and (45),

(from Proposition 2), and the
storage function

(51)

we can show that the controller supply rate (26) satisfies

Then, integrating this equality in time and using the fact that
and is positive definite, we have

(52)

i.e., except for the term in (50), the controller (50) satisfies
the controller-passivity condition (4). In fact, this inequality (52)
verifies the intuition that PD control, potential field, and PVFC
are intrinsically passive.

Therefore, to enforce controller passivity (4), the energy as-
sociated with in (50) [i.e., in (52)] needs
to be bounded. In order for this, we incorporate fictitious en-
ergy storage elements (with flywheel dynamics) into the con-
troller [9], [25] s.t. the energy generated by is always
taken from these flywheels. In this way, the energy generation
by in (50) would be bounded by the energy deposited in
the flywheels.

For this purpose, we use the following two 1-DOF fictitious
flywheels (simulated in software): (locked-
system flywheel), and (shape-system fly-
wheel), where , , and are the inertias, configura-
tions, and coupling torques to be designed below .
Then, we implement the total control (50) using the following
NSD implantation structure s.t.:

(53)

with negative semidefinite implementation matrix , s.t.

where and will be designed to generate the inertia-
scaling control and the feedforward cancellation [i.e., in
(50)], respectively, and will be designed to be NSD. Then,
we can show that
and , i.e., the con-
troller supply rates of the (implemented) inertia-scaling control

and the feedforward cancellation will
be taken from the locked- and shape-system flywheels, respec-
tively. Since (from Proposition 2),
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and and are skew-symmetric [from (44) and
(45)], the implementation matrix in (53) is NSD.

To see that this NSD implementation (53) is intrinsically pas-
sive and sufficient to ensure controller passivity (4), let us mul-
tiply (53) by ( , , , ). Then, since in (53) is
NSD, we can show that

(54)

where the last equality is from (37), and shows that the supply
rates associated with the P-action in (38) and the potential
field control are taken from the storage function in (51).
Thus, using (54) and the dynamics of the flywheels, we can show
that the controller supply rate (26) satisfies

(55)
where we define to be total controller storage function

(56)

Integrating (55) and using the fact that , we have

(57)

i.e., the controller implemented in this NSD structure (53) en-
sures controller passivity (4), thus, from Proposition 1, energetic
passivity (3) is also guaranteed.

B. Design of Implementation Parameters

The remaining task now is to design the entries , ,
and in (53), so that the intended control law in (50) can
be duplicated. This is done as follows:

(58)

(59)

(60)

Here, if if
if , where is a small

threshold value of the flywheel speeds s.t.
the terms and will not be too large (e.g.,
numerical resolution in the digital implementation), and

if otherwise .
The design of the switching region will be given later in
Theorem 2.

Comparing the intended control (50) with the implemented
control (53) with (58)–(60), we make the following observa-
tions.

• The intended inertia-scaling control in (50) will be
achieved via the term in (58) when
(i.e., ). If the locked flywheel de-
pletes energy below the threshold, the implemented
inertia scaling will be gradually deactivated (i.e.,

).
• Through the terms and in (53), the in-

tended coordination control (38) will be duplicated
when , regardless of the value of .
Design of the switching region for will be given
later in Theorem 2. Roughly speaking, when
there is sufficient shape-system flywheel energy and
( , ) is not too large.

• The threshold function in (59) and (60) also
determines whether the dissipated energy through the
damping in (38) will be fully recaptured by the
shape-system flywheel. When , only a por-
tion is recaptured, and the rest will be dissipated through

, which will be negative definite. However, when
(i.e., ), it is fully recaptured.

Theorem 1: Consider the teleoperator system (1)–(2) under
the NSD implementation (53) and (58)–(60).

1) The closed-loop teleoperator is energetically passive
[i.e., satisfies (3)], even if the sensings of the human/en-
vironment forces , and the estimates of the inertia
parameters , are inaccurate.

2) Suppose that the sensings of , , and estimates of
are accurate. Then, if

and for every (i.e.,
and ),

exponentially (i.e., (6) is satisfied). Also,
.

3) Suppose again that the assumptions for item 2) of
this theorem are satisfied. Then, if the locked-system
flywheel speed is always above the threshold (i.e.,

), the target dynamics (11) is
achieved.

Proof:

1) The case when the model inertia parameters are accurate
have been demonstrated in Section V-A. Denote to be
the estimate of based on the human/environment force
measurements and identified inertial parameters. Then,
from (12) and (18)

and (61)

where is the (inaccurate) decomposition matrix
. The controls ( , ) in (61) are designed for

the (incorrect) locked and shape systems, and ,
are the estimated velocities of the locked and shape
systems under the inaccuracy. Notice from (12) that
is not affected by the model uncertainty, i.e.,
and . Also, from (61), we have

(62)

i.e., the controller supply rate decomposition (26) is still
preserved.
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Potential field control (37) under the inaccuracy is
given by

(63)

Then, the NSD implementation (53) is given by

(64)

where the is still NSD, regardless of model uncer-
tainty and inaccurate force sensing.

The implementation (64), the potential field control
(63), and the supply-rate preservation (62) under the in-
accuracy are of the same forms as (53), (37), and (26),
respectively. Thus, using the storage function given in
(56), the rest of the proof follows the same argument in
Section V-A.

2) Since and
from the assumptions, the implemented control (53)

generates the intended coordination control (50). Thus,
from Proposition 3, exponentially.
Also, from (12), it is easy to show that

as .
3) From the assumption,

, thus, the implemented control (53) gener-
ates the intended locked-system control (50). Thus,
the desired locked-system dynamics (49) is achieved.
Also, since (from item 2) of this
theorem), the target dynamics (11) will be achieved
from the desired locked-system dynamics (49) with

from (14).

Our NSD implementation uses the stored energies in the fly-
wheels to keep track of the net flow of energy. In this sense, it
is similar to the passivity controller/passivity observer (PC/PO)
approach [46]. Our design of the NSD implementation achieves
the following useful properties: 1) by relating the flywheel states
only to the possibly nonpassive feedforward cancellation and in-
ertia-scaling controls [i.e., in (50)], performance degrada-
tion can be minimized when the flywheels deplete energy; and
2) in the absence of modeling or measurement errors, passivity
(i.e., safety) and performance can be simultaneously achieved as
shown in Theorem 2. This theorem provides a minimum amount
of initial energy with which, in this ideal situation, the flywheels
will not deplete energy. Thus, the implemented control (53) will
duplicate the intended control (50) (i.e., the perfect coor-
dination and the target dynamics are guaranteed), while safety is
enhanced with the minimized initial flywheel energy (i.e., pos-
sible damages on the human/environment are also minimized).
The proof is omitted here, since it is nearly identical to that in
[9].

Theorem 2: Consider the mechanical teleoperator (1)–(2)
under the NSD implementation (53) and (58)–(60).

Fig. 3. Switching region C given by the square root of the Lyapunov
function V (t) (30) and the shape-system flywheel energy � ( _x ) =
(1=2) M _x . Note that the slope line is offset from the V (t) axis by
� (f ) := (1=2) M f .

1) (Locked-system flywheel) Suppose that is bounded
in the sense that a positive scalar s.t.

(65)

Then, the locked-system flywheel will not deplete energy
(i.e., , ), if we initialize it s.t.

(66)

2) (Shape-system flywheel) Let us design the switching re-
gion for to be (see Fig. 3)

(67)

where is the Lyapunov function (30), is the ul-
timate bound (39), is the exponential convergence
rate (33), and is defined s.t. (such

exists because is a quadratic form). Suppose that
we initialize the shape-system flywheel s.t.

(68)

i.e., . Then,
for all , i.e., the

feedforward cancellation is turned on all the time
without depleting the shape-system

flywheel energy (i.e., from the
definition of ).

Note that better safety (i.e., less initial flywheel energy)
would be ensured if the operating speed of the coordinated
teleoperator is small [i.e., small in (66)], and we have
accurate model parameters, precise force sensing, high control
gains, and small initial coordination error s.t. and

in (68) are small.
Suppose that we initialize the flywheels according to The-

orem 2 with reasonably small energy, but force sensing and
model parameters are not accurate. Then, the system will still
remain safe (i.e., damage limited by the initial energy) and pas-
sive (from Theorem 1). However, the controller performance
might degrade, since the couplings in (19) and (20) might not be
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exactly cancelled out, and the feedforward cancellation and in-
ertia-scaling controls [i.e., in (50)] might become incorrect
or eventually deactivated. Even in this case, coordination feed-
back [i.e., PD terms in (38)], potential field (37), and PVFC (43)
will be activated all the time, since they do not need flywheel
energy. With this coordination feedback, coordination error is
still ultimately bounded. (This can be shown with the correct

(12) for the decomposition, and its (incorrect) estimate
in computing controls (18) as in [40] and [47].) Therefore,

the teleoperator would be perceived by the human/environment
as a common mechanical tool, which is still passive with the
(approximate) guidance/avoidance effects, but might have some
compliance instead of being perfectly rigid (due to coordination
error), and whose apparent inertia might not be exactly the de-
sired one.

If in (60) so that , we have

(69)

i.e., the shape-system flywheel energy is nondecreasing. Thus,
even if we fail to initialize the shape-system flywheel according
to (68), by exciting the shape system with time-varying distur-
bance s.t. , we can eventually drive the
system state ( , , ) into the region in (67). Hereafter,
from Theorems 1 and 2, the master–slave coordination will be
ensured without the state leaving the region , if the sensing/es-
timation of , , , are accurate. See [9] for
an experimental illustration of this invariance property.

VI. EXPERIMENTS

Experiments are performed for a pair of two serial-links
planar robots. To measure human force, a commercial force
sensor (JR3 Inc., Woodland, CA) with a 120-Hz lowpass fil-
tering is used, while slave environmental force is measured by a
custom-built 2-DOF force sensor based on semiconductor-type
strain gauges with a 50-Hz lowpass filtering. Calibration error
bounds of the master and slave force sensors are about 5% and
20%, respectively (estimated via least-square regression with
dead weights). Encoders are used to read positions of the master
and slave robots. MatLab xPC Target (The MathWorks, Natick,
MA) is used to implement the control with a 500-Hz sampling
rate. Power scaling is used s.t. human operators can
perceive the slave environment with times attenuated
power [see (3)]. Inertia scaling is used to scale down
the apparent inertia of the coordinated teleoperator.

The best-identified (error bound 20%) inertia matrices of
the master and the slave are [kgm ]

(70)

(71)

where , are the master and slave joint angles, and is the
cosine of the distal link angle w.r.t. the proximal link. These in-
ertial parameters are obtained by the least-square method, using
the dynamics (1), (2) with measured/computed values of the
angle (via encoder measurement), and of the angular velocity
and acceleration (calculated by numerically differentiating the

Fig. 4. Experimental setup. 2-DOF planar master and slave robots are
equipped with force sensors. An aluminum wall is installed in the slave
environment for hard-contact experiment. Potential field (kidney shaped) is
imposed in the slave environment, which also affects the master through the
master–slave coordination. Velocity field (arrows) is defined s.t. the master and
slave follow a common desired path when they are coordinated.

angle signal). The lengths of the proximal and distal links of the
master and slave are (14 cm, 14 cm) and (38 cm, 36 cm), re-
spectively. In nearly static manipulation (e.g., interacting with
a wall), the power scaling becomes the joint torque scaling,
since, from (11), we have with

. Considering that the master and slave robots have
different lengths, the static Cartesian force scaling at the end-ef-
fectors is given by where cm and

cm are the average lengths of the master and slave
robots, respectively. An illustration of the experimental setup is
given in Fig. 4. Notice that master and slave robots do not sat-
isfy the LDS property required in [9].

A. Tool Dynamics Rendering

As in Fig. 4, we implement a potential field on the slave con-
figuration space so that the motion of the coordinated teleoper-
ator is confined inside of the kidney-shaped region [see (37)].
Note that the potential field also affects the master through the
master–slave coordination. We also impose a velocity field (col-
lection of arrows) for the locked system, so that it guides the
master and slave to follow a common desired path when they are
coordinated (see Fig. 4). This desired path is given by the fol-
lowing joint motions: the proximal link is moving counterclock-
wise, while the distal link is fixed at (clockwise) w.r.t. the
proximal link. These potential and velocity fields are similar to
the virtual tool dynamics [7] in the sense that they help human
operators perform tasks more efficiently and comfortably. An
aluminum wall is also installed in the slave environment (see
Fig. 4) for the hard-contact experiment.

Experimental results are shown in Figs. 5 and 6. In region A
(17–26 s), as shown in Fig. 5, the operator can move the coordi-
nated teleoperator along the edge of the potential field (stiffness
of 2.5 kN/m), using it as a virtual rail. When the teleoperator
enters the region of the velocity field (around 27 s), the operator
releases it into an arbitrary direction to make it digress from
the desired velocity field. As shown in Fig. 5, the PVFC guides
the teleoperator successfully, so that from 28 s, the coordinated
teleoperator follows the desired path (solid line) without human
intervention (negligible human force during 28–30 s in Fig. 6).
In region B during 32–44 s, the operator moves the teleoper-
ator again along the arc edge of the potential field (see Fig. 5).
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Fig. 5. Trajectory of the coordinated teleoperator represented in the slave
environment. A velocity field (arrows), a potential field (kidney-shaped), and a
real aluminum wall in the slave environment (straight line) are implemented.

During this time, the operator also makes smooth transitions be-
tween contacts with the potential field (zero slave force) and the
aluminum wall (nonzero slave force at 40–42 s).

At 47–53 s in region B, the operator makes a static hard con-
tact against the aluminum wall. Effective contact stiffness is
33 kN/m due to the slave force-sensor compliance. As shown
in Fig. 6, excellent master–slave coordination is achieved (error
less than for both links) due to the feedforward cancel-
lation of in (38), where , since the aluminum
wall is located outside the potential field. Cartesian force scaling
around 6.2 is obtained from the power scaling (see
Fig. 6).

Since the master and slave robots (70), (71) are nonlinear
and have different inertia structure (i.e., dynamically dissim-
ilar), if we apply our previous LDS approach [9], controller per-
formance would degrade. For instance, the master–slave posi-
tion coordination would suffer from: 1) the coupling terms (19)
and (20), which do not show up in the LDS case; and 2) the
incorrect estimate of the mismatched force in (18), as the
LDS approach only deals with constant inertia matrices. See [9,
Sec. VIII-B, NotDSwithFF case], where such effects perturb the
master–slave coordination when the LDS approach is applied to
a nonlinear dynamically dissimilar (but kinematically similar)
teleoperator.

As shown in Fig. 6, the locked-system flywheel energy con-
tinuously decreases due to the friction, which is opposing the in-
ertia down-scaling control . In contrast, it was reported
in [9] that the locked-system flywheel continuously gains energy
when the inertia is scaled up . Therefore, the locked-
system flywheel energy may need to be reset occasionally if the
friction is not compensated for. This resetting can be done man-
ually, where a human supervisor decides when and how much
energy will be added in (or subtracted from, for the scaled-up
inertia) the locked-system flywheel. By doing so, we may avoid
undesirable scenarios where careless automatic resettings keep

Fig. 6. Plots of position, coordination error, forcing, and flywheel energy
corresponding to Fig. 5: PVFC (28–30 s), contact with potential field (17–26,
32–40 s), and quick/hard contacts with the aluminum wall (40–42, 47–53 s).

depositing energy in the flywheel, so that the closed-loop tele-
operator becomes dangerous to interact with (e.g., resettings
during the unstable contacts in the robust passivity experiment
in Section VI-B). How to do such automatic resetting while en-
suring safety and stability is a topic for future research.

Another experiment is performed to show the energetic pas-
sivity property of PVFC. In Fig. 7, at 17 and 30 s, the operator
releases the teleoperator from almost the same positions with
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Fig. 7. Plots for PVFC experiment. Two different releasing forces (30 N at 17 s
and 7 N at 30 s) result in two different velocity field following speeds (17–18 s
and 30–33.5 s).

two different pushing forces (30 N at 17 s and 7 N at 30 s), so
that the teleoperator has two different levels of kinetic energy.
The teleoperator successfully follows the desired velocity field
with different speeds and finishes the path following in about 1
and 3 s with larger and smaller forces, respectively. This shows
that the PVFC guidance is passive in the sense that the operator
can speed up (or slow down, resp.) the velocity field following
speed of the teleoperator by injecting (or extracting, resp.) en-
ergy. Along the return path in Fig. 7, the PVFC is switched
off. Also, for simplicity of data interpretation, the potential field
control is turned off.

In these two experiments, we could not observe any signif-
icant effects of communication delay and data sampling. We
think that this is because our sampling rate and resolution are
fast and high enough w.r.t. the system dynamics, and the master
and slave robots are located close enough to the controller (i.e.,
negligible communication delay). How to generally robustify
the proposed control scheme with slow coarse samplings and
larger communication delay is a issue for future work.

Fig. 8. Plots for the robust passivity experiment with 35 ms time delay on
force sensing. The locked-system flywheel discharges energy (negative energy
inflow) via the inertia-scaling control until it depletes energy. Then, the inertia
scaling is nearly turned off, and the contact becomes stable (around 6.5 s).

B. Robust Passivity

To demonstrate robust passivity property (item 1) of Theorem
1) of the NSD implementation (53), two levels of time delay (35
and 350 ms) are imposed on the master and slave force sensing
during the static hard contact with the aluminum wall. This
delay is used to illustrate the situation when the force sensing
is corrupted. To simplify data interpretation, the potential field
and the PVFC are turned off. Experimental results with 35 and
350 ms time delays are shown in Figs. 8, 9, and 10, respectively.
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Fig. 9. Plots of “mild” (above) and “aggressive” (below) instability with 35 ms
time delay. In mild instability with smaller forces (above), the instability becomes
less harmful as represented by the slow energy depletion of the locked-system
flywheel, but time duration of the instability (around 10 s) is longer. In aggressive
instability with larger force (below), time duration of instability is shorter (1 s),
but it is more harmful, as shown by faster flywheel energy depletion.

In Fig. 8, the contact becomes unstable due to the 35 ms time
delay in force measurement, and the closed-loop teleoperator
discharges energy (top of Fig. 8) to the ambient environment.
This unstable energy discharge comes from the locked-system
flywheel (through the inertia-scaling control), as shown by its
energy decrease. As the flywheel depletes energy (around 6.5 s),
the implemented inertia-scaling control through the term
in (53) is nearly turned off (i.e.,

), and the contact becomes stable with a
Cartesian force scaling of 6.4. Excellent coordination (error less
than for both links) is preserved during this experiment,
since the shape-system flywheel maintains a sufficient energy
level to generate the feedforward cancellation.

In Fig. 9, the operator reduces and increases the contact force
while maintaining the instability, respectively. Comparing the
mild instability (top) with the aggressive instability (bottom), we
can see that as the instability becomes mild (or aggressive, resp.),

Fig. 10. Plots for the robust passivity experiment with 350 ms time delay on
force sensing. Instability is induced sequentially from the inertia-scaling control
(locked-system flywheel) and the feedforward cancellation (shape-system
flywheel). As both flywheels deplete energy after 30 s, the contact becomes
stable eventually.

theflywheeldepletesenergyslowly(or faster, resp.), thus, contact
stability is regained also slowly after 10 sof instability (or quickly
after 1 s of instability, resp.). During the aggressive instability,
some force-sensor saturations occurred (not shown), however,
passivity is still ensured by the NSD implementation (53).

With the 350 ms time delay (Fig. 10), the inertia-scaling con-
trol induces instability first (4–13 s) and becomes deactivated
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(around 13 s) as the locked-system flywheel depletes energy.
However, after 13 s, the contact still remains unstable, since the
feedforward cancellation starts inducing instability due to the
large time delay. When the shape-system flywheel also depletes
energy below the threshold (around 30 s), the feedforward can-
cellation is turned off [ from (60)], and the contact
becomes finally stable with drastically degraded coordination
( for both links) and Cartesian force scaling of 6.1. Several
switchings of the feedforward cancellation occur around 30 s,
due to the shape-system flywheel recharging with deactivated
feedforward cancellation [see (69)].

This experiment clearly shows the NSD implementation (53)
guarantees passivity robustly, even in the presence of drasti-
cally corrupted force sensing, although controller performance
might be compromised (e.g., large coordination error in Fig. 10).
Without using this NSD implementation, the induced instability
would not disappear, and the amount of energy generated by
the closed-loop teleoperator would be unbounded. Thus, the
NSD implementation enhances interaction safety and coupled
stability (asymptotic) substantially.

For this experiment, being dominant over the force-sensor
calibration error and the inaccurate inertial parameters, the time
delay in the force measurement serves as the main mechanism
to trigger contact instability. However, as proved in Theorem 1,
other types of inaccuracy in the force sensing (e.g., arbitrarily
large time-varying delay, or sensor saturations as occurred in
Fig. 10) and parametric uncertainty (e.g., excessively large iden-
tification error) will not violate this robust passivity property,
either, as long as the control is implemented using the NSD im-
plementation (53). However, controller performance might be
degraded.

VII. CONCLUSIONS

In this paper, we propose a novel passive bilateral control
framework for nonlinear mechanical teleoperators, which has
been a long-standing problem, due to the highly nonlinear
system dynamics and the difficulty in ensuring nonfragile
energetic passivity of the closed-loop teleoperator.

A key innovation is the passive decomposition, which en-
ables us to decompose the nonlinear -DOF mechanical tele-
operator dynamics into two decoupled -DOF robot-like sys-
tems according to two aspects of teleoperation, while preserving
energetic passivity: master–slave coordination (shape system)
and the overall behavior of the coordinated teleoperator (locked
system). Thus, we can achieve the master–slave coordination
and some desired behaviors of the coordinated teleoperator by
controlling the shape and locked system, respectively.

Using the feedforward cancellation of the mismatched
forcings on the shape system, we achieve the master–slave
position coordination in the presence of arbitrary human/
environment forcing. Also, by scaling the combined human/
environment forcing on the locked system, we endow the
coordinated teleoperator with a user-specified programmable
apparent inertia. To help human operators perform a task more
efficiently and comfortably, motion guidance and obstacle
avoidance for the coordinated teleoperator are also achieved by
using PVFC and artificial potential function, respectively.

By implementing the designed controls in the intrinsically
passive NSD structure, energetic passivity (with bilateral power
scaling) of the closed-loop teleoperator is enforced robustly,
even in the presence of model uncertainty and inaccurate force
measurement, thus, interaction safety and coupled stability are
substantially enhanced. Experiments are performed to validate
and demonstrate the properties of the proposed control scheme.
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