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Abstract

We propose a general control framework for multiple mechanical systems interacting with
environments and/or humans under coordination requirements. The key contribution is the
passive decomposition which enables us to achieve the two requirements of such systems:
motion coordination and energetic passivity of the closed-loop system, simultaneously. It
decomposes system dynamics into shape system dynamics addressing the coordination as-
pect, locked system dynamics representing overall dynamics of the coordinated system,
and dynamic couplings between the locked and shape systems. The most notable property
of the passive decomposition is that the dynamic couplings can be cancelled out without
violating passivity, thus, the coordination aspect (shape system) and the dynamics of the
coordinated system (locked system) can be decoupled from each other while enforcing pas-
sivity. Some motion control laws for timed-trajectory tracking and velocity field following
are also designed and analyzed for the decoupled locked and shape systems. Geometry
and intrinsic (coordinate-invariant) properties of the passive decomposition, the decoupled
locked and shape systems, and the proposed control laws are analyzed and exhibited.

Using the proposed passive decomposition, we provide a passive bilateral control frame-
work for nonlinear mechanical teleoperators, which has been a long standing problem of
robotics community due to highly nonlinear system dynamics and difficulty in ensuring
non-fragile energetic passivity. We achieve the master-slave coordination by regulating the
shape system, while the locked system is controlled to endow the coordinated teleoperator
with a programmable apparent inertia, motion guidance, and obstacle avoidance. Utilizing
a special control implementation structure, energetic passivity is ensured robustly regard-
less of accuracy in model parameters and force measurement, thus, interaction safety and
coupled stability are substantially enhanced.

Based on the passive decomposition, we also propose a novel control framework for multiple
spacecraft formation flying. By controlling their respective locked and shape systems,
total group maneuver and internal group formation are controlled separately for both
translation and attitude dynamics. By abstracting each group by its own locked system,
the proposed framework achieves hierarchy by abstraction. The proposed framework also
allows interaction among individual agents, total group maneuver, and internal formation,
thus, multiple spacecraft behave as one coherent group.
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CHAPTER 1

Introduction

The goal of this thesis is to provide a general control framework for multiple (or single)
mechanical systems which interact with environments and/or humans under motion coor-
dination requirements. By interaction, we mean that there is an exchange of mechanical
power between the system and environments and/or humans. We call such systems inter-
active mechanical system in short throughout this thesis.

Some examples of such interactive mechanical systems are

• Telemanipulators: A master robot is being manipulated by a human operator in a
local site while a real task is being performed by a slave robot in a different site (e.g.
space). Tele-surgery and space teleoperation would be some interesting applications.
Generally, we would like the master and slave robots to be coordinated each other.
Also, by providing bilateral kinematic / power scaling as shown in chapter 5, we
are able to perform a task in an environment of drastically different scales (e.g.
microelectromechanical system (MEMS));

• Multirobot collaborative manipulation: Consider the case where multiple small mo-
biles robots carry a common heavy object in an assembly factory. Then, the team
of robots and the heavy object interact energetically with each other (i.e. there ex-
ists an energy exchange) and the internal shape of the multiple robots have to be
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coordinated to grasp the common object shape according to the object shape. Using
the team of multiple robot would enhance robustness with respect to the single point
failure in the sense that we can reconfigure the team and reassign a new task to each
agent. It also improves safety of human workers coexisting with the robots, since the
kinetic energy would be distributed into the small robots;

• Human interactive robots: A robot is directly and physically coupled with a human
to assist her / him to perform a task more efficiently or comfortably. ROBODOC
[1], a single robotic system for computer-integrated surgery interacting both with
surgeons’ hands and a surgery site, is an example of such systems. By generating
a virtual motion constraint (e.g. virtual wall), a human interactive robot is able
to guide humans’ motion precisely for such tasks as a sharp cut in a surgery. This
kinds of virtual constraints can be achieved by the coordination among the internal
degrees-of-freedom (DOF) of the human interactive robot. Human interactive robots
can also modulate the human dynamics to a desired one for such application as the
reduction of hand tremor through the virtual damping and / or inertia provided by
the robot.

For such interactive mechanical systems, any control methodology should be designed to
achieve the following control objectives: 1) motion coordination among the multiple me-
chanical systems or coordination of internal DOF for a single mechanical system; 2) en-
dowment of some useful dynamics on the coordinated interactive mechanical systems such
as impedance control (e.g. spatial damper and spring) for the common grasped object
in multirobot collaborative manipulation or obstacle avoidance on the virtual wall for the
human interactive robot; and 3) safe and natural interaction of the interactive mechanical
system with external environments and / or humans.

In this thesis, we consider a class of motion coordination requirements which can be repre-
sented by holonomic constraints [2], i.e. constraints only on the configurations (or positions)
of the multiple mechanical systems. Such constraints include wide range of motion coordi-
nation requirements of practical importance including the aforementioned requirements for
telemanipulators, relative position difference among the multiple robots for the common
object grasping, and virtual motion constraint for the human interactive robot.

For safe and intuitive interaction, we enforce energetic passivity of the closed-loop interac-
tive mechanical system system. Energetic passivity implies that the maximum extractable
mechanical energy (i.e. integration of mechanical power) from the closed-loop system is
always bounded. Thus, the closed-loop system would potentially be safer to interact with,
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since the maximum possible damage on the environments by the mechanical power flow
from the closed-loop system (through the interaction) would also be limited.

This energetic passivity condition also ensures the interaction stability with any energeti-
cally passive environments or humans in the sense that the interaction velocity and force
of the closed-loop system are guaranteed to be L2 stable from the well-known fact that the
feedback interconnection of (input-output L2-stable) passive systems with the compatible
supply rate is necessarily L2 stable [3, 4]. This aspect has motivated many researchers to use
passivity concepts when the interaction stability is desired (e.g. contact tasks [5, 6, 7, 8, 9],
teleoperation [10, 11], haptic interfaces [12, 13, 14]), since, in many practical cases, envi-
ronments are passive (e.g. pushing against a wall or grasping a ball) and also, as pointed
out by Hogan [15], humans’ mechanical impedance is indistinguishable from that of passive
systems.

The energetic passivity condition also enables humans or environments to consciously
charge up (or to discharge) the closed-loop system through the interaction by injecting
or extracting mechanical power, so that now the interaction becomes more intuitive and
natural, since humans or environments would perceive (through interaction) the closed-loop
interactive mechanical system as a ubiquitous passive system.

The main contribution of this thesis is the design of the passive decomposition (in chapter
3) which enables us to achieve these two often conflicting requirements, coordination and
energetic passivity, simultaneously. With the passive decomposition, the system dynamics
of the interactive mechanical system splits into the three components : shape system dy-
namics addressing the coordination aspect (e.g. internal group formation of the multiple
robot), locked system dynamics representing overall dynamics of the system under the cur-
rent coordination (e.g. total group behavior of the multiple robot with the current internal
formation being fixed), and dynamic couplings between the locked and shape systems which
turn out to be quadratic in operating speed as in chapter 3.

The main advantage of the passive decomposition is that the cancellation of the dynamic
couplings (decoupling control) is energetically conservative in the sense the decoupling
control does not require nor generate any energy by itself. This property of the passive
decomposition enables us to decouple the shape and locked dynamics completely from
each other while enforcing energetic passivity. Thus, the coordination requirement and the
endowment of useful dynamics on the coordinated system can be achieved simultaneously
and separately by controlling the shape and the locked systems, individually. Moreover,
as shown in chapter 3, energetic passivity of the closed-loop interactive mechanical system
is guaranteed if the locked and the shape system controls are designed to comply with

3



energetic passivity condition for their respective systems.

Once the holonomic constraint is achieved by controlling the shape system, the decoupled
locked system dynamics becomes the induced dynamics on the submanifold which is a
level set of the holonomic constraint. Since this induced dynamics on the submanifold is
given by the dynamics of usual mechanical systems with a reduced dimension (Levi-Civita
connection on the submanifold), wide variety of control schemes can be used to endow the
coordinated interactive mechanical system with the useful dynamics such like impedance
control, velocity field tracking, set point regulation, or trajectory tracking. The dynamic
couplings are also reduced to the second fundamental form, i.e. the constraint force normal
to the submanifold which is quadratic in operating speed [16].

When we have a group of multiple mechanical systems under the holonomic constraint,
the group now can be abstracted by its locked system to other agents or groups. By
continuing this abstraction, we can impose a hierarchy on arbitrary number of mechanical
systems as shown in figure 1.1. Assume that we have p-groups each consisting of np

mechanical systems. When the holonomic motion constraint is achieved, the group can be
abstracted by its locked system i∇L (i.e. Levi-Civita connection on the submanifold) which
possesses the dynamics of usual mechanical systems, while its internal group coordination
is addressed by its shape system. Now, let’s make a new group Σ (one level higher) by
collecting the locked systems i∇L of the groups. Then, the shape system of the group Σ
represents the intra-group coordination, while the locked system 2∇L1 addresses the overall
behavior of the total groups. Continuing this abstraction process creates a hierarchy on
arbitrary number of agents, which would be useful when we have multiple groups of multiple
agents with multiple layers such applications as formation flying.

Majority of control schemes for mechanical systems under holonomic constraints are based
on the “rigid constraint” condition, i.e. the holonomic constraints are satisfied all the time
so that the instantaneous velocity of the system is always parallel w.r.t. the submanifold.
Then, the dynamics of the constrained system is given by the induced dynamics on the
submanifold, while the second fundamental form defines the constraint force normal to the
submanifold.

In Hybrid Position/Force Control ([16, 17, 18] for single robot or [19, 20, 21] for multiple
robots), the motion control of the coordinated system on the submanifold is achieved by
controlling the induced dynamics while the constraint force is controlled by designing the
normal (w.r.t. the submanifold) component of the control which also cancels out the second
fundamental form.
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Figure 1.1: Hierarchy by abstraction: Each group (0Σi i = 1...p) is abstracted by its locked system
(1∇Li i = 1...p) to the other groups, while internal internal formation of each group is addressed
by its own shape system. Thus, the shape system of the group of the locked system 1Σj addresses
inter-group formation aspect, while the locked system of 1Σj defines total maneuver of the multiple
groups.

Impedance Control [22] controls a relation between interaction force and velocity rather
than controls one of them separately. Impedance control has been used frequently to
achieve compliant interaction between the coordinated system and external environments
by controlling the relation between external force and the motion of the coordinated sys-
tem. However, in many cases [23, 24], nonlinear open-loop dynamics of each robot is
usually replaced with the desired dynamics (usually LTI mass-damper-spring) according
to a desired behavior of the coordinated system. Here, the “rigid constraint” condition
relates the desired behavior of the coordinated system and that of each robot.

In [5, 25], an impedance control law is proposed without relying on the cancellation of
the nonlinear dynamics of mechanical systems nor on the “rigid constraint” condition.
The scheme essentially connects the mechanical system (or multiple systems) to a “virtual
object” via passive mechanical connections (e.g. spatial spring). Then, by changing the
properties of the mechanical connections (e.g. unloaded spring length), the holonomic
constraint would be achieved, while the desired behavior of the coordinated system is
achieved by controlling the virtual object.

However, those hybrid position force control and impedance control schemes have the fol-
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lowing crucial drawbacks which make them not suitable candidates for the control problem
of the interactive mechanical systems under coordination requirements:

1. Interaction Safety and Passivity
the cancellation of the second fundamental form in hybrid position / force control
[16, 17, 18, 19, 20, 21] (when the “rigid constraint” condition is not satisfied) or
the cancellation of the open-loop dynamics in impedance control [23, 24, 26, 27, 28]
usually result in the violation of energetic passivity, since the amount of energy
generated by those cancellations could be possibly unbounded;

2. Coordination Control
In this thesis, the “rigid constraint” condition would be a control objective rather
than a given condition, since there would be no physical constraints available such
as rigid fixtures around an object. Also, the “rigid constraint” condition would be
violated when interacting with objects or environments with flexibility which would
induce velocity or motion normal w.r.t. the submanifold. Thus, the applicability of
the control laws derived on the “rigid constraint” assumption [19, 20, 21, 23, 24, 26]
would be severely restricted for target applications of this thesis.

Although energetic passivity is guaranteed with impedance control [5, 25], it is not
clear how this control approach achieves the coordination requirement, since it does
not compensate for the dynamic couplings between the locked and shape systems,
which are quadratic in operating speed. Thus, the coordination might be lost when
the coordinated system moves, especially with a fast speed. For instance, in formation
flying, the internal formation shape might start wiggling as the total group begins
moving or vice versa.

Reduced Lagrangian Approach [29, 30, 31, 32] provides a similar decomposition for mechan-
ical systems which posses the “principle bundle” structure [32, 33] (i.e. the configuration
space M = G × S where G is a Lie group (with free group action) and S is any manifold)
and “symmetry” (Lagrangian is invariant on each fiber w.r.t. the group action G). It de-
composes the system dynamics into the dynamics on the shape space S addressing internal
coordination aspect (shape system dynamics) and the dynamics on the fibers representing
the dynamics with the fixed internal shape (locked system dynamics).

The passive decomposition proposed in this thesis does not require systems to posses those
principle bundle structure and symmetry properties. Although many interesting mechani-
cal systems posses those properties, still many classes of systems with practical importance
fail to have them. Consider two n-degree-of-freedom (DOF) revolutive joint robots as such
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an example. With the Reduced Lagrangian approach, the shape space represents the co-
ordination error between the two robots. However, the kinetic energy of the coordinated
two robots (i.e. the sum of kinetic energies of the two robots with some constant position
offset) is clearly not invariant w.r.t. the motion of the coordinated robots (i.e. action on
each fiber), thus, this simple but important system fails to posses the symmetry property.

The rest of this thesis is organized as follows:

• Chapter 2: the control problem of multiple (or single) interactive multiple mechanical
systems under coordination requirements is formulated;

• Chapter 3: the passive decomposition is designed and analyzed in a geometric frame-
work and detailed properties of the locked and the shape systems are also given;

• Chapter 4: control laws are designed and analyzed for the decoupled locked and the
shape systems to achieve two widely-used motion control objectives: timed trajectory
tracking and velocity field following;

• Chapter 5: based on the passive decomposition, we provide a novel control method-
ology for nonlinear mechanical telemanipulators, which has been a long standing
problem in robotics community due to the highly nonlinear system dynamics and
difficulty in ensuring non-fragile energetic passivity;

• Chapter 6: we develop a control law for formation flying of multiple spacecraft based
on the passive decomposition, which allows simultaneous control of the internal for-
mation and the total group maneuver for both attitude and translation dynamics
while allowing group-agents interaction;

• Chapter 7: conclusion and some remarks on future directions are given.

For readers who do not necessarily have (or need) differential geometry background, we
give the derivation procedure and also highlight some important and useful properties of
the passive decomposition in coordinates in section 3.6, which is the main contribution
of this thesis. We also utilize coordinates in chapters 5 and 6 so that the proposed con-
trol frameworks for the mechanical teleoperators (chapter 5) and the multiple spacecraft
formation flying (chapter 6) are more accessible to a broader audience.
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CHAPTER 2

Problem Formulation

In this chapter, the control problem of multiple (or possibly single) mechanical systems
interacting with humans and/or environments under some coordination requirements is
formulated. We start by reviewing the geometry of a single mechanical system, and by
formulating the dynamics of multiple mechanical systems into a product system. Ener-
getic passivity requirement is formulated for safe and energetically natural interaction and
holonomic constraints are introduced to address the motion coordination requirements.

2.1 Geometry of a Single Mechanical System

In this section, we interpret the dynamics of a single mechanical system in the context of
Riemannian geometry using the mathematical machinery introduced in Appendix A. For
more details on this subject, we refer readers to [2, 5, 34, 35] and references therein.

Mechanical systems are generally considered to evolve on a n-dimensional differential man-
ifold M (configuration manifold) which is locally diffeomorphic to <n.

Affine connection D on a differential manifold M is an operation that assigns each pair of
vector fields X,Y on M another vector field DXY which satisfies the following conditions:
for every smooth vector fields X, Y, Z on M (i.e. X, Y, Z ∈ X(M)) and real smooth
functions f, g on M:
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1. DfX+gY Z = fDXZ + gDY Z,

2. DX(Y + Z) = DXY + DXZ,

3. DX(fY ) = fDXY + LX(f)Z,

where LXf is the Lie derivative of f along X (A.15).

Let γ : [0, 1] → M be a curve on a differential manifold M. A vector field V is said to
be parallel w.r.t. a connection D along the curve γ if Dγ̇V = 0, ∀t ∈ [0, 1]. Let Vo be a
tangent vector at γ(to) ∈M with to ∈ [0, 1], i.e. Vo ∈ Tγ(to)M. Then, there exists a unique
parallel vector field V along γ s.t. V (to) = Vo, and we call V (t), t ∈ [0, 1], the parallel
transport of Vo along the curve γ. Let us define the (linear) parellel transport map:

T γ
(γ(t1),γ(t2)) : Tγ(t2)M→ Tγ(t1)M, (2.1)

s.t. T γ
(γ(t1),γ(t2))v ∈ Tγ(t1)M is the vector obtained by parellel transporting the tangent

vector v ∈ Tγ(t2)M along a curve γ : [0, 1] →M, t1, t2 ∈ [0, 1]. We call a curve γ : [0, 1] →
M on a differentiable manifold M geodesic of the affine connection D on M if d

dtγ(t) is
parallel along γ(t), i.e. Dγ̇ γ̇ = 0, ∀t ∈ [0, 1].

An affine connection D is said to be torsion-free (or symmetric), if for all X, Y ∈ X(M),
T (X, Y ) = 0, where T : X(M)× X(M) → X(M) is torsion tensor of an affine connection
defined by

T (X, Y ) := DXY −DY X − [X,Y ]. (2.2)

The curvature tensor R of a differential manifold M with an affine connection D is a
correspondence that associates to every pair X, Y ∈ X(M), a linear mapping R(X, Y ) :
X(M) → X(M) defined by

R(X, Y )Z = DXDY Z −DY DXZ −D[X,Y ]Z, (2.3)

where Z ∈ X(M). When the curvature tensor R (2.3) vanishes, a differential manifold M
is said to be flat (w.r.t. an affine connection D). A differential manifold M with an affine
connection D is flat if and only if the parallel transport map T(p,q) (2.1) of p, q ∈ M is
independent on the curves joining p and q.

Riemannian metric on M assigns an inner product 〈〈, 〉〉q (i.e. symmetric and positive
definite) on the tangent space TqM at each point q ∈ M. For mechanical systems, the
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kinetic energy κ(t) defines a Riemannian metric, which is given by

κ(t) :=
1
2
〈〈q̇(t), q̇(t)〉〉q = 〈M(q)q̇(t), q̇(t)〉, (2.4)

where M(q) is the inertia tensor which is a linear isomorphism [30] M : TqM→ T ∗qM for
each q ∈M s.t.

〈〈v, w〉〉q = 〈M(q)v, w〉, ∀v, w ∈ TqM, (2.5)

where 〈, 〉 is the action of the covector on the tangent vector: 〈, 〉 : T ∗qM× TqM → <
at q ∈ M. Thus, with the kinetic energy (2.4), the configuration manifold of mechanical
systems M is a Riemannian manifold.

An affine connection D is said to be compatible w.r.t. the Riemannian metric 〈〈, 〉〉, if for
X, Y, Z ∈ X(M)

LX〈〈Y, Z〉〉 = 〈〈DXY, Z〉〉+ 〈〈Y, DXZ〉〉. (2.6)

For the Riemannian manifold, there exists a unique affine connection which is torsion-free
and compatible w.r.t. the given Riemannian metric. We call this connection Levi-Civita
connection or Riemannian connection and denote it by ∇.

A Riemannian manifold M is called (geodesically) complete if any geodesic γ(t) starting
from any point q ∈M with γ(0) = q and γ̇(0) = vo ∈ TqM is defined for all values of t ∈ <
and for any tangent vector vo ∈ TqM. On a connected and complete Riemannian manifold
M, for every p, q ∈ M, there exists a unique length and energy minimizing geodesic γ

joining p and q [36, Hopf-Rinow Theorem].

Then, the forced Euler-Lagrange equation with the Lagrangian L(q(t), q̇(t)) = κ(q(t), q̇(t))
is given by:

M(q)∇vv = T + F, (2.7)

where M(q) is the Riemannian metric (inertia), v ∈ TqM is the tangent vector (velocity),
and T, F ∈ T ∗qM are the control covector and environmental force covector. Note from
(2.7) that the unforced trajectory of the mechanical system is given by the geodesic, which
is the minimizing curve of the energy function E(c) =

∫ a
0 〈〈ċ, ċ〉〉dt (and also the arc length

Arc(c) :=
∫ a
0

√
〈〈ċ, ċ〉〉dt) among curves c : [0, a] →M (i.e. the geodesic is the solution of

Hamilton’s principle of critical action: δ
∫

L(qi, q̇i)dt = 0 [30]).
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Choose q := (q1, q2, ..., qn)T ∈ <n as a local coordinate system for an open neighborhood
of q ∈ M. Then, we can write entities in (2.7) s.t. v =

∑n
i=1 vj

∂
∂qj

, F =
∑n

i=1 Fidqi and

T =
∑n

i=1 Tidqi, where
{

∂
∂q1

, ∂
∂q2

, ..., ∂
∂qn

}
and {dq1, dq2, ..., dqn} are the dual basis (A.3) for

TqM and T ∗qM, respectively. Then, following (A.37), now, the coordinate representation
of the Euler-Lagrangian equation (2.7) is given by:

M(q)q̈ + C(q, q̇)q̇ = T + F (2.8)

where q = (q1, q2, ..., qn)T ∈ <n is the configuration (position), q̇ = (v1, v2, ..., vn)T ∈ <n is
the velocity, and T = (T1, T2, ..., Tn)T ,F = (F1, F2, ..., Fn)T ∈ <n are the control commands
and the environmental forcing, respectively. Here, the coordinate representation of the
inertia tensor M(q) in (2.7) is given by the symmetric and positive-definite inertia matrix
M(q) ∈ <n×n whose ij− th component is given by Mij(q) := 〈〈 ∂

∂qi
, ∂

∂qj
〉〉 and C(q) ∈ <n×n

is the Coriolis matrix defined by

Cij(q, q̇) =
n∑

k=1

Γ̄i
jk(q)q̇k, (2.9)

where Γ̄k
ij(q) is the Christoffel symbols of the second kind (A.41).

In coordinates, compatibility and torsion-free conditions of the Levi-Civita connection∇ in
(2.7) are given by well-known passivity property that Ṁ(q)− 2C(q, q̇) is skew-symmetric
and symmetric Christoffel symbols of first kind (A.28) s.t. Γk

ij(q) = Γk
ji(q), respectively.

2.2 Multiple Mechanical Systems on Product Manifolds

Consider a group of m-mechanical systems such that the i-th agent evolves on a ni-
dimensional Riemannian manifold Mi with its inertia tensor Mi(qi) and Levi-Civita con-
nection ∇i. Then, the dynamics of the group of m-mechanical systems are given by the
following stacked-up differential equations:

M1(q1)∇1
v1

v1 = T1 + F1

M2(q2)∇2
v2

v2 = T2 + F2

...

Mm(qm)∇m
vm

vm = Tm + Fm, (2.10)

where vi ∈ TMi are the tangent vectors (velocity), and Ti, Fi ∈ T ∗Mi are the cotangent
vectors (control action and environmental forcing) of each individual mechanical systems.
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In coordinates, the group dynamics (2.10) is given by:

M1(q1)q̈1 + C1(q1, q̇1)q̇1 = T1 + F1 (2.11)

M2(q2)q̈2 + C2(q2, q̇2)q̇2 = T2 + F2

...

Mm(qm)q̈m + Cm(qm, q̇m)q̇m = Tm + Fm,

where qi ∈ <ni and q̇i ∈ <ni are the configuration and the velocity of the i-th agent,
Mi(q1) ∈ <ni×ni and Ci(qi, q̇i) ∈ <ni×ni are the inertia and the Coriolis matrices, and
Ti ∈ <ni and Fi ∈ <ni are the control actions and the environmental forcings on the i-th
agent, respectively.

Let us cast the group dynamics (2.10) into a n(:=
∑m

i=1 ni)-dimensional product manifold
M = M1×M2 · · ·Mm, i.e. the Cartesian product of the Riemannian manifoldsMi. Then,
the configuration q ∈M of the multiple mechanical systems (2.10) on the product manifold
M is given by q := (q1, q2, ..., qm) ∈M, while the tangent vector v ∈ TqM and the control
/ environmental forcing covectors T, F ∈ T ∗qM are given by v := (v1, v2, ..., vm) ∈ TqM,
T := (T1, T2, ..., Tm) ∈ T ∗qM and F := (F1, F2, ..., Fm) ∈ T ∗qM, respectively. Note that
TqM = Tq1M1 × Tq2M2...× TqmMm and T ∗qM = T ∗q1

M1 × T ∗q2
M2...× T ∗qm

Mm.

Define the product inertia metric M(q) (i.e. Riemannian metric) for the product system
(2.10) to be: for v = (v1, v2, ..., vm), w = (w1, w2, ..., wm) ∈ TqM,

〈〈v, w〉〉M := 〈〈v1, w1〉〉M1 + 〈〈v2, w2〉〉M2 ... + 〈〈vm, wm〉〉Mm , (2.12)

where 〈〈, 〉〉M1 is the inner product of the i-th agent given by its inertia tensor Mi(qi).

Then, the dynamics of the multiple mechanical system (2.10) can be written as in a simpler
form s.t.:

M(q)∇vv = T + F, (2.13)

where ∇ is the product connection on the product manifold M defined to be:

∇XY := (∇1
X1

Y1,∇2
X2

Y2, ...,∇m
Xm

Ym), (2.14)

where X,Y ∈ X(M) are smooth vector fields on the product manifold M with Xi and Yi

being their respective projections onto X(Mi). This projection should be unique, due to
the product structure M = M1 ×M2...×Mm.

12



Proposition 1 [8, 36]: The product connection ∇ defined in (2.14) is the Levi-Civita
connection on the product manifold M associated with the product metric (2.12)

Proof: The product connection ∇ satisfies the conditions of an affine connection given
in the previous section. Since the proof is straightforward, here, we only prove the third
property: for f ∈ C∞(M) and X ∈ X(M),

∇XfY = (∇1
X1

fY1 + LX2(f)Y1 + ...... + LXm(f)Y1,

LX1(f)Y2 +∇2
X2

fY2 + LX3(f)Y2 + ...... + LXm(f)Ym,

.......,LX1(f)Ym + ...... + LXm−1(f)Ym +∇m
Xm

fYm)

= f(∇1
X1

Y1,∇2
X2

Y1, ...∇m
Xm

Ym) + LX(f)(Y1, Y2, ..., Ym)

= f∇XY + LX(f)Y.

from the property of the individual connections ∇i and the fact that LX(f) = LX1(f) +
LX2(f) + ... + LXm(f) ∈ <.

The product connection∇ is also compatible w.r.t. the product metric (2.12): for X, Y, Z ∈
X(M), from the compatibility of the individual Levi-Civita connections ∇i, the definition
of the product metric, and the fact that 〈〈Xi, Yj〉〉M = 0 when i 6= j, we have

LZ〈〈X, Y 〉〉M = LZ1〈〈X1, Y1〉〉M1 + LZ2〈〈X2, Y2〉〉M2 + ...LZm〈〈Xm, Ym〉〉Mm

=
m∑

i=1

〈〈∇i
Zi

Xi, Yi〉〉Mi +
m∑

i=1

〈〈Xi,∇i
Zi

Yi〉〉Mi

= 〈〈∇ZX,Y 〉〉M + 〈〈X,∇ZY 〉〉M, (2.15)

where LZ is the Lie derivative (A.15) along Z ∈ X(M).

Furthermore, the product connection ∇ is torsion-free, since for every X, Y ∈ X(M),

T (X, Y ) = ∇XY −∇Y X − [X, Y ]

= (∇1
X1

Y1,∇2
X2

Y2, ...,∇m
Xm

Ym)− (∇1
Y1

X1,∇2
Y2

X2, ...,∇m
Ym

Xm)

− [(X1, X2, ...Xm), (Y1, Y2, ...Ym)]

= (∇1
X1

Y1 −∇1
Y1

X1 − [X1, Y1],∇2
X2

Y2 −∇2
Y2

X2 − [X2, Y2],

......,∇m
Xm

Ym −∇m
Ym

Xm − [Xm, Ym]) = 0,
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from the torsion-free ∇i, linearity of the Lie bracket [, ] (A.17), and that

[(0, ..., 0, Xi, 0, ..., 0), (0, ..., 0, Yj , 0, ..., 0)] =





0, i 6= j

(0, ...., 0, [Xi, Yi], 0, ..., 0), i = j

from the properties of the Lie bracket (A.17).

Consider the geodesic γ : [0, a] →M of the Levi-Civita connection ∇ on the product man-
ifold M. This product geodesic γ can also be found to be Cartesian product of geodesics of
individual agents, i.e. γ = (γ1, γ2, ...γi) ∈ M, where γi : [0, a] →Mi denotes the geodesic
of the i-th agent w.r.t. its Levi-Civita connection ∇i.

In coordinate, the product dynamics (2.13) is given by:

M(q)q̈ + C(q, q̇)q̇) = T + F, (2.16)

where q := [qT
1 ,qT

2 , ...qT
m]T ∈ <n, q̇ := [q̇T

1 , q̇T
2 , ...q̇T

m]T ∈ <n, M(q) := diag[M1(q1),M2(q2),
....Mm(qm)] ∈ <n×n, C(q, q̇) := diag[C1(q1, q̇1), . . . ,Cm(qm, q̇m)] ∈ <n×n, and T =
[TT

1 , . . . ,TT
m]T ∈ <n, F = [FT

1 , . . . ,FT
m]T ∈ <n.

2.3 Energetic Passivity for Safe and Stable Interaction

Energetically, the interactive mechanical system (2.13) is a m-port system as shown in
figure 2.1 with each power port being characterized by the mechanical power variable pair
(Fi, vi), i = 1, ..., m, where Fi ∈ T ∗qMi and vi ∈ TqMi are the environmental force and
the velocity of the i-th agent of the group (2.10). The environments in figure 2.1 can be
disjoint from each other, i.e. there is no direct energy flow between the environments except
through the interactive mechanical system (e.g. teleoperation with a master on Earth and
a slave on Mars) or they can be coupled with each other (e.g. a common object grasped
by multiple robots).

For safe and energetically natural interaction, we would like to design the control T of
the interactive mechanical system (2.13) (i.e. T1, T2, ...Tm in (2.10)) s.t. the closed-loop
m-port product system in figure 2.1 appears to be energetically passive in the sense that
there exists d ∈ < that can depend on the initial condition at t = 0, such that for all t ≥ 0,

∫ t

0
〈F (τ), v(τ)〉Mdτ =

∫ t

0

m∑

i=1

〈Fi(τ), vi(τ)〉Midτ ≥ −d2, (2.17)
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Figure 2.1: The interactive mechanical system (2.13) as a m-port system: each port is characterized
by the mechanical power variable pair (Fi, vi) i = 1, ...,m where Fi and vi are the environmental
force and velocity of the i-th agent of the group (2.10).

where F ∈ T ∗qM, v ∈ TqM are the environmental forcing and the velocity of the interactive
mechanical system (2.13). We call this condition the energetic passivity condition.

Let us define the controller passivity condition: there exists c ∈ < such that ∀t ≥ 0:

∫ t

0
〈T (τ), v(τ)〉Mdτ =

∫ t

0

m∑

i=1

〈Ti(τ), vi(τ)〉Midτ ≤ c2, (2.18)

where T = (T1, T2, ...Tm) ∈ T ∗qM, v = (v1, v2, ...vm) ∈ TqM are the control action and the
velocity of the interactive mechanical system (2.13).

This condition ensures that the energy generated by the control action would always be
bounded. As shown by the following proposition, for interactive mechanical systems (2.13)
where the product connection ∇ is compatible (2.15), controller passivity condition (2.18)
implies energetic passivity condition of the closed-loop system (2.17).

Proposition 2 Consider a dynamical system evolving on a differential manifold M̃ with
its Riemannian metric M̃(q̃) where q̃ ∈ M̃. Suppose that the system dynamics on M̃ is
given by M̃(q̃)D̃ṽṽ = T̃ + F̃ where ṽ ∈ Tq̃M̃, T̃ , F̃ ∈ T ∗q̃ M̃ are the velocity, the control, and
the environmental forcing, respectively, and D̃ is an affine connection compatible w.r.t. the
metric but not necessarily torsion-free. Then, controller passivity condition (2.18) implies
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the energetic passivity condition (2.17).

Proof: Define a positive-definite function κ̃(t) := 1
2〈〈ṽ, ṽ〉〉M̃ = 1

2〈M̃(q̃)ṽ, ṽ〉M̃. From the
compatibility condition (3.12) of D̃, we have

d

dt
κ̃(t) = Lṽ

1
2
〈〈ṽ, ṽ〉〉 = 〈〈D̃ṽṽ, ṽ〉〉 = 〈F̃ + T̃ , ṽ〉 = 〈F̃ , ṽ〉+ 〈T̃ , ṽ〉, (2.19)

where Lṽ is the Lie derivative in the direction of ṽ (A.15). Thus, the given system is passive
with 〈F̃ + T̃ , ṽ〉 as its supply rate and κ̃(t) as its storage function [37]. Integration of (2.19)
with controller passivity condition (2.18) and the fact that κ̃(t) ≥ 0 ∀t proves energetic
passivity condition (2.17), i.e.

∫ t

0
〈F̃ (τ), ṽ(τ)〉dτ = κ̃(t)− κ̃(0)−

∫ t

0
〈T̃ (τ), ṽ(τ)〉dτ ≥ −κ̃(0)− c2 =: −d2, (2.20)

for all t ≥ 0.

2.3.1 Power Scaling and Energetic Passivity

Consider energetic passivity condition (2.17) for the group of m-mechanical systems (2.10).
Then, energetic passivity condition needs to be modified when the scales of each agent’s
mechanical power are drastically different among them. For instance, consider that some
agents of the group are tiny neurosurgery robots while other agents are desktop haptic de-
vices manipulated by several surgeons’ hands. Then, some of mechanical power transferred
from the haptic devices (through the controller) can completely destroy the surgery sites,
although passivity condition (2.17) ensures that the amount of transferred energy to the
surgery sites is always less than or equal to the extracted energy from the haptic devices.

In order to address different scales of each agent’s mechanical power, we define scaled
environmental supply rate for the m-port interactive mechanical system (2.10) s.t.:

sρ(v1, v2, ..., vm, F1, F2, ..., Fm) := ρ1〈F1, q̇1〉+ ρ2〈F2, q̇2〉+ ... + ρm〈Fm, q̇m〉, (2.21)

where vi ∈ TqiMi, Fi ∈ T ∗qi
Mi are the velocity and environmental force, and ρi > 0 is a

constant and scalar power scaling factor for the i-th agent, i = 1, ...,m, respectively. We
also define scaled control supply rate to be:

sc(v1, v2, ..., vm, T1, T2, ..., Tm) := ρ1〈T1, q̇1〉+ ρ2〈T2, q̇2〉+ ... + ρm〈Tm, q̇m〉, (2.22)
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where Fi ∈ T ∗qi
Mi is the control covector of the i-th agent of the group (2.10). The power

scalings in the scaled supply rates (2.21)-(2.22) enable the mechanical strengths of a i-th
agent and its environment to appear magnified (or shrink) w.r.t. those of another j-th
agent and its environment, when ρi > ρj (or ρi < ρj).

We would like to achieve scaled energetic passivity condition with the power scaling: there
exists d ∈ < that can depend on the initial condition at t = 0, s.t. for all t ≥ 0,

∫ t

0
sρ (v1(τ), v2(τ), , ..., vm(τ), F1(τ), F2(τ), ..., Fm(τ)) dτ =

∫ t

0

m∑

i=1

ρi〈Fi(τ), vi(τ)〉dτ ≥ −d2,

(2.23)

where sρ(·) is the scaled environmental supply rate (2.21). Let us also define the scaled
controller passivity condition: there exists c ∈ < s.t. ∀t ≥ 0,

∫ t

0
sc (v1(τ), v2(τ), , ..., vm(τ), T1(τ), T2(τ), ..., Tm(τ)) dτ =

∫ t

0

m∑

i=1

ρi〈Ti(τ), vi(τ)〉dτ ≤ c2,

(2.24)

where sc(·) is scaled control supply rate (2.22).

To incorporate the power scaling ρi into the group dynamics (2.10), we scale the original
dynamics (2.10) with the power scalings s.t.:

ρ1M1(q1)∇1
v1

v1 = ρ1T1 + ρ1F1

ρ2M2(q2)∇2
v2

v2 = ρ2T2 + ρ2F2

...

ρmMm(qm)∇m
vm

vm = ρmTm + ρmFm, (2.25)

where we scale the covectors Ti, Fi and the inertia tensor Mi(qi) of the i-th agent by
its respective scaling factor ρi > 0. By doing so, the power scaling ρi of each agent is
incorporated without the necessity of modifying its velocity vi, i.e. ρi · 〈Ti, vi〉 = 〈ρiTi, vi〉
and ρ · 〈Fi, vi〉 = 〈ρiFi, vi〉, i = 1, ...,m. Also, for the i-th agent, from the compatibility
(3.12) of its Levi-Civita connection ∇i, we have

d

dt
κ̃i(t) =

1
2

d

dt
〈ρiMi(qi)vi, vi〉 =

d

dt
ρi · κi(t) = 〈ρiTi, vi〉+ 〈ρiFi, vi〉, (2.26)

where κ̃i(t) := 1
2〈ρiMi(qi)vi, vi〉 is the scaled kinetic energy with its power scaling ρi > 0

and κi(t) := 1
2〈Mi(qi)vi, vi〉 is the unscaled kinetic energy of the i-th agent in the group
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(2.10) (i.e. κ̃i(t) = ρ1 · κi(t)). This relation (2.26) shows that through the scaled control
ρiTi, the remanding agents of the group (2.25) would perceive through the controller as if
the i-th agent and its environment are scaled as shown by the scaled kinetic energy κ̃i(t)
and the scaled environmental force ρiFi, respectively.

We cast the scaled group dynamics (2.25) into a product system on the same product
manifold M := M1 ×M2 × ...×Mm of the unscaled product dynamics (2.13) s.t.:

Mp(q)∇vv = Tp + Fp, (2.27)

where q ∈M, v ∈ TqM, and ∇ are the configuration, the velocity, and the Levi-Civita con-
nection (2.14) of the unscaled product system (2.13) on M, Tp := (ρ1T1, ρ2T2, ..., ρmTm),
and Fp := (ρ1F1, ρ2F2, ..., ρmFm) ∈ T ∗qM are the scaled controls and environmental forc-
ings, respectively. The scaled inertia tensor Mp(q) in (2.27) is defined by:

〈〈v, v〉〉M := ρ1 · 〈〈v1, v1〉〉M1 + ρ2 · 〈〈v2, v2〉〉M2 + ... + ρm · 〈〈vm, vm〉〉Mm ,

where ρi > 0 (i = 1, ..., m) are the power scaling factors.

Scaled energetic passivity condition (2.23) and scaled controller passivity condition (2.24)
are also given by: there exists d, c ∈ <, s.t. for all t ≥ 0,

∫ t

0
sρ (v1(τ), v2(τ), , ..., vm(τ), F1(τ), F2(τ), ..., Fm(τ)) dτ =

∫ t

0
〈F, v〉Mdτ ≥ −d2,

∫ t

0
sc (v1(τ), v2(τ), , ..., vm(τ), T1(τ), T2(τ), ..., Tm(τ)) dτ =

∫ t

0
〈T, v〉Mdτ ≤ c2,

i.e. in exactly the same forms as the unscaled case (2.17)-(2.18).

Based on this observation, in this thesis, we consider only the unscaled product dynamics
(2.13) assuming that power scalings are already embedded in it. Now, we have the following
corollary of proposition 2.

Corollary 1 For the power-scaled mechanical system (2.25), scaled controller passivity
condition (2.24) implies scaled energetic passivity condition (2.23).

2.4 Holonomic Constraints as Coordination Requirements

In this thesis, we assume that the motion coordination requirements can be represented as
holonomic constraints on the product manifold M of the interactive mechanical systems
(2.13).
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Let us define coordination map h to be a smooth mapping from the n-dimensional product
manifold M of the interactive mechanical system (2.13) to a m-dimensional differential
manifold N ,

h : Mn → Nm, n ≥ m, (2.28)

so that the mapped point c := h(q) on the manifold N represents the motion coordi-
nation aspect of the interactive mechanical system (2.13). We call such manifold N the
coordination manifold of the coordination map h.

We also assume that the coordination map h (2.28) be a submersion [30], i.e. its push-
forward map (A.18) h∗q : TqM → Th(q)N is surjective for every q ∈ M. Then, from the
submersion theorem [30] (or using the implicit function theorem generalized for manifolds
[38]), for every c ∈ range(h) ⊂ N , its level set Hc defined by

Hc := {q ∈M | h(q) = c} , (2.29)

is a (n−m)-dimensional smooth submanifold in M. Thus, every q ∈M satisfying h(q) = c

lies on the same submanifold Hc ∈M defined in (2.29).

Suppose that the interactive mechanical system (2.13) satisfies a constant coordination
condition in the sense that h(q(t)) = c̃, ∀t ≥ 0 with a constant c̃ ∈ N so that the dy-
namics of the coordinated interactive mechanical system is confined on the fixed level set
Hc̃ = {q ∈M | h(q) = c̃}. Then, from the implicit function theorem, the dynamics of
the coordinated interactive mechanical system is given by the induced dynamics on the
submanifold Hc̃ with a reduced dimension (n−m) [2, 16].
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CHAPTER 3

The Passive Decomposition

In this chapter, we decompose the dynamics of the interactive mechanical system (2.13)
according to the holonomic constraint (2.28), while enforcing energetic passivity (2.17)
of the closed-loop system. Thus, the proposed decomposition enables us to achieve the
coordination requirement while enforcing energetic passivity, simultaneously.

3.1 The Orthogonal Decomposition of Tangent and Cotangent Spaces

Consider the dynamics of the interactive mechanical system (2.13) under the coordination
map h : Mn → Nm (2.28). Then, at each configuration q ∈ M, the tangent space TqM
splits into two orthogonal vector spaces s.t.:

TqM = T>q M⊕ T⊥q M, (3.1)

where

T>q M := Ker(h∗) = span{v ∈ TqM|h∗(v) = 0}, (3.2)

T⊥q M := span{w ∈ TqM|〈〈v, w〉〉M = 0, ∀v ∈ T>q M}, (3.3)

where Ker(h∗) is the kernel of the push-forward h∗ (A.18) of the coordination map h

(2.28), and 〈〈, 〉〉M is the inner product on M given by the inertia tensor M(q) of (2.13).
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Since the coordination map h (2.28) is assumed to be a smooth submersion, for all q ∈M,
there exists a (n − m)-dimensional submanifold Hc := {q ∈ M | h(q) = c} containing
q ∈M. Thus, the dimension of T>q M = Ker(h∗) should be n−m, since Ker(h∗) = TqHc

where q ∈ Hc ⊂ M. Also, there exists a unique m-dimensional orthogonal complement
T⊥q M of the given (n−m)-dimensional T>q M in TqM, since TqM is a n-dimensional metric
vector space [36].

By collecting T>q M and T⊥q M for all q ∈ M, let us construct the tangential distribution
∆> and the normal distribution ∆⊥ on M s.t.:

∆>(q) := T>q M, (3.4)

∆⊥(q) := T⊥q M. (3.5)

Both distributions, ∆>, ∆⊥ are regular, since their respective dimensions are n − m and
m for all q ∈ M. Also, for all q ∈ M, there exists a (n − m)-dimensional submanifold
Hc = {q ∈ M | h(q) = c} s.t. ∆>(q) = Ker(h∗) = TqHc (i.e. Hc is an integrable
manifold of ∆>), therefore, the tangential distribution ∆> is integrable. See section A.4
for definitions. The normal distribution ∆⊥ (3.5) is not necessarily integrable and we shall
give a counterexample in section 3.6.

The decomposition of the tangent space (3.1) also splits its dual space, the cotangent space
T ∗qM of the interactive mechanical system (2.13) s.t. for every q ∈M,

T ∗qM = T ∗>q M⊕ T ∗⊥q M, (3.6)

where T ∗>q M and T ∗⊥q M are the duals of T>q M and T⊥q M, respectively, defined by:

T ∗>q M := span{τ ∈ T ∗qM|〈τ, w〉M = 0∀w ∈ T⊥q M}, (3.7)

T ∗⊥q M := span{δ ∈ T ∗qM|〈δ, v〉M = 0∀v ∈ T>q M}. (3.8)

Then, similar to (3.4)-(3.5), by collecting T ∗>q M and T ∗⊥q M over q ∈M, we construct the
tangential codistribution Ω> and the normal codistribution Ω⊥ s.t.:

Ω>(q) := T ∗>q M, (3.9)

Ω⊥(q) := T ∗⊥q M. (3.10)

The tangential and normal codistributions ∆> and ∆⊥ are annihilating codistributions
(see section A.4 for definition) of the normal and tangential distributions Ω⊥ and Ω>,
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Figure 3.1: Visualization of the product manifold, the coordination manifold, the level sets (sub-
manifold), and the coordination map.

respectively, i.e. for every q ∈M and for all τ ∈ Ω>(q) and δ ∈ Ω⊥(q),

〈τ, w〉 = 0, ∀ w ∈ ∆⊥(q),

〈δ, v〉 = 0, ∀ v ∈ ∆>(q)

from their definitions (3.9)-(3.10).

Using the tangent space decomposition (3.1), a smooth vector field X ∈ X(M) on the
product manifold M (2.13) can be decomposed s.t.

X = X> + X⊥ (3.11)

where X>, X⊥ ∈ X(M) are found by X(q) = X>(q) + X⊥(q) for all q ∈M with X>(q) ∈
∆>(q) and X⊥(q) ∈ ∆⊥(q). Similarly, using the cotangent space decomposition (3.6), a
smooth covector field w on the product manifold M of (2.13) can be decomposed s.t.: for
every w ∈ X∗(M),

w = w> + w⊥, (3.12)

where w>, w⊥ ∈ X∗(M) are defined by w> ∈ Ω> and w⊥ ∈ Ω⊥.
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3.2 Decomposition of the Dynamics and Passive Decoupling

Using the decomposition (3.1), let us decompose the velocity v ∈ TqM of the interactive
mechanical system (2.13) under the coordination map h (2.28) at q ∈M s.t.

v = v> + v⊥, v> ∈ ∆>(q), v⊥ ∈ ∆⊥(q), (3.13)

where ∆>, ∆⊥ are the tangential and normal distributions (3.4)-(3.5). We call the term v>

the locked velocity, which represents the velocity of the coordinated interactive mechanical
system (2.13) being locked under the current coordination (i.e. v> ∈ TqHc(t) whereHc(t) :=
{q ∈ M | h(q) = c(t)} is the current submanifold with c(t) := h(q(t)) being defined by
the current configuration q(t) ∈ M), while the other term v⊥ is called the shape velocity,
which defines the velocity of the mapped point c = h(q) ∈ N on the coordination manifold
N as given by h∗(v) = h∗(v⊥) = Lvh(q) = d

dth(q). See figure 3.1 for the illustration.

The velocity decomposition (3.13) is orthogonal and isometric in the sense that 〈〈v>, v⊥〉〉M =
0 and

〈〈v, v〉〉M = 〈〈v> + v⊥, v> + v⊥〉〉M = 〈〈v>, v>〉〉M + 〈〈v⊥, v⊥〉〉M, (3.14)

i.e. the inner product is preserved. Note that the decomposition (3.13) is metric dependent,
since v⊥ is given by the orthogonal complement of v> w.r.t. the given metric. However,
v> is given purely by the coordination map h (2.28) regardless of metric structure of the
product manifold M.

Similarly, we also define compatible decomposition for the covectors F, T ∈ T ∗qM of the
interactive mechanical systems (2.13) s.t.:

F = F> + F⊥, T = T> + T⊥, (3.15)

where ?> ∈ T ∗>q M = Ω>(q) and ?⊥ ∈ T ∗⊥q M = Ω⊥(q) are the projections on the tangential
and normal codistributions Ω>, Ω⊥ (3.9) -(3.10), respectively. The terms F⊥ and T⊥

represent the portion of the environmental forcing F and the control action T of the
interactive mechanical system (2.13) affecting the coordination aspect (i.e. push on or pull
off the mapped point c = h(q) on the coordination manifold N ), while the other terms F>

and T> specify the portion of F and T affecting the motion of the coordinated interactive
mechanical system (2.13) being locked under the current coordination (i.e. the system
evolution on the current submanifold Hc(t)), respectively.

Using the decomposition ((3.1), (3.6), (3.13) and (3.15)), let us decompose the dynamics
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of the interactive multiple mechanical system (2.13) s.t.:

M∇vv = M(∇vv
>)> + M(∇vv

>)⊥ + M(∇vv
⊥)> + M(∇vv

⊥)⊥

= T> + T⊥ + F> + F⊥, (3.16)

where we call the term M(∇q̇v
>)> locked system dynamics, which describes the dynamics

of the locked velocity (3.13) on the current submanifold Hc(t) (i.e. the acceleration of the
coordinated interactive mechanical system (2.13) on the current submanifold Hc(t)), while
the term M(∇q̇v

⊥)⊥ is called shape system dynamics, which represents the dynamics of the
shape velocity (3.13) on the coordination manifold N (i.e. the acceleration of the mapped
point c = h(q) on the coordination manifold N ). The remaining terms, M(∇q̇v

>)⊥, and,
M(∇q̇v

⊥)>, are the dynamic couplings between the locked and shape system dynamics.

The kinetic energy of the interactive mechanical system (2.13)) is decomposed into the sum
of kinetic energies of the locked and shape systems, s.t.:

κ(t) =
1
2
〈〈v, v〉〉 =

1
2
〈〈v>, v>〉〉+

1
2
〈〈v⊥, v⊥〉〉, (3.17)

from (3.14), where the kinetic energy of the interactive mechanical system (2.13) is given by
κ(t) := 1

2〈〈v, v〉〉M =
∑m

i=1
1
2〈〈vi, vi〉〉Mi which is defined from the product metric (2.12).

The mechanical power of the m-port interactive mechanical system (2.13) is also decom-
posed into the sum of those of the locked and shape systems in the sense that

〈T, v〉 =
m∑

i=1

〈Ti, vi〉 = 〈T>, v>〉+ 〈T⊥, v⊥〉,

〈F, v〉 =
m∑

i=1

〈Fi, vi〉 = 〈F>, v>〉+ 〈F⊥, v⊥〉, (3.18)

from the definition of the compatible decomposition (3.15).

The following proposition is a direct consequence of mechanical power decomposition (3.18).

Proposition 3 If we design the locked and shape system controls T> and T⊥ to be indi-
vidually energetically passive in the sense that there exist c1, c2 ∈ < s.t.:

∫ t

0
〈T>(τ), v>(τ)〉dτ ≤ c2

1,

∫ t

0
〈T⊥(τ), v⊥(τ)〉dτ ≤ c2

2, (3.19)

the closed-loop interactive mechanical system (2.13) satisfies energetic passive condition
(2.17).
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Proof: From the power decomposition (3.18), we have

∫ t

0
〈T (τ), v(τ)〉dτ =

∫ t

0
〈T>(τ), v>(τ)〉dτ +

∫ t

0
〈T⊥(τ), v⊥(τ)〉dτ ≤ c2

1 + c2
2 =: c2.

3.3 Passive Dynamic Couplings

The dynamic couplings in the decomposed dynamics (3.16) represent energetically conser-
vative (thus, passive) internal power shuffle between the locked and the shape systems as
the following shows.

The time derivative of the locked system kinetic energy is given by:

d

dt

1
2
〈〈v>, v>〉〉 = 〈M(∇q̇v

>)>, v>〉 = 〈T>, v>〉+ 〈F>, v>〉 − 〈M(∇q̇v
⊥)>, v>〉, (3.20)

where the last equality is from the decomposed dynamics (3.16). Similarly, the time deriva-
tive of the shape system kinetic energy is given by:

d

dt

1
2
〈〈v⊥, v⊥〉〉 = 〈M(∇q̇v

⊥)⊥, v⊥〉 = 〈T>, v⊥〉+ 〈F⊥, v⊥〉 − 〈M(∇q̇v
>)⊥, v⊥〉. (3.21)

In these two equations (3.20)-(3.21), their respective last terms represent the internal power
shuffle between the locked and the shape systems through the dynamic couplings in (3.16),
which turn out to be energetically passive in the sense that

〈M(∇q̇v
⊥)>, v>〉+ 〈M(∇q̇v

>)⊥, v⊥〉 = 〈〈(∇q̇v
>)⊥, v〉〉+ 〈〈(∇q̇v

⊥)>, v〉〉
= 〈〈∇q̇v

>, v⊥〉〉+ 〈〈∇q̇v
⊥, v>〉〉 = Lq̇〈〈v>, v⊥〉〉 = 0, (3.22)

from the compatibility (3.12) of the Levi-Civita connection ∇ (2.13) and the orthogonality
of the decomposition (3.13).

Thus, both the locked and shape systems have three power ports: the control power port
(defined by 〈T>, v>〉 and 〈T⊥, v⊥〉), the environmental forcing power port (defined by
〈F>, v>〉 and 〈F⊥, v⊥〉), and energetically conservative internal power shuffle port (defined
by 〈M(∇q̇v

⊥)>, v>〉 and 〈M(∇q̇v
>)⊥, v⊥〉) of the dynamic couplings as shown in figure

3.2.

The dynamic couplings in (3.16) induce a crosstalk between the locked and shape systems
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Figure 3.2: Both the locked and shape systems have three power ports: control power port,
environmental forcing power port, and energetically conservative (thus, passive) internal power
shuffle port.

through this energetically conservative internal power shuffle (3.22) in (3.20)-(3.21). The
magnitude of this crosstalk is quadratic in operation speed, since the dynamic couplings
M(∇q̇v

⊥)>,M(∇q̇v
>)⊥ are quadratic in v.

In order to compensate for this crosstalk, we design the decoupling control T d s.t.

T = M(∇q̇v
>)⊥ + M(∇q̇v

⊥)>︸ ︷︷ ︸
T d: decoupling control

+T?, (3.23)

where T is the total control of the interactive mechanical system (2.13), and T ? is an
additional control action to be designed later according to task objectives.

Using the affinity of the connection ∇, we can show that the decoupling control T d in (3.23)
is given by a function of only the velocity signal q̇(t) and does not contain the acceleration
signal q̈(t) which is often unavailable in many practical applications. As shown by the
following theorem, the decoupling control T d (3.23) decouples the dynamics of the locked
and the shape systems from each other, while enforcing energetic passivity (2.17) of the
closed-loop system. We call the proposed decomposition ((3.1), (3.6), (3.13), (3.15) and
(3.16)) with the decoupling control (3.23) the passive decomposition.

Theorem 1 Passive Decoupling Control

The decoupling control T d (3.23) does not generate nor dissipate any mechanical energy
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(i.e. the decoupling control T d (3.23) is energetically conservative).

Proof: Mechanical power generated by the decoupling control (3.23) is given by:

〈T d, v〉 = 〈M(∇q̇v
>)⊥, v〉+ 〈M(∇q̇v

⊥)>, v〉 = 0, (3.24)

from (3.22). Then, mechanical energy generated (or dissipated) by the decoupling control
T d (3.23) is given by

∫ t

o
〈T d(τ), v(τ)〉dτ = 0, ∀t ≥ 0,

thus, the decoupling control T d (3.23) is energetically conservative.

The passive decoupling control (3.23) gives us the following decoupled dynamics:

M∇d
vv = M(∇vv

>)> + M(∇vv
⊥)⊥ = T?, (3.25)

where the closed-loop decoupled connection ∇d is defined to be: for X, Y ∈ X(M),

∇d
XY := (∇XY >)> + (∇XY ⊥)⊥. (3.26)

Proposition 4 Decoupled Connection

The decoupled closed-loop connection ∇d (3.26) of the product system (2.13) is affine and
compatible w.r.t. the product Riemannian metric M (2.12).

Proof:

1. Affinity

We need to check whether the closed-loop connection∇d (3.26) satisfies the properties
of the affine connection in section A.6. Since it is easy to show the first two properties,
here, we prove only the third property. For f ∈ C∞(M) and X, Y ∈ X(M), from
the affinity of the product connection ∇ and the fact that f,X(f) ∈ <, we have:

∇d
X(fY ) = (∇X(fY )>)> + (∇X(fY )⊥)⊥

= (f∇XY > + LX(f)Y >)> + (f∇XY ⊥ + LX(f)Y ⊥)⊥

= f(∇XY >)> + f(∇XY ⊥)⊥ + LX(f)(Y > + Y ⊥) = f∇d
XY + LX(f)Y.
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2. Compatibility

The decoupled closed-loop connection ∇d (3.26) is compatible w.r.t. the given Rie-
mannian metric M , since, for every X, Y, X ∈ X(M), we have:

LX〈〈Y, Z〉〉 = LX〈〈Y >, Z>〉〉+ LX〈〈Y ⊥, Z⊥〉〉
= 〈〈∇XY >, Z>〉〉+ 〈〈∇XY ⊥, Z⊥〉〉+ 〈〈Y >,∇XZ>〉〉+ 〈〈Y ⊥,∇XZ⊥〉〉
= 〈〈(∇XY >)> + (∇XY ⊥)⊥, Z〉〉+ 〈〈Y, (∇XZ>)> + (∇XZ⊥)⊥〉〉
= 〈〈∇d

XY,Z〉〉+ 〈〈Y,∇d
XZ〉〉,

from the comparability of the Levi-Civita connection ∇ in (2.13) and the isometry
and orthogonality of the decomposition (3.13)-(3.15).

From the uniqueness of the Levi-Civita connection ∇ on the product manifold M, the
compatible decoupled connection ∇d (3.26) is not generally torsion-free (i.e. ∇d cannot be
another Levi-Civita connection). For the decoupled system (3.25), we have a condition for
the additional control T? for energetic passivity of the closed-loop system (2.17), which is
a corollary from the similar proposition 3.

Corollary 2 Suppose that, in addition to the decoupling control T d, the additional locked
and shape system controls T>? and T⊥? (i.e. T? = T>? + T⊥? ∈ T ∗qM with T>? ∈ Ω>(q) and
T⊥? ∈ Ω⊥(q)) in (3.23) are designed to be individually energetically passive in the sense
that there exist c1, c2 ∈ < s.t.:

∫ t

0
〈T>? (τ), v>(τ)〉dτ ≤ c2

1,

∫ t

0
〈T⊥? (τ), v⊥(τ)〉dτ ≤ c2

2. (3.27)

Then, the closed-loop interactive mechanical system satisfies energetic passivity condition
(2.17).

Proof: From the power decomposition (3.18) and the passive decoupling control T d

(3.24), we have

∫ t

0
〈T (τ), v(τ)〉dτ =

∫ t

0
〈T d(τ), v(τ)〉dτ +

∫ t

0
〈T>? (τ), v>(τ)〉dτ +

∫ t

0
〈T⊥? (τ), v⊥(τ)〉dτ

≤ c2
1 + c2

2 =: c2, ∀t ≥ 0.
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3.4 Shape System Dynamics: Connection over the Coordination Map h

The coordination aspect of the interactive mechanical system (2.13) under the coordination
map h : M→N (2.28) is represented by a mapped point h(q) on the coordination manifold
N , while its instantaneous velocity on N is given by the push-forward of the coordination
map, h∗ : TqM→ Th(q)N , i.e. for q ∈M and v ∈ TqM,

d

dt
h(q) = h∗(v) = h∗(v> + v⊥) = h∗(v⊥), (3.28)

where h∗(v>) = 0 from the definition of the decomposition (3.13). The relation (3.28) (or
h∗(v>) = 0) shows that the push-forward h∗q maps only the information of the coordination
aspect (i.e. the shape velocity v⊥ ∈ ∆⊥(q)), while “filtering out” the locked velocity
v> ∈ ∆>(q) (i.e. the motion of the coordinated system), where ∆>, ∆⊥ are the tangential
and normal distributions (3.4)-(3.5).

Thus, if we find the acceleration of the mapped point h(q) ∈ N in a meaningful way,
the coordination aspect of the second-order interactive mechanical system (2.13) can be
completely described on the coordination manifoldN of the reduced dimension m. In order
for this, we define shape system connection ∇h to be a connection over the coordination
map h : M→N as follows. See section A.7 for more details.

Proposition 5 Consider a smooth vector field over the map h, Xh ∈ Xh(M), i.e. Xh :
M → TN and Xh(q) ∈ Th(q)N for every q ∈ M, where we denote smooth vector fields
over the map h by Xh(M). Then, there exists a unique smooth vector field X⊥ ∈ X(M)
associated to Xh ∈ Xh(M) s.t. X⊥ ∈ ∆⊥ and h∗(X⊥) = Xh.

Proof: For a given Xh ∈ Xh(M), we can find a unique tangent vector X⊥
q ∈ ∆⊥(q) ⊂

TqM at every q ∈ M s.t. h∗q(X⊥
q ) = Xh(q), since ∆⊥(q) and Th(q)N are both m-

dimensional vector spaces and the push-forward map h∗ is surjective (from the assumption
that the coordination map h (2.28) is a smooth submersion). Thus, by collecting these
tangent vectors over all q ∈ M, we can always construct a unique smooth vector field
X⊥ ∈ X(M) associated to a Xh ∈ Xh(M), where the smoothness of X⊥ ∈ X(M) follows
from the smoothness of h and that of Xh ∈ Xh(M).

Let us define shape system connection ∇h : X(M)×Xh(M) → Xh(M) to be a connection
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over the coordination map h : M→N : for Y ∈ X(M) and Xh ∈ Xh(M),

∇h
Y Xh := h∗

(
∇Y X⊥

)⊥
, (3.29)

where h∗ is the push-forward map of h, ∇ : X(M) × X(M) → X(M) is the original
Levi-Civita connection on the product manifold M of the interactive mechanical system
(2.13), and X⊥ ∈ X(M) is the smooth vector field on M associated to Xh ∈ Xh(M) as
constructed above.

The shape system connection ∇h (3.29) satisfies the properties of a connection over a map
in section A.7 as follows:

1. Affinity

The shape system connection (3.29) is an affine connection over the map h. Here, we
prove only the third property in section A.7, since other items are easy to prove: for
every f ∈ C∞(M), Y ∈ X(M), and Xh ∈ Xh(M), we have

∇h
Y fXh = h∗

(
∇Y fX⊥

)⊥
= h∗

(
LY (f)X⊥ + f∇Y X⊥

)⊥

= LY (f)h∗(X⊥) + fh∗
(
∇Y X⊥

)⊥
= LY (f)Xh + f∇h

Y Xh,

from the affinity of the product Levi-Civita connection (2.13), with X⊥ ∈ X(M)
being the smooth vector field on M associated to Xh ∈ Xh(M);

2. Compatibility

We define the induced metric on the coordination manifold N s.t.

〈〈vh, wh〉〉N := 〈〈v⊥, w⊥〉〉M (3.30)

where vh, wh ∈ Th(q)N uniquely define their respective counterparts v⊥, w⊥ ∈ TqM
s.t. v⊥, w⊥ ∈ ∆⊥(q) ⊂ TqM and h∗qv⊥ = vh, h∗qw⊥ = wh.

Then, the shape system connection ∇h (3.29) is compatible w.r.t. the induced metric
(3.30) s.t. for Z ∈ X(M) and Xh, Y h ∈ Xh(M) with X⊥, Y ⊥ ∈ X(M) being their
associated vector fields on M, we have,

LZ〈〈Xh, Y h〉〉N = LZ〈〈X⊥, Y ⊥〉〉M = 〈〈
(
∇ZX⊥

)⊥
, Y ⊥〉〉M + 〈〈

(
∇ZY ⊥

)⊥
, X⊥〉〉M

= 〈〈h∗
(
∇ZX⊥

)⊥
, h∗(Y ⊥)〉〉N + 〈〈h∗

(
∇ZY ⊥

)⊥
, h∗(X⊥)〉〉N

= 〈〈∇h
ZXh, Y h〉〉h(q) + 〈〈∇h

ZY h, Xh〉〉N , (3.31)
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from the compatibility of the Levi-Civita connection ∇ of the interactive mechanical
system (2.13) and the definition of the shape system connection (3.29);

3. Torsion

Let us define torsion (A.46) T h : TqM× TqM → Th(q)N of the shape system con-
nection (3.29) at each q ∈M s.t.: for v, w ∈ TqM,

T h(v, w) = ∇h
Xh∗Y −∇h

Y h∗X − h∗[X,Y ]

= h∗
(
∇XY ⊥

)⊥
− h∗

(
∇Y X⊥

)⊥
− h∗[X,Y ]

= h∗
(
∇XY ⊥ −∇Y X⊥ − [X,Y ]

)
(3.32)

where X, Y ∈ X(M) are local extensions of v, w ∈ TqM, and [, ] is the Lie-bracket
on M of the interactive mechanical system (2.13).

If we restrict v, w ∈ ∆⊥(q), the torsion (3.32) vanishes (from proposition 1), and the
shape system connection ∇h (3.29) becomes the unique Levi-Civita like connection
over the map h compatible w.r.t. the induced metric (3.30), since the original Levi-
Civita connection ∇ of the interactive mechanical system (2.13) is unique on M, and
h∗ : ∆⊥(q) → Th(q)N is injective from proposition 5 (i.e. the coordination map h

defines a local diffeomorphism between a m-dimensional manifold Um ⊂Mn locally
spanned by ∆⊥(q) and an open neighborhood Vm s.t. h(q) ∈ Vm ⊂ Nm) [39, pp.240].

Using the definition of the shape system connection (3.29), we have

∇h
q̇ h∗(v⊥) = h∗(∇q̇v

⊥)⊥. (3.33)

i.e. the shape system dynamics M(∇q̇v
⊥)⊥ in (3.16) indeed describes the acceleration of the

mapped point h(q) ∈ N on the coordination manifold N after the decoupling control (3.23)
is applied. Also, as shown in above, if we restrict q̇ ∈ ∆⊥(q) (e.g. by applying a constraining
force), the (decoupled) shape system connection (3.33) will become torsion-free, thus, it
will be given by the unique compatible and torsion-free Levi-Civita like connection over
the map h w.r.t. the induced metric (3.30), therefore, it would have a form similar to the
dynamics of usual mechanical systems under its Levi-Civita connection. Note that if h = id

(i.e. M = N ), the shape system connection ∇h in (3.29) becomes the usual Levi-Civita
connection on M, which is affine, compatible, and torsion-free.
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3.5 Projection of the Locked System Dynamics on a (n−m)-dimensional

Differential Manifold

Suppose that there exists a smooth submersion l from the configuration manifold M of
the interactive mechanical system (2.13) to a (n−m)-dimensional differential manifold L:

l : Mn → Ln−m, (3.34)

such that its push-forward map l∗ : TqM → Tl(q)L satisfies the following projectability
condition similar to that for the coordination map h (3.28): at each q ∈M, for all v ∈ TqM
with its decomposition given by v = v> + v⊥ (3.13),

d

dt
l(q) = l∗(v) = l∗(v>), i.e. l∗(v⊥) = 0, (3.35)

where ∆⊥ is the normal distribution (3.5). We call such a map l and a manifold L the
locked system map, and the locked system manifold, respectively.

If there exists such a locked system map l : M → L (3.34), similar to the definition of
the shape system connection (3.29), we define the locked system connection ∇l : X(M) ×
Xl(M) → Xl(M) to be a connection over the map l: for Y ∈ X(M) and X l ∈ Xl(M) (i.e.
X l : M → TL is a smooth vector field over the locked system map l s.t. X l(q) ∈ Tl(q)L
for every q ∈M),

∇l
Y X l := l∗

(
∇Y X>

)>
, (3.36)

where l∗ : TqM → Tl(q)L is the push-forward of l, ∇ is the Levi-Civita connection of the
interactive mechanical system on the manifold M (2.13), and X> ∈ X(M) is the unique
smooth vector field of M associated to X l ∈ Xl(M) s.t. X> ∈ ∆> and l∗(X>) = X l,
where ∆> is the tangential distribution (3.4).

We state the following properties of the locked system connection ∇l (3.36) without proof,
since their proofs would be identical with those of the shape system connection ∇h (3.29):

1. it is an affine connection over the map l, for which it satisfies the conditions given in
section A.7;

2. it is compatible w.r.t. the induced metric 〈〈, 〉〉L on L, i.e.: for Z ∈ X(M) and
X l, Y l ∈ Xl(M) with X>, Y > ∈ ∆> being their respective associated vector fields on
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M, we have,

LZ〈〈X l, Y l〉〉L = 〈〈∇l
ZX l, Y l〉〉L + 〈〈∇l

ZY l, X l〉〉L, (3.37)

where the induced metric on L is defined s.t. for vl, wl ∈ Tl(q)L,

〈〈vl, wl〉〉L := 〈〈v>, w>〉〉M, (3.38)

where v>, w> ∈ ∆>(q) ⊂ TqM are associated to vl, wl ∈ Tl(q)L satisfying l∗qv> = vl,
l∗qw> = wl;

3. Torsion (A.46) T l : TqM× TqM→ Tl(q)L of the locked system connection (3.29) is
defined at each q ∈M s.t.: for v, w ∈ TqM,

T l(v, w) = ∇l
X l∗Y −∇l

Y l∗X − l∗[X, Y ], (3.39)

where X, Y ∈ X(M) are local extensions of v, w, and [, ] is the Lie-bracket on M.
Similar to the shape system connection (3.29), if we restrict v, w ∈ ∆>(q), the locked
system connection ∇l (3.36) will become the unique compatible and torsion-free con-
nection over the map l w.r.t. the induced metric (3.38).

When there exists such a locked system map l : M → L, using the passive decoupling
control (3.23), the n-dimensional dynamics of the interactive mechanical system (2.13) can
be decomposed into two decoupled dynamics: the m-dimensional shape system dynamics
on the coordination manifold N (representing the coordination aspect) and the (n −m)-
dimensional locked system dynamics on the locked system manifold L (representing the
motion of the coordinated system), while enforcing energetic passivity as shown in theorem
1. Thus, we can achieve the coordination requirement, the motion control of the coordi-
nated system, and energetic passivity simultaneously, by designing individual shape and
locked system controls passive as in corollary 2.

Proposition 6 Consider the interactive mechanical system (2.13) on the product manifold
Mn under the coordination map h (2.28). Suppose that there exists a locked system map l

(3.34) satisfying the projectability condition (3.35). Then, without any decoupling control
(3.23), the dynamics of the interactive mechanical system (2.13) is given by the product of
decoupled locked system dynamics (∇l (3.36): connection over map l) and shape system
dynamics (∇h (3.29): connection over map h) evolving on their respective manifolds Ln−m

and Hm, if and only if both the locked and shape system connections are torsion-free, i.e.
for every q ∈M, T l(X, Y ) = 0 (3.39) and T h(X,Y ) = 0 (3.32) ∀X, Y ∈ X(M).
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Proof: Torsion of the decoupled connection ∇d (3.26) is given by: for X, Y ∈ X(M),

T d(X, Y ) := ∇d
XY −∇d

Y X − [X, Y ]

= (∇XY >)> + (∇XY ⊥)⊥ − (∇Y X>)> − (∇Y X⊥)⊥ − [X, Y ]

= (∇XY >)> − (∇Y X>)> − [X,Y ]> + (∇XY ⊥)⊥ − (∇Y X⊥)⊥ − [X, Y ]⊥

=
(
∇XY > −∇Y X> − [X, Y ]

)>
+

(
∇XY ⊥ −∇Y X⊥ − [X, Y ]

)⊥
,

where ∇ is the Levi-Civita connection of the interactive mechanical system (2.13) and [, ]
is Lie-bracket in the product manifold M. Thus, the decoupled connection ∇d (3.26) will
be torsion-free if and only if, for all X, Y ∈ X(M),

(
∇XY > −∇Y X> − [X, Y ]

)>
= 0, and

(
∇XY ⊥ −∇Y X⊥ − [X,Y ]

)⊥
= 0. (3.40)

Furthermore, from the uniqueness of Levi-Civita connection on M and compatibility of
the decoupled connection ∇d (item 2 of proposition 4), if ∇d is torsion-free, ∇d = ∇, thus,
no decoupling control (3.23) is necessary.

From the definitions of the torsion ((3.39) and (3.32)) and properties of the coordination
and locked system maps ((3.28) and (3.35)), torsion-free conditions of the locked and
shape system connections are equivalent to the conditions (3.40), respectively. Therefore,
following the above assertion, the dynamics of the interactive mechanical system (2.13) is
given by the product of the Levi-Civita like unique locked and shape system dynamics on
Ln−m and Hm, respectively, in the sense of

∇vv = ∇d
vv = (∇vv

>)>︸ ︷︷ ︸
locked dynamics

+ (∇vv
⊥)⊥︸ ︷︷ ︸

shape dynamics

, ∀q ∈M, ∀v ∈ TqM,

(i.e. decoupled without the decoupling control (3.23)) if and only if both the shape and
locked system connections are torsion-free.

The torsions of the locked and shape system connections (3.29) and (3.36) are generally
non-zero, thus, even if we can find a locked system map l (3.34) satisfying the projectability
condition (3.35), the decoupling control (3.23) is generally necessary to decouple the locked
and shape systems from each other.

As shown in the following theorem, integrability of the normal distribution ∆⊥ (3.5) is a
necessary condition for the existence of such a locked system map l : M → L satisfying
the projectability condition (3.35). This condition, however, is not generally true for the
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interactive mechanical system (2.13) as shown by a counterexample in section 3.6. Recall
that the tangential distribution ∆> (3.4) is integrable, since it is the Kernel of h∗, the
push-forward of the map h : M→N (2.28).

Theorem 2 Integrability of Normal Distribution and Locked System Projection

Suppose that there exists such a locked system map l : Mn → Ln−m (3.34) satisfying the
projectability condition (3.35). Then, the m-dimensional regular (i.e. its dimension is m

∀q ∈ M) normal distribution ∆⊥ (3.5) is integrable, i.e. for every q ∈ M, there exists a
m-dimensional submanifold D ⊂M s.t. q ∈ D and TqD = ∆⊥(q).

Proof: Since the locked system map l (3.34) is a smooth submersion, at every q ∈ M,
there exists a m-dimensional submanifold Lc ⊂M defined by

Ll(q) := {q̃ ∈M | l(q̃) = l(q)}.

Also, from the projectability condition (3.35), the locked system map l : M→ L satisfies
that at each q ∈ M, l∗q

(
v⊥

)
= 0 for all v⊥ ∈ ∆⊥(q) ⊂ TqM, i.e. ∆⊥(q) ⊂ Ker(l∗q) =

TqLl(q) for every q ∈ M, where l∗q is the differential map of the locked system map l at
q ∈M and Ker(l∗q) ⊂ TqM is its kernel.

Suppose that Ker(l∗q) 6= ∆⊥(q) for some q ∈ M. Then, there exists a tangent vector
ṽ ∈ ∆>(q) ⊂ TqM at q ∈ M s.t. ṽ ∈ Ker(l∗q), since TqM = ∆>(q) ⊕ ∆⊥(q). This is
contradictory to the projectability condition (3.35). Thus, ∆⊥(q) = Ker(l∗q) = TqLl(q).
This condition shows that, for every q ∈ M, the normal distribution ∆⊥ has Ll(q) as its
m-dimensional integral manifold, i.e. the normal distribution ∆⊥ (3.5) is integrable.

Theorem 3 Existence of the Locked System Map on a Flat Manifold

Suppose that the product manifold Mn of the interactive mechanical system (2.13) is a
complete, simply connected flat manifold. Suppose further that the tangential distribution
∆> (3.4) of the coordination map h (2.28) is invariant with respect to the parallel transport
map (2.1) of the flat manifold M denoted by T(p,q) : TqM → TpM for p, q ∈ M in the
sense that for every p, q ∈M, T(p,q)T

>
q M = T>p M where T >q M = ∆>(q) = Ker(h∗q).

Choose a submanifold H(n−m)
o := {q̃ ∈ M|h(q̃) = h(qo)} of a point qo ∈ M as the locked

system manifold L (3.34). For every q ∈M, let us define πo(q) ∈ Ho to be the intersecting
point of the submanifold Ho by the minimizing geodesic of the ambient connection ∇ on M
starting from q, i.e. πo(q) := γ(1) ∈ Ho where γ : [0, 1] → M is the minimizing geodesic
of M s.t. γ(0) = q. Then, the map πo : M→ Ho defines a locked system map satisfying
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Figure 3.3: A visualization of the locked system map proposed in theorem 3 for a 3-dimensional
flat space where the coordination map h is designed s.t. its levels sets are given by planes, while
the locked system map is a projection through the 1-dimensional straight line (integral manifold
Qq of the normal distribution)

the projectability condition (3.35): for every v = v> + v⊥ ∈ TqM, d
dtπo(q) = πo∗(v>), i.e.

πo∗(v⊥) = 0.

Proof: Since T preserves the tangent vector space decomposition (3.13), the normal
distribution ∆⊥ (3.5) is also invariant w.r.t. the parallel transport T , i.e. for every p, q ∈
M, T(p,q)T

⊥
q M = T⊥p M). Thus, from the result of [40, pp.180], for every q ∈ M, the

normal distribution ∆⊥ has a m-dimensional integral manifold Qq (i.e. ∆⊥ is integrable),
which is complete (see section 2.1 for the definition) and totally geodesic (i.e. every geodesic
of Qq starting from q′ ∈ Qq is a geodesic of the ambient manifold M at q′ ∈ Qq ⊂ M).
Similarly, for every q ∈ M, the (n − m)-dimensional submanifold Hq = {q̃ ∈ M|h(q̃) =
h(q)} (2.29) (i.e. integral manifold of ∆>) is also complete and totally geodesic.

Since Qq (or Hq, resp.) are unique for every q ∈ M, Qq1 and Qq2 (or Hq1 and Hq2 , resp.)
are not intersecting each other for any q1, q2 ∈ Hq (or q1, q2 ∈ Qq, resp.), if q1 6= q2. Thus,
the intersection of the normal manifold Qq and the locked system manifold Ho is given
by a point qo := Ho ∩ Qq on Qq. From the completeness of Qq, there exists a unique
minimizing geodesic γ⊥ : [0, 1] → Qq on Qq joining q ∈ Qq and qo ∈ Qq. However, since
Qq is totally geodesic, this geodesic γ⊥ on Qq is also the minimizing geodesic on M, thus,
πo(q) = qo. Moreover, the mapping πo satisfies the projectability condition (3.35), i.e.
d
dtπo(q) = πo∗(v>) (or πo∗(v⊥) = 0), ∀v ∈ TqM, since Qq is integrable and πo(q̄) = qo for
all q̄ ∈ Qq.
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Suppose that there does not exist a locked system map l (3.34). Then, the locked system
dynamics cannot be described on a (n−m)-dimensional manifold L̃, since
1. if there does not exist a submersion l̃ : Mn → L̃n−m (i.e. the push-forward l̃∗ : TqM→
Tl̃(q)L̃ is not surjective for some q ∈ M), some dimensions of the (n − m)-dimensional
locked system dynamics cannot be described on a manifold L̃n−m; or
2. if a map l̃ : Mn → L̃n−m is a submersion but fails to satisfy the projectability condition
(3.35), it is impossible to satisfy the basic kinematic relation between the configuration
and the velocity of the locked system on any (n −m)-dimensional manifold L̃, since, for
some q ∈M and v ∈ TqM, and for any manifold L̃, we have

d

dt
l̃∗(q(t)) = l̃∗(v) = l̃∗(v>) + l̃∗(v⊥) 6= l̃∗(v>), (3.41)

i.e. we can not find a configuration l̃(q(t)) ∈ L̃ by integrating the velocity of the locked
system l̃∗(v>(t)) ∈ Tl̃(q)L̃ on any (n − m)-dimensional manifold L̃. Although the locked
system map may not exist, the locked system velocity l̃∗(v>(t)) ∈ Tl̃(q)L̃ is always well-
defined, and also, using the map l̃ with the equality (3.41), we may keep track the locked
system on L̃ by the numerical integration l̃′(t) := l̃(q(0)) +

∫ t
0 l̃∗(v>(τ))dτ = l̃(q(t)) −∫ t

0 l̃∗(v⊥(τ))dτ ∈ L̃, where we set up the initial condition so that l̃′(0) = l̃(q(0)) (i.e. the
estimated locked system configuration l̃′(t) starts from the base point l̃(q(0)) ∈ L̃).

Regardless of the existence of the locked system map l (3.34), if a constant coordination
h(q) = c is achieved with c ∈ N being a constant, the locked system dynamics is described
by the Levi-Civita connection on a (n−m)-dimensional submanifold (2.29) as shown below.

3.5.1 Constrained Dynamics under the Constant Holonomic Constraints

Suppose that the motion of the interactive mechanical system (2.13) is confined in a sub-
manifold Hc = {q̃ ∈ M|h(q̃) = c} ⊂ M such that v(t) = v>(t) ∈ TqHc = ∆>(q) ⊂ TqM
(i.e. v⊥(t) = 0) and h(q(t)) = c ∈ N ∀t ≥ 0. Then, the constrained dynamics of the
interactive mechanical system (2.13) on the submanifold Hc is given by (from (3.16) with
v = v> and v⊥ = 0):

∇vv = ∇v>v> = ∇L
v>v>︸ ︷︷ ︸

locked system dynamics

+ B(v>, v>)︸ ︷︷ ︸
dynamic couplings

, (3.42)

where, with X>, Y >, Z> ∈ X(M) being respective local extensions [36] of smooth vector
fields on Hc, Xc, Y c, Zc ∈ X(Hc), to M,
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1. ∇L : X(Hc) × X(Hc) → X(Hc) is the induced connection on the submanifold Hc

defined s.t.: for Xc, Y c ∈ X(Hc),

∇L
XcY c :=

(
∇X>Y >

)>
. (3.43)

It is well-known [36, 38] that the induced connection ∇L (3.43) is the Levi-Civita
connection on the submanifold Hc w.r.t. the induced metric as shown below:

(a) The induced connection ∇L is an affine connection on the submanifold Hc. For
example, let us prove the derivation property (item 3) of an affine connection in
section 2.1: for every f ∈ C∞(Hc) and Xc, Y c ∈ X(Hc),

∇L
XcfY c =

(
∇X>fY >

)>
=

(
LX>(f)Y > + f∇X>Y >

)>

= LXc(f)Y c + f∇L
XcY c,

from the affinity of the ambient connection ∇ (2.13).

(b) The induced metric 〈〈, 〉〉Hc on the submanifold Hc is defined to be

〈〈v>, w>〉〉Hc := 〈〈v>, w>〉〉M, (3.44)

for every q ∈ Hc ⊂ M, where v>, w> ∈ TqHc ⊂ TqM. The induced connec-
tion ∇L is compatible w.r.t. this induced metric on Hc (3.44) s.t. for every
Xc, Y c, Zc ∈ X(Hc),

LZc〈〈Xc, Y c〉〉Hc = LZ>〈〈X>, Y >〉〉M
= 〈〈(∇Z>X>)>, Y >〉〉M + 〈〈X>, (∇Z>Y >)>〉〉M
= 〈〈∇L

ZcXc, Y c〉〉Hc + 〈〈Xc,∇L
ZcY c〉〉Hc , (3.45)

from the compatibility of the ambient Levi-Civita connection ∇ (2.13).

(c) The induced connection ∇L is also torsion-free, since its torsion tensor TL (2.2)
satisfies that, for every Xc, Y c ∈ X(Hc),

TL(Xc, Y c) := ∇L
XcY c −∇L

Y cXc − [Xc, Y c]

=
(
∇X>Y >

)>
−

(
∇Y >X>

)>
− [X>, Y >]

=
(
[X>, Y >]

)>
− [X>, Y >] = 0,

from the torsion-free property of the ambient connection ∇ (2.13), and the fact
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that [X>, Y >] ∈ ∆>, due to the integrability of tangential distribution ∆> (3.4).

2. The mapping B : X(Hc) × X(Hc) → ∆⊥∣∣
Hc

is the second fundamental form [38] of
the submanifold Hc, which is defined s.t. for Xc, Y c ∈ X(Hc),

B(Xc, Y c) := ∇X>Y > −
(
∇X>Y >

)>
=

(
∇X>Y >

)⊥
, (3.46)

where ∆⊥∣∣
Hc

is the restricted normal distribution ∆⊥ (3.5) on Hc (i.e. ∆⊥∣∣
Hc

=
{∆⊥(q)|q ∈ Hc}). The second fundamental form B (3.46) is bilinear and symmetric
[36] in the sense that for every Xc, Y c ∈ X(Hc) and f ∈ C∞(Hc),

B(Xc, Y c) = B(Y c, Xc),

B(fXc, Y c) = B(Xc, fY c) = fB(Xc, Y c).

From the second fundamental form B (3.46), the second fundamental tensor Hζ :
TqHc × TqHc → < is defined s.t. for q ∈ Hc ⊂M and ζ ∈ ∆⊥(q),

Hζ(v, w) := 〈〈B(v, w), ζ〉〉M, v, w ∈ TqHc = ∆>(q), (3.47)

and, also, a quadratic one-form Iζ : TqHc → < is defined: for v ∈ TqHc,

Iζ(v) := Hζ(v, v) = 〈〈B(v, v), ζ〉〉M. (3.48)

This quadratic form (3.48) is also often called the second fundamental form of the
submanifold Hc along the normal vector ζ ∈ ∆⊥(q) [36].

The second fundamental form B(v, v) (3.42) represents the tendency of the interactive
mechanical system (2.13) to deviate from the submanifold Hc, with the quadratic form
Iζ(v) (3.48) quantifying this tendency along the normal vector ζ ∈ ∆⊥(q). This deviating
tendency is due to the difference in the curvatures [36] of the submanifold Hc and the
ambient manifold M.

If the second fundamental form B(v, v) in (3.42) is cancelled out (e.g. by the passive
decoupling control (3.23)), the constrained dynamics of the interactive mechanical system
(2.13) on the submanifold Hc is reduced to the locked system dynamics (3.42) given by the
Levi-Civita connection∇L on the submanifoldHc (w.r.t. the induced metric (3.44)). Thus,
the constrained dynamics of the interactive mechanical system (2.13) on the submanifold
Hc will have dynamics of usual mechanical systems with the reduced dimension n−m [2].
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3.6 Coordinate Expression of the Passive Decomposition

In this section, we illustrate how to compute the passive decomposition ((3.1), (3.6), (3.13),
and (3.15)) and its corresponding decomposed dynamics (3.16) in coordinates. Let q : U →
<n be a local coordinate function with U ⊂ M being a coordinate neighborhood. Then,
the dynamics of the n-DOF mechanical system is given by:

M(q)q̈ + C(q, q̇)q̇ = T + F, (3.49)

where q(t), q̇(t) ∈ <n are the configuration and the velocity, T(t),F(t) ∈ <n are the
control actions and the environmental forcings, and M(q),C(q, q̇) ∈ <n×n are the in-
ertia and the Coriolis matrices s.t. Ṁ(q) − 2C(q, q̇) is skew-symmetric. Note that
the group dynamics in coordinates (2.11) can be represented in this form (3.49) with
q = [qT

1 , ...,qT
m]T , q̇ = [q̇T

1 , ..., q̇T
m]T , T = [TT

1 , ...,TT
m]T , F = [FT

1 , ...,FT
m]T , and M(q) =

diag[M1(q1), ...,Mm(qm)], C(q, q̇) = diag[C1(q1, q̇1), ...,Cm(qm, q̇m)] where n :=
∑m

i=1 ni.

For the dynamics (3.49), consider a local coordination map (2.28), h : <n → <m (n ≥ m)
defined to be

h(q) := [h1(q), h2(q), ..., hm(q)]T ∈ <m, (3.50)

where hi(q) ∈ < (i = 1, ..., m) are smooth holonomic constraints and independent each
other.

3.6.1 Tangent Vector and Covector Decomposition in Coordinates

Let
(

∂
∂q1

, ∂
∂q2

, ..., ∂
∂qn

)
be the basis of the tangent space TqM with which the velocity v

and the inertia matrix M(q) of the dynamics (3.49) are given by v = (v1, ..., v
n)T and

〈〈 ∂
∂qk

, ∂
∂ql
〉〉 = Mkl(q), respectively, where Mkl(q) (k, l = 1, ..., n) is the kl-th component

of the inertia matrix M(q). Also, let us denote the dual basis (A.3) of
(

∂
∂q1

, ∂
∂q2

, ..., ∂
∂qn

)

by (dq1, dq2, ..., dqn) ∈ T ∗qM s.t. 〈dqi,
∂

∂qj
〉 = δij (i.e. = 1 when i = j or otherwise = 0),

with which the control and environmental force of the dynamics (3.49) are written as
T = (T1, T2, ..., Tn)T and F = (F1, F2, ..., Fn)T , respectively.

Let us write the velocity decomposition of v ∈ TqM (3.13) in coordinates s.t.:

v =
n∑

k=1

vk
∂

∂qk
︸ ︷︷ ︸

v

=
n−m∑

i=1

vi
Lei

L(q)

︸ ︷︷ ︸
v>

+
m∑

j=1

vj
Eej

E(q)

︸ ︷︷ ︸
v⊥

, (3.51)

40



where ei
L, ej

E (i = 1, ..., n−m, j = 1, ..., m) are basis for the (n−m)-dimensional tangential
distribution ∆>(q) (3.4) and the m-dimensional normal distribution ∆⊥(q) (3.5) of the
dynamics (3.49) under the coordination map h (6.12), with which the locked and the shape
velocities v>, v⊥ have their coordinate representations s.t. vL = (v1

L, v2
L, ..., vn−m

L )T ∈
<n−m and vE = (v1

E , v2
E , ..., vm

E )T ∈ <m, respectively.

Since TqM is a vector space, there exist αik(q), βjk(q) ∈ C∞(M) s.t. for i = 1, ..., n −m

and j = 1, ...,m,

ei
L(q) = αi1(q)

∂

∂q1
+ αi2(q)

∂

∂q2
... + αin(q)

∂

∂qn
, i = 1, ..., n−m, (3.52)

ej
E(q) = βj1(q)

∂

∂q1
+ βj2(q)

∂

∂q2
... + βjn(q)

∂

∂qn
, j = 1, ..., m. (3.53)

From (3.52)-(3.53), with a new square matrix S−1(q) ∈ <n×n, the velocity decomposition
(3.51) is written as:

v =
[

αααT (q) βββT (q)
]

︸ ︷︷ ︸
=:S−1(q)∈<n×n

(
vL

vE

)
, (3.54)

where the matrices ααα ∈ <(n−m)×n and βββ ∈ <m×n have αik, βjk (i = 1, ..., n − m, j =
1, ..., m, k = 1, ..., n) as their respective ik-th and jk-th components. Definition of the
decomposition (3.13) imposes the following conditions on the matrices ααα(q),βββ(q) in (3.54):

h∗(ei
L) = 0 → ∂h

∂q
(q)αααT (q) = 0, (3.55)

〈〈ei
L, ej

E〉〉 = 0 → ααα(q)M(q)βββT (q) = 0, (3.56)

where the matrix ∂h
∂q (q) ∈ <m×n has ∂hj

∂qk
(q) as its jk-th component, j = 1, ..., m, k = 1, ..., n.

Since ∂h
∂q in (3.55) is full-rank and M(q) in (3.56) is symmetric and positive-definite, there

exist ααα(q),βββ(q) so that the conditions (3.55)-(3.56) are satisfied and the matrix S−1(q) ∈
<n×n is invertible. However, the given problem (3.54) with the conditions (3.55)-(3.56) is
under-determined, since the number of unknowns (n2 + n from (3.54)) is more than that
of equations n + 2m(n −m) (n from (3.54), m(n −m) from (3.55), and m(n −m) from
(3.56)). Thus, although the geometric decomposition v = v>+ v⊥ (3.13) is unique, choices
of different basis ei

L, ej
E would generate different coordinate representations of the locked

and shape velocities, vL,vE in (3.54), respectively.

Let us construct the inverse of the matrix S−1(q) in (3.54) by defining matrices A(q) ∈
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<(n−m)×n,B(q) ∈ <m×n s.t.

(
vL

vE

)
=

[
A(q)
B(q)

]

︸ ︷︷ ︸
S(q)∈<n×n

v, i.e.
A(q)αααT (q) = I, A(q)βββT (q) = 0,

B(q)αααT (q) = 0, B(q)βββT (q) = I.
(3.57)

From the conditions (3.55)-(3.56), the n-dimensional tangent space splits into the direct
sum of the subspaces identified by n−m-dimensional ααα(q) and m-dimensional βββ(q), respec-
tively, with their respective kernels given by the m-row vectors of ∂h

∂q (q) and the (n−m)-row
vectors of ααα(q)M(q). Thus, from the conditions (3.57), possible solutions for the matrices
A(q),B(q) are given by

A(q) = Ã(q)ααα(q)M(q), B(q) = B̃(q)
∂h

∂q
, (3.58)

where Ã(q) ∈ <(n−m)×(n−m), B̃(q) ∈ <m×m are full-rank. Thus, by defining Ã(q) and B̃(q),
we have additional m2 +(n−m)2 conditions so that the given identification problem (3.54)
becomes determined. One possible choice is to choose Ã(q) = M−1

L (q) and B̃(q) = I, where
we design ML(q) to be any symmetric and positive-definite desired locked system inertia
matrix. Different choices of Ã(q) and B̃(q) are also possible, and will result in different
coordinate expressions of the locked and shape system dynamics. Thus, for any basis for
the distributions, we can find Ã(q) and B̃(q) so that the basis become the columns of the
matrix S−1(q) in (3.54) satisfying the conditions (3.55)-(3.56). Then, the locked system
inertia will be indeed given by ML(q) as shown below (i.e. αααM(q)αααT = ML(q) from
(3.57)), while the shape velocity vE satisfies (from (3.57)),

vE =
∂h

∂q
(q)v =

d

dt
h(q), (3.59)

i.e. h(q) ∈ <m is the shape system configuration in the coordination manifold N = <m.

Similar to (3.51), we write the compatible decomposition (3.15) in coordinates s.t.:

F =
n∑

k=1

Fkdqk

︸ ︷︷ ︸
F

=
n−m∑

i=1

F i
Ldqi

L

︸ ︷︷ ︸
F>

+
m∑

j=1

F j
Edqj

E

︸ ︷︷ ︸
F⊥

, (3.60)

where dqi
L, dqj

E (i = 1, ..., n−m, j = 1, ..., m) are dual basis of ei
L, ej

E in (3.51), with which
the coordinate representations of F>, F⊥ are given by FL = (F 1

L, F 2
L, ...Fn−m

L )T ∈ <n−m

and FE = (F 1
E , F 2

E , ..., Fm
E )T ∈ <m.
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The definition of the compatible decomposition (3.15) and the property of dual basis (A.3)
impose the following four conditions:

〈dqi
L, ej

E〉 = 0, 〈dqj
E , ei

L〉 = 0, 〈dqi
L, ek

L〉 = δik, 〈dqj
E , el

El〉 = δjl, (3.61)

for i, k = 1, ..., n−m j, l = 1, ...,m, where δij = 1 when i = j and δij = 0 otherwise. With
the given matrix S−1(q) in (3.54), these conditions (3.61) uniquely determine the basis
dqi

L, dqj
E as linear sums of individual basis (dq1, dq2, ..., dqn), and give the following unique

solution for the compatible decomposition (3.60):

(
TL

TE

)
= S−T (q)T,

(
FL

FE

)
= S−T (q)F. (3.62)

3.6.2 Decomposed Dynamics in Coordinates

Using the coordinate computations of the connections ((A.37) and (A.44)) with the decom-
position ((3.51) and (3.60)) and the conditions ((3.57)-(3.58)), the decomposed dynamics
(3.16) is given in coordinates by:

ML(q)v̇L + CL(q, q̇)vL︸ ︷︷ ︸
locked system dynamics

+CLE(q, q̇)vE︸ ︷︷ ︸
coupling

= TL + FL (3.63)

ME(q)v̇E + CE(q, q̇)vE︸ ︷︷ ︸
shape system dynamics

+CEL(q, q̇)vL︸ ︷︷ ︸
coupling

= TE + FE . (3.64)

The given dynamics (3.63)-(3.64) can also be derived by transforming the original dynamics
(3.49) to the dynamics of (vL,vE) using the decomposition ((3.54) and (3.62)), its block
diagonalizing property (from the orthogonal condition (3.56)) s.t.:

S−T (q)M(q)S−1(q) =

[
αααM(q)αααT 0

0 βββM(q)βββT

]
=:

[
ML(q) 0

0 ME(q)

]
, (3.65)

the equality that v̇ = S−1(q)

(
v̇L

v̇E

)
+ d

dt

(
S−1(q)

)
(

vL

vE

)
, and the definition

[
CL(q, q̇) CLE(q, q̇)
CEL(q, q̇) CE(q, q̇)

]
:= S−T (q)M(q)

d

dt

(
S−1(q)

)
+ S−T (q)C(q, q̇)S−1(q). (3.66)
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The energy decomposition property (3.17) of the decomposition is given in coordinates by

κ(t) =
1
2
q̇TM(q)q̇ =

1
2
q̇T

LML(q)q̇L +
1
2
q̇T

EME(q)q̇E , (3.67)

where ML(q) ∈ <(n−m)×(n−m) and ME(q) ∈ <m×m are symmetric and positive-definite
from the block diagonalizing property of the decomposition (3.65). Also, we have the power
decomposition (3.18) in coordinates s.t.

FT q̇ = FT
LvL + FT

Eq̇E , TT q̇ = TT
LvL + TT

Eq̇E . (3.68)

The decomposed dynamics (3.63)-(3.64) has the following properties with which the original
n-DOF dynamics (3.49) will appear as two decoupled “robot-like” (n − m)-DOF locked
and m-DOF shape systems, once the dynamic couplings are cancelled out.

Proposition 7 Consider the systems (3.63) and (3.64).

1. ML(q) and ME(q) are symmetric and positive definite;

2. ṀL(q)− 2CL(q, q̇) is skew-symmetric;

3. ṀE(q)− 2CE(q, q̇) is skew-symmetric;

4. CLE(q, q̇) + CT
EL(q, q̇) = 0.

Proof: Item 1 has been already proved from the property (3.65). Let us differentiate
the sum of the individual kinetic energies and the sum of the locked and shape systems in
(3.67) w.r.t. time. Then, using the group dynamics (3.49),the decomposition ((3.57) and
(3.62)) and the decomposed dynamics (3.63)-(3.64), we have:

d

dt
κ(t) =

1
2
vT

[
Ṁ(q)− 2C(q, q̇)

]
v +

(
TL + FL

TE + FE

)T (
vL

vE

)

=
1
2
vT ST (q)

[
ṀL − 2CL −2CLE

−2CEL ṀE − 2CE

]
S(q)

︸ ︷︷ ︸
=:S̃∈<mn×mn

v +

(
TL + FL

TE + FE

)T (
vL

vE

)
, (3.69)

where we omit arguments for M?,C? to avoid clusters. Since Ṁ(q) − 2C(q, q̇) is skew-
symmetric, the matrix S̃ in (3.69) should be skew-symmetric. This proves items 2-4.
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The passive decoupling property (3.22) is given in coordinates by the property of the terms
CLE(q, q̇)vE and CEL(q, q̇)vL in (3.63)-(3.64) that

vT
LCLE(q, q̇)vE + vT

ECEL(q, q̇)vL = 0, (3.70)

from proposition 7.

In the decomposed dynamics (3.63)-(3.64), the coordination aspect h(q) ∈ <m (6.12) is
completely described on the coordination manifold N = <m by the shape system dynamics
(3.64) and the kinematic equation (3.59). The shape system metric (3.30) is also given in co-
ordinates by the positive-definite and symmetric matrix ME(q) in (3.64), while compatibil-
ity of the shape system connection (3.31) is given by the property that ṀE(q)−2CE(q, q̇)
is skew-symmetric in proposition 7. Note that with different choices of B̃(q) in (3.58), the
coordination aspect is still completely described on <m by the mapped point h(q) ∈ <m

and the kinematic relation (3.59).

The normal distribution ∆⊥ (3.5) is generally nonintegrable (i.e. ej
E(q) in (3.53) is not

involutive), thus, from theorem 2, the existence of a locked system map l (3.34) satisfy-
ing the projectability condition (3.35) is not always ensured. This property is given in
coordinates by the fact we can not generally integrate vL = Ã(q)ααα(q)M(q) d

dtq (from
(3.57)-(3.58)) to get a meaningful configuration q̃L(q) ∈ <n−m for the locked system s.t.
d
dt q̃L(q) = vL ∈ <n−m (i.e. vL is a pseudo-velocity [41]). If the interactive mechanical
system (2.13) is flat (i.e. curvature tensor (2.3) vanishes and there exists a coordinate
system with which the inertia matrix M(q) is given by a constant matrix), and also if ααα(q)
in (3.58) is given by a constant matrix (i.e. level sets of the coordination map are given
by planes following (3.55) and the tangential and normal distributions are invariant), it
would be possible to integrate vL = ÃαααM d

dtq to obtain the locked system configuration
q̃L(q) = ÃαααMq ∈ <n−m (with a choice of constant Ã) as shown in theorem 3.

Suppose that we achieve h(q(t)) = d ∈ <m, ∀t ≥ 0 with d being a constant vector.
Then, vE , ME(q)v̇E + CE(q, q̇)vE and CLE(q, q̇)vE in (3.63)-(3.64) all vanish, thus,
the constrained dynamics of the n-DOF dynamics (3.49) on the (n − m)-DOF level set
Hd := {q ∈ <n |h(q) = d ∈ <m} is given by the locked system dynamics (3.63) with
q̃L(q) = q ∈ Hd being its configuration (i.e. parameterization of the submanifold Hd),
while the term CEL(q, q̇)vL in (3.64) becomes the second fundamental form B (3.42) which
induces deviation of the group dynamics (3.49) from the submanifold Hd.
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CHAPTER 4

Motion Control of the Decoupled Locked and Shape Systems:

Timed Trajectory Tracking and Velocity Field Following

In this chapter, control laws are designed and analyzed for the decoupled locked and the
shape systems to achieve two widely-used motion control objectives: timed trajectory
tracking and velocity field following

Let us design the control law for the interactive mechanical system (2.13) to be

T = M(∇q̇v
⊥)> + M(∇q̇v

>)⊥︸ ︷︷ ︸
Td(q,q̇)

+T>? + T⊥? , (4.1)

where Td is the passive decoupling control (3.23), T>? ∈ Ω>(q) and T⊥? ∈ Ω⊥(q) are the
locked and the shape controls (to be designed later) with Ω>, Ω⊥ being the tangential and
normal codistributions (3.9)-(3.10). From (3.16), the closed-loop dynamics of the locked
and shape systems under the control (4.1) are given by

M(∇vv
>)> = T>? + F>, M(∇vv

⊥)⊥ = T⊥? + F⊥, (4.2)

where F> ∈ Ω>(q) and F⊥ ∈ Ω⊥(q) are the tangential and normal components of the
environmental force F .
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By designing the locked and the shape controls T>? , T⊥? , the decoupled locked and the shape
systems (4.2) can be controlled individually and separately. This separation between the
closed-loop locked and shape dynamics (4.2) would be useful in such application where it is
desirable to control coordination aspect and behavior of the coordinated system separately
as teleoperation (master-slave coordination and dynamics of the coordinated teleoperator),
formation flying (internal formation and total group maneuver) and multirobot grasping
(internal grasping shape and behavior of the combined grasped object and robots).

In this chapter, we design the controls T>? and T⊥? to achieve the two widely-utilized motion
control objectives for their respective locked and the shape systems: timed trajectory
tracking and velocity field following.

4.1 Motion Control of the Shape System on the Coordination Manifold

4.1.1 Timed Trajectory Tracking Control

We consider the following trajectory tracking control objective:

(h(q(t)), h∗(v⊥(t))) → (dh(t), ḋh(t)), (4.3)

where h is a coordination map (2.28) with h∗ being its push-forward, and dh(t) is a timed
trajectory on the coordination manifold N . We assume that ḋh(t) is bounded for all t ≥ 0.

Following [42], we design the trajectory tracking control law T⊥? to be a combination
of the feedback proportional-derivative (PD) control [43] and the feedforward dynamic
compensation s.t.

T⊥? :=h∗
[
−d1ϕh(h(q), dh)−Kh(h(q))(h∗v⊥ − T h

(h(q),dh)ḋh)
]

︸ ︷︷ ︸
PD−control

+ h∗
[
Mh(q)

(
∇h

q̇T h
(h(q),dh)ḋh +

d

dt

∣∣∣∣
q−fixed

T h
(h(q),dh)ḋh

)]

︸ ︷︷ ︸
feedforward dynamic compensation

, (4.4)

where h∗, h∗ are the push-forward / pull-back of the coordination map h (2.28), Mh(q) and
∇h are the induced metric and the shape system connection on the coordination manifold
N , and, for every ho, h1, h2 ∈ N , we define

1. Potential function ϕh : N × N → < is a smooth positive-definite and symmetric
function on the coordination manifold N s.t. ϕh(h1, h2) = ϕh(h2, h1) ≥ 0 with the
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equality hold if and only if h1 = h2;

2. Dissipation field Kh(ho) : ThoN → T ∗ho
N is a smooth and positive definite two-form

tensor field s.t. for any vh ∈ ThoN , 〈Kh(ho)(vh), vh〉N ≥ 0 with the equality holds if
and only if vh = 0; and

3. Transport map T h
(h1,h2) : Th2N → Th1N is a linear map compatible with the potential

function ϕh in the sense that

d2ϕh(h1, h2) = −T ∗h(h1,h2)d1ϕh(h1, h2), (4.5)

where d1ϕh and d2ϕh denote the differential of ϕh w.r.t. its first and second argu-
ments, respectively, and T ∗h : T ∗h1

N → T ∗h2
N is the pull-back of T h

(h1,h2).

From the compatibility condition (4.5), we have

d

dt
ϕh(h1, h2) = 〈d1ϕh, ḣ1〉+ 〈d2ϕh, ḣ2〉 = 〈d1ϕh, ḣ1〉 − 〈T ∗h(h1,h2)d1ϕh, ḣ2〉

= 〈d1ϕh, ḣ1〉 − 〈d1ϕh, T h
(h1,h2)ḣ2〉 = 〈d1ϕh, ḣ1 − T h

(h1,h2)ḣ2〉. (4.6)

Also, the feedforward compensation term of (4.4) is from the total derivative of the
T h

(h1,dh)ḋh(t) given by

d

dt
T h

(h(q),dh)ḋh(t) =
d

dt

∣∣∣∣
dh−fixed

T h
(h(q),dh)ḋh +

d

dt

∣∣∣∣
q−fixed

T h
(h(q),dh)ḋh

= ∇h
q̇T h

(h(q),dh)ḋh +
d

dt

∣∣∣∣
q−fixed

T h
(h(q),dh)ḋh. (4.7)

Theorem 4 1. Suppose that the desired trajectory dh ∈ N is given by a fixed point on the
coordination manifold N such that ḋh(t) = 0, ∀t. Then, the tracking control (4.4) satisfies
shape system controller passivity condition (3.27);

2. Consider the closed-loop dynamics of the decoupled shape system (4.2). Suppose that
F⊥(t) = 0, ∀t ≥ 0. Then, (h(q(t)), h∗(v⊥(t))) → (dh(t), ḋh(t)) exponentially, if the follow-
ing conditions are satisfied:

• the dissipation field Kh is bounded in the sense that there exist bounded and strictly
positive sup ‖Kh‖ and inf ‖Kh‖, which are defined s.t. ∀q ∈M and ∀vh, wh ∈ Th(q)N ,

sup ‖Kh‖ · ‖vh‖ · ‖wh‖ ≥ 〈Kh(h(q))vh, wh〉N ≥ inf ‖Kh‖ · ‖vh‖ · ‖wh‖; (4.8)
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• the potential function ϕh is uniformly quadratic with a constant L: ∀ε > 0, there
exists constants b1 ≥ b2 > 0 s.t. ϕh(h(q), dh) < L− ε implies

b1‖d1ϕh‖2 ≥ ϕh ≥ b2‖d1ϕh‖2, (4.9)

where the ‖d1ϕh‖ :=
√
〈d1ϕh,M−1

h d1ϕh〉 with M−1
h being the induced metric on the

coordination manifold N from (3.30);

• the operating velocity q̇(t) = v>(t) + v⊥(t) ∈ TqM of the interactive mechanical
system (2.13) is bounded ∀t ≥ 0, and the initial coordination error is bounded s.t.

V ′(t)
∣∣
t=0

:=
1
2
〈〈vh

e (t), vh
e (t)〉〉N + ϕh(h(q(t)), dh(t))

∣∣∣∣
t=0

< L (4.10)

where vh
e (t) := h∗v⊥(t) − T h

(h(q),dh(t))ḋh(t) ∈ Th(q)N , and L is the constant for the
quadratic condition of the potential function (4.9);

• the one-form d1ϕh and transport map T h have bounded covariant derivatives in the
sense that there exist constants p1, p2, p3 ≥ 0 s.t. for all q ∈M, q̇ ∈ TqM, and t ≥ 0,

〈∇h
q̇ d1ϕh, vh

e 〉 − 〈∇h
v⊥e

d1ϕh, T h
(h(q),dh)ḋh(t)〉 − 〈d1ϕh,∇h

v⊥e
T h

(h(q),dh)ḋh(t)〉
≤ p1 · ‖vh

e ‖2 + p2 · ‖q̇‖ · ‖d1ϕh‖ · ‖vh
e ‖+ p3 · ‖ḋh‖ · ‖d1ϕh‖ · ‖vh

e ‖, (4.11)

where ∇h
q̇ d1ϕh is the covariant derivative of the one-form d1ϕh over h (A.50), and

v⊥e ∈ ∆⊥(q) is the uniquely associated tangent vector of vh
e ∈ Th(q)N in the normal

distribution ∆⊥ (3.5) s.t. h∗v⊥e = vh
e as constructed in proposition 5.

3. Suppose that F⊥(t) is bounded ∀t ≥ 0 and the conditions (4.8)-(4.11) are satisfied.
Then, (ϕh(h(q), dh(t)), vh

e ) is ultimately bounded [44].

Proof: 1. With ḋh(t) = 0, ∀t, the tracking control T⊥? (4.4) is reduced to

T⊥? := h∗
[
−d1ϕh(h(q), dh)−Kh(h(q))h∗v⊥

]
, (4.12)

and the mechanical power generated by the control is given by

〈T⊥? , v⊥〉M = 〈h∗
[
−d1ϕh(h(q), dh)−Kh(h(q))(h∗(v⊥))

]
, v⊥〉M

= 〈−d1ϕh(h(q), dh)−Kh(h(q))(h∗(v⊥)), h∗(v⊥)〉N
= 〈−d1ϕh(h(q), dh), h∗(v⊥)〉N − 〈Kh(h(q))(h∗(v⊥)), h∗(v⊥)〉N ≤ − d

dt
ϕh(h(q), dh),
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using the definition of the pull-back map h∗ (A.22), the positive-definiteness of the dissi-
pation two-form field Kh, and the equality (4.6) with d

dth(q(t)) = h∗v⊥ from (3.28). Thus,
by integrating this inequality with the property that ϕh(h(q(t)), dh) ≥ 0, ∀t, we have shape
system controller passivity (3.27) s.t. ∀t ≥ 0,

∫ t

0
〈T⊥? (τ), v⊥(τ)〉Mdτ ≤ −ϕh(h(q(t), dh) + ϕh(h(q(0), dh) ≤ ϕh(h(q(0), dh),

i.e. the amount of energy generation by the control (4.12) is always upper-bounded by the
potential function ϕh.

2. Closed-loop shape system dynamics (4.2) under the tracking control (4.4) is given by

Mh(q)∇h
q̇ vh

e = −d1ϕh −Kh(h(q))vh
e + Mh(q)

d

dt

∣∣∣∣
q−fixed

Thḋh + Fh, (4.13)

where we use the definition Fh := Mhh∗M−1F⊥ ∈ T ∗h(q)N , the equality (4.7), the definition
of the shape system connection ∇h (3.29), and the property that h∗M−1h∗ = M−1

h , since,
for any zh ∈ T ∗h(q)N and v⊥ ∈ ∆⊥(q),

〈h∗zh, v⊥〉M = 〈〈M−1h∗zh, v⊥〉〉M = 〈〈h∗M−1h∗zh, h∗v⊥〉〉N
= 〈dϕ, h∗v⊥〉N = 〈〈M−1

h dϕ, h∗v⊥〉〉N , (4.14)

with M being the ambient metric of the interactive mechanical system (2.13).

Suppose that F⊥(t) = 0, for all t ≥ 0 and let us choose V ′ in (4.10) as a Lyapunov function.
Then, from the closed-loop dynamics (4.13), the equality (4.6), and the fact that

d

dt
vh
e =

d

dt

∣∣∣∣
dh−fixed

(h∗v⊥ − T hḋh) +
d

dt

∣∣∣∣
q−fixed

(h∗v⊥ − T hḋh) = ∇h
q̇ vh

e −
d

dt

∣∣∣∣
q−fixed

T hḋh,

we have Lyapunov stability with , s.t.

dV ′(t)
dt

= 〈〈 d

dt
vh
e , vh

e 〉〉+
d

dt
ϕh(h(q), dh(t)) = 〈〈∇h

q̇ vh
e −

d

dt

∣∣∣∣
q−fixed

T hḋh, vh
e 〉〉+ 〈d1ϕ, vh

e 〉

= 〈Mh∇h
q̇ vh

e −Mh
d

dt

∣∣∣∣
q−fixed

T hḋh, vh
e 〉+ 〈d1ϕ, vh

e 〉 = −〈Khvh
e , vh

e 〉 ≤ 0, (4.15)

where the last inequality comes from the property of the dissipation field Kh. Since V ′(t) ≤
V ′(0), the quadratic condition (4.9) of the potential function ϕh is satisfied ∀t ≥ 0.

To show the exponential convergence, we define a new Lyapunov function V by augmenting
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V ′ (4.10) with a cross-coupling term Vcross [42, 45] s.t.:

V (t) :=
1
2
〈〈vh

e , vh
e 〉〉+ ϕh(h(q), dh(t))

︸ ︷︷ ︸
V ′(t)

+ε 〈d1ϕh, vh
e 〉︸ ︷︷ ︸

d
dt

ϕh(t)=:Vcr(t)

, (4.16)

where ε > 0 is chosen to be small enough so that V (t) is still positive-definite, s.t.

V (t) ≥ 1
2
‖vh

e ‖2 + ϕh − ε‖d1ϕh‖ · ‖vh
e ‖ ≥

(√
ϕh

‖vh
e ‖

)T [
1 − ε

2
√

b2

− ε
2
√

b2

1
2

]

︸ ︷︷ ︸
=:P

(√
ϕh

‖vh
e ‖

)
> 0, (4.17)

with the omission of arguments to avoid cluster, where the constant b2 > 0 is from the
quadratic condition (4.9) of the potential function ϕh.

By differentiating Vcr(t) in (4.16) w.r.t. time t, we have

d

dt
Vcr = 〈d1ϕh,∇h

q̇ vh
e −

d

dt

∣∣∣∣
q−fixed

T hḋh〉+ 〈∇h
q̇ d1ϕh +

d

dt

∣∣∣∣
q−fixed

d1ϕh, vh
e 〉. (4.18)

From the equality (4.6), and the definitions of the Lie derivative (A.15), and the covariant
derivative of a one-form over the map h (A.48), we have

〈 d

dt

∣∣∣∣
q−fixed

d1ϕh, vh
e 〉 = 〈d1

d

dt

∣∣∣∣
q−fixed

ϕh, vh
e 〉 = 〈d1〈d1ϕh,−T hḋh〉, vh

e 〉

= −Lvh
e
〈d1ϕh, T hḋh〉 = −〈∇h

v⊥e
d1ϕh, T hḋh〉 − 〈d1ϕh,∇h

v⊥e
T hḋh〉, (4.19)

with v⊥e ∈ ∆⊥(q) being the uniquely associated tangent vector of vh
e as constructed in

proposition 5 s.t. h∗v⊥e = vh
e . Combining (4.18) and (4.19) with the closed-loop dynamics

(4.13), and the conditions (4.8) and (4.11), we have

d

dt
Vcr(t) = −〈d1ϕh + Khvh

e ,M−1
h d1ϕh〉+ 〈∇h

q̇ d1ϕh, vh
e 〉

− 〈∇h
v⊥e

d1ϕh, T hḋh〉 − 〈d1ϕh,∇h
v⊥e
T hḋh〉

≤ −‖d1ϕh‖2 + sup ‖Kh‖ · ‖d1ϕh‖ · ‖vh
e ‖

+ p1 · ‖vh
e ‖2 + p2 · ‖q̇‖ · ‖d1ϕh‖ · ‖vh

e ‖+ p3 · ‖ḋh‖ · ‖d1ϕh‖ · ‖vh
e ‖, (4.20)
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Now, from (4.15) and (4.20), we have

dV (t)
dt

≤ −
(√

ϕh

‖vh
e ‖

)T [
ε
b1

−εp̄

−εp̄ inf ‖Kh‖ − εp1

]

︸ ︷︷ ︸
=:Q

(√
ϕh

‖vh
e ‖

)
, (4.21)

where p̄ ≥ 0 is defined s.t. p̄ ≥ sup ‖Kh‖+p2‖q̇‖+p3‖ḋh‖
2
√

b2
, ∀t ≥ 0 with b1, b2 > 0 and p1, p2, p3 ≥

0 being constants from the quadratic condition (4.9) and boundedness condition (4.11).

Let us choose ε > 0 small enough such that the matrices P in (4.17) and Q in (4.21) are
both positive-definite. Then, we have

dV (t)
dt

≤ −σ[Q]

(√
ϕh

‖vh
e ‖

)T (√
ϕh

‖vh
e ‖

)
≤ −σ[Q]

σ̄[P ]
V (t) = −γV (t), (4.22)

where σ̄[?], σ[?] are maximum and minimum singular value of ? and γ := σ[Q]
σ̄[P ] is the

convergence rate, thus, V (t) → 0 exponentially (i.e. V (t) ≤ V (0)eγt).

3. If F⊥(t) 6= 0, using the closed-loop dynamics of the shape system (4.13), we have

dV (t)
dt

≤ −γ · V (t) + 〈Fh, vh
e 〉+ ε〈Fh,M−1

h d1ϕh〉,

thus, we can find a constant scalar λ > 0, s.t.

dV (t)
dt

≤ −γ · V (t) + λV
1
2 (t)Fmax, (4.23)

where Fmax ≥ ‖F⊥(t)‖M = ‖Fh(t)‖N , ∀t ≥ 0. From this inequality, the ultimate bound
for the Lyapunov function can be found to be

V̄ :=
[
λ

γ
Fmax

]2

. (4.24)

Therefore, for any V
1
2 (0) satisfying the initial boundedness condition (4.10), there exists

T > 0, s.t. V
1
2 (t) ≤ λ

γ Fmax, ∀t ≥ T .

Boundedness of the operating speed q̇ can be ensured by achieving energetic passivity
condition (2.17) which guarantees that the feedback interconnection of the interactive me-
chanical system (2.13) with any energetically passive environments is stable with bounded
mechanical power variables (F, q̇) of the closed-loop system (2.13). The quadratic condi-
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tion (4.9) of the potential function ϕh is also mild in the sense that all positive-definite
functions are locally quadratic at their critical points. Note that the quadratic condition
(4.9) implies that the potential function ϕh has a unique critical point at h(q) = dh(t) if
ϕh < L, since d1ϕh = 0 if and only if ϕh = 0.

Using (A.44), (A.50), and the summation convention, the bound condition (4.11) is written
in coordinates by: for i = 1, ..., n and j, k, l = 1, ..., m,

〈∇h
q̇ d1ϕh, vh

e 〉 − 〈∇h
v⊥e

d1ϕh, T h
(h(q),dh)ḋh(t)〉 − 〈d1ϕh,∇h

v⊥e
T h

(h(q),dh)ḋh(t)〉

= Lq̇

(
∂1ϕh

∂hj

)
vhj
e − hΓj

kiq̇
ivhk

e

∂1ϕh

∂hj
− Lv⊥e

(
∂1ϕh

∂hj

)
T h

jl ḋ
l
h + hΓk

jiv
⊥i
e T h

jl ḋ
l
h

∂1ϕh

∂hk

− Lv⊥e

(
T h

kl ḋ
l
h(t)

) ∂1ϕh

∂hk
− hΓk

jiv
⊥i
e T h

jl ḋ
l
h

∂1ϕh

∂hk

=
∂2

1ϕh

∂hj∂hk
vhj
e vhk

e − hΓj
kiq̇

ivhk
e

∂1ϕh

∂hj
− ∂T h

kl

∂hj
ḋl

h(t)vhj
e

∂1ϕh

∂hk
,

where T h
(h(q),dh)ḋh(t) = T h

jl ḋ
l
h(t) ∂

∂hj
with (h1, ..., hm) being a local coordinate of the co-

ordination manifold N , and hΓk
ji is the Christoffel symbol (A.45) of the shape system

connection ∇h (3.29). Thus, a sufficient condition for the condition (4.11) is that ∂2ϕh

∂hj∂hk ,
∂T h

jk

∂hk
, and ∂Mir(q)

∂qr
are bounded (i, r = 1, ..., n, j, k = 1, ...,m). Note from (A.45) that the

boundedness of ∂Mir(q)
∂qr

implies boundedness of hΓj
ki, since the coordination map h (2.28)

is smooth. Therefore, if the configuration manifold M and the coordination manifold N
are compact, smoothness of M , ϕh, Kh, and Th ensures the conditions (4.8) and (4.11).

4.1.2 Velocity Field Following Control

Let us consider the velocity field following objective on the coordination manifold N s.t.

h∗v⊥(t) → αVh(h(q(t))), (4.25)

where h∗v⊥ ∈ Th(q)N is the velocity of the interactive mechanical system (2.13) on the
coordination manifold N , α ∈ < is a scalar, and Vh ∈ Xh(N ) is a time-invariant smooth
vector field over the coordination map h (i.e. Vh : M→ TN ). The objective (4.25) states
that h∗v⊥ converges to the direction given by Vh(h(q)) at each point h(q(t)) ∈ N , thus,
many useful motion control objectives can be encoded by designing the velocity field Vh

such as contour following [46] and motion guidance [47].

To achieve the velocity field following objective (4.25) and the energetic passivity (2.17)
of the closed-loop interactive mechanical system (2.13), simultaneously, we utilize Passive
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Velocity Field Control (PVFC) scheme [8, 9, 46].

Let us design the shape system control T⊥? in (4.2) to be the pull-back of the standard
PVFC on the coordination manifold N s.t.

T⊥? (q, q̇) := h∗
[
h∗v⊥c

(
Ph(q) ∧ wh(q, q̇)

2Eh

)
− σh · h∗v⊥c (Ph(q) ∧ ph(q, q̇))

]
, (4.26)

where h∗ is the pull-back (A.22) of the coordination map h, σh ∈ < is a control gain, c and
∧ are the contraction operator (A.12) and the wedge product (A.14), and Ph(q), ph(q, q̇),
wh(q, q̇) ∈ T ∗h(q)N are defined to be

Ph(q) := Mh(q)ξh(q)Vh(h(q)), ph(q, q̇) := Mh(q)h∗v⊥,

wh(q, q̇) := Mh(q)∇h
q̇ ξh(q)Vh(h(q)), (4.27)

where Mh(q) and ∇h are the induced metric and the shape system connection on the
coordination manifold N , and the scalar function ξh(q) is defined to satisfy the constant
energy condition s.t.:

Eh =
1
2
〈〈ξh(q)Vh(h(q)), ξh(q)Vh(h(q))〉〉, (4.28)

where Eh is a positive constant.

Theorem 5 1. the PVFC control (4.26) is energetically conservative (i.e. does not gen-
erate / dissipate any energy), thus, satisfies the shape system controller passivity (3.27);

2. Consider the decoupled shape system dynamics (4.2) with F⊥(t) = 0, ∀t ≥ 0. Then,
h∗v⊥(t) → βh ·ξh(q) ·Vh(q(t)), exponentially, from almost every initial condition (except the
zero-measure sets of unstable equilibria, h∗v⊥ = −βhξh(q)Vh), where the scalar constant
βh is given by

βh = sign(σh)

√
1
2〈〈h∗v⊥, h∗v⊥〉〉

Eh
. (4.29)

Proof: 1. Mechanical power generated by the PVFC control (4.26) is given by:

〈T⊥? , v〉 = 〈h∗v⊥c(Ph ∧ wh

2Eh
), h∗v⊥〉 − σh〈h∗v⊥c(Ph ∧ ph), h∗v⊥〉

= 〈Ph, h∗v⊥〉〈 wh

2Eh
, h∗v⊥〉 − 〈 wh

2Eh
, h∗v⊥〉〈Ph, h∗v⊥〉

− σh

[
〈Ph, h∗v⊥〉〈ph, h∗v⊥〉 − 〈ph, h∗v⊥〉〈Ph, h∗v⊥〉

]
= 0, (4.30)
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from the property of the pull-back map h∗ (A.22), the contraction operator c (A.12), and
the wedge product ∧ (A.14). Thus, the shape system controller passivity condition (3.27)
is achieved by integrating (4.30).

2. The closed-loop shape system dynamics (4.2) under the PVFC (4.26) is given by:

Mh(q)∇h
q̇ h∗v⊥ − h∗v⊥c

(
Ph ∧ wh

2Eh

)
+ σh · h∗v⊥c (Ph ∧ ph) = Mhh∗M−1F⊥(t), (4.31)

where we use the relation h∗M−1h∗ = M−1
h from (4.14). Also, we have

Mh(q)∇h
q̇ ξh(q)Vh(h(q))︸ ︷︷ ︸
=wh(q,q̇)

−ξh(q)Vh(h(q))c
(

Ph ∧ wh

2Eh

)
= 0, (4.32)

since, for all vh ∈ Th(q)N , we have:

〈wh − ξhVhc
(

Ph ∧ wh

2Eh

)
, vh〉

= 〈wh, vh〉 − 1
2Eh

〈Ph, ξhVh(q)〉︸ ︷︷ ︸
=2Ev

〈wh, vh〉+
1

2Eh
〈Ph, v〉 〈〈∇h

q̇ ξhVh, ξhVh〉〉︸ ︷︷ ︸
= d

dt
Eh=0

= 0.

Suppose that F⊥(t) = 0, ∀t ≥ 0. Then, βh (4.29) is indeed a constant, since

d

dt

1
2
〈〈h∗v⊥, h∗v⊥〉〉N = 〈Mh∇h

q̇ h∗v⊥, h∗v⊥〉N = 〈T⊥? , v⊥〉M︸ ︷︷ ︸
=0

+〈F⊥
? , v⊥〉M, (4.33)

from the comparability of the shape connection ∇h (3.31), the shape system dynamics
(4.2), and the PVFC controller passivity (4.30).

Let us define the velocity field tracking error eh
β(t) ∈ Th(q)N to be

eh
β(t) := h∗v⊥(t)− βhξh(q)Vh(h(q(t))). (4.34)

Then, combining (4.31) and (4.32), we have:

Mh(q)∇h
q̇ eh

β − eh
βc

(
Ph ∧ wh

2Eh

)
+ σh · h∗v⊥c (Ph ∧ ph) = 0, (4.35)

where we use the fact that βh (4.29) is a constant from (4.33).
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Let us define the Lyapunov function Wβ(t) s.t.

Wβ(t) :=
1
2
〈〈eh

β(t), eh
β(t)〉〉, (4.36)

then, from the comparability of the shape connection ∇h (3.31), the error dynamics (4.35),
and the definition of the constant βh (4.29), we have:

d

dt
Wβ(t) = 〈Mh(q)∇h

q̇ eh
β, eh

β〉 = 〈eh
βc(Ph ∧ wh

2Eh
), eh

β〉
︸ ︷︷ ︸

=0

−σh〈h∗v⊥c(Ph ∧ ph), eh
β〉

= −σhβh

[
4E2

hβ2
h −

(
〈〈ξh(q)Vh(h(q)), h∗v⊥〉〉

)2
]

. (4.37)

Also, from the definition of e>β (t) (4.34) and βh (4.29), we have

Wβ(t)
βh

= 2βhEh − 〈〈ξh(q)Vh(h(q(t))), h∗v⊥(t)〉〉. (4.38)

Combining (4.37) and (4.38), we have

d

dt
Wβ(t) = −4σh · 1

2

(
1 +

〈〈ξh(q)Vh(h(q(t))), h∗v⊥(t)〉〉
2βEh

)

︸ ︷︷ ︸
=:µ(t)

·Wβ(t), (4.39)

where 0 ≤ µ(t) ≤ 1 from Schwartz’s inequality, i.e. |〈〈ξh(q)Vh(h(q(t))), h∗v⊥(t)〉〉| ≤
2|βh|Eh. With βh being the constant, differentiating µ(t) w.r.t. t gives us

d

dt
Wβ(t) = −4σhβhEh · µ(t) ·Wβ(t) (4.40)

d

dt
µ(t) = +

σhβh

β2
h

· µ(t) ·Wβ(t), (4.41)

where we use (4.38) and (4.40) to achieve (4.41).

Since σhβh > 0 from (4.29), and µ(t) ≥ 0 and Wβ(t) ≥ 0, we can show from (4.41) that
µ(t) is nondecreasing, thus, from (4.40), we have

d

dt
Wβ(t) ≤ −4σhβhEh · µ(0) ·Wβ(t), (4.42)

i.e. Wβ(t) → 0 exponentially from almost every initial condition (q(0), eh
β(0)) except the

set of initial condition of µ(0) = 0 which is given by the zero measure set of unstable
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equilibria, h∗v⊥ = −βhVh(h(q)).

4.2 Motion Control of the Locked System

4.2.1 When there exists a locked system map (3.34)

Suppose that there exists a locked system map l : Mn → Ln−m (3.34) from the configura-
tion manifold M of the interactive mechanical system (2.13) to the (n −m)-dimensional
locked system manifold L satisfying the projectability condition (3.35) s.t.

d

dt
l(q) = l∗(v) = l∗(v>), i.e. l∗(v⊥) = 0, ∀q ∈M, ∀v ∈ TqM, (4.43)

where v = v> + v⊥ from (3.13) and ∆⊥ is the normal distribution (3.5).

Then, as shown in section 3.5, similar to the shape system dynamics on the coordination
manifold N , the decoupled locked system dynamics (4.2) can be described on the (n−m)-
dimensional locked system manifold L with l(q) ∈ L, l∗(v>) ∈ Tl(q)L, and ∇l

q̇l∗(v
>) being

its configuration, velocity, and acceleration, respectively, where ∇l is the locked system
connection (3.36) compatible w.r.t. the induced metric Ml(q) (3.38) on the locked system
manifold L.

We consider the timed-trajectory tracking and the velocity field following for the locked
system (4.2) on the (n−m)-dimensional locked system manifold L s.t.

(l(q(t)), l∗(v>(t))) → (dl(t), ḋl(t)), or (4.44)

l∗(v>(t)) → Vl(l(q(t))), (4.45)

∀q ∈ M, where dl(t) ∈ L and Vl ∈ Xl(M) are a desired timed trajectory and a desired
velocity field on L. Then, similar to the shape system case in the previous section, the
control objectives (4.44)-(4.45) and results similar to theorems 4-5 are achieved by simply
redefining the controls (4.4) and (4.26) for the locked system on L. Since this process
is trivial, here, we omit derivation of the control laws for the locked system and their
properties similar to those presented in theorems 4 and 5.

4.2.2 When there does not exist a locked system map (3.34)

If there does not exist a locked system map l (3.34), as shown in section 3.5, the locked
system dynamics (4.2) cannot be described on a (n −m)-dimensional manifold, thus, the
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motion control objectives (4.44)-(4.45) defined on a (n−m)-dimensional manifold do not
make sense. However, we can still define such motion control objectives as (4.44)-(4.45) on
a level set Ho := {q ∈ M|h(q) = ho} with ho ∈ N being a constant coordination, since,
on the (n−m)-dimensional submanifold Ho, the dynamics of the decoupled locked system
(4.2) is reduced to the Levi-Civita connection of Ho as shown in section 3.5.1.

Therefore, when there does not exist a locked system map l (3.34), we consider the following
motion control objectives for the locked system (4.2) on a (n − m)-dimensional level set
Ho := {q ∈M|h(q) = ho} with ho ∈ N being a constant coordination, s.t.

(q(t), v>(t)) → (dl(t), ḋl(t)), or (4.46)

v>(t) → Vl(q(t)), (4.47)

∀q ∈ Ho ⊂ M, where d
dtq(t) = v>(t) on Ho, and dl(t) ∈ Ho and Vl ∈ X(Ho) are a desired

timed trajectory and a desired velocity field on the level set Ho, respectively.

Notice that h(q(t)) = ho is a pre-condition for the motion control objectives (4.46)-(4.47).
Once we have h(q(t)) = ho, the motion control objectives (4.46) and (4.47) can be achieved
simply by redefining the shape system tracking control (4.4) and the PVFC (4.26) for
the locked system on Ho, respectively. However, since the target level set Ho is of zero
measure, if we implement the tracking control or the PVFC only on the single level set
Ho, two possible problems would take place: 1) the controls defined on Ho might not be
turned on at all, since the condition h(q(t)) = ho (i.e. q(t) ∈ Ho) might not happen in real
operation; and 2) chattering due to the deactivation and activation of the controls defined
on Ho might occur as the system moves around (but not exactly on) the level set Ho. To
avoid these problems, we “lift” the motion control objectives (4.46)-(4.47) to each level set
and design tracking or PVFC control laws on each level set according to the lifted motion
control objectives.

We assume that each level set is diffeomorphic to each other, i.e. there exists a smooth
map

l̄ : Mn → Hn−m
o , (4.48)

s.t. l̄ restricted on Hn−m
h(q) is a diffeomorphism for all q ∈ M, where Ho is the target level

set, and Hh(q) := {q̃ ∈ M|h(q̃) = h(q)} is the current level set with q ∈ M being the
current configuration. Note that all level sets Hh(q) are locally diffeomorphic to each other,
since they are locally diffeomorphic to <n−m.
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1. Tracking Control Design

Using the diffeomorphic condition (4.48), we lift the tracking objective (4.46) to each
level set Hh(q) s.t.

(q(t), v>(t)) → (dc
l (t), ḋ

c
l (t)), (4.49)

where dc
l (t) := l̄−1(dl(t)) ∈ Hh(q) and ḋc

l (t) := d
dtd

c
l (t) = d

dt l̄
−1(dl(t)) = l̄−1∗ (ḋl(t)) (i.e.

l̄∗(ḋc
l (t)) = ḋl(t), since ḋl ∈ Tdl

Ho and ḋc
l ∈ TqHh(q) from the fact that dc

l (t) ∈ Hn−m
h(q)

and dl(t) ∈ Hn−m
o , ∀t. Note that d

dt l̄(q) = l̄∗(v>) + l̄∗(v⊥) 6= l̄∗(v>) if l̄∗(v⊥) 6= 0.

Let us design the potential function ϕl, the dissipation field Kl, and the transport
map T l on the target level set Ho following the conditions of section 4.1.1. Then, for
the tracking control objective (4.46) on the target level set Ho, we design the locked
system control T>? in (4.2) s.t.

T>? :=− d1ϕ
c
l (q, d

c
l )−Kc

l (q)(v
> − T lc

(q,dc
l )

ḋc
l ) (4.50)

+ M(q)

[(
∇q̇T lc

(q,dc
l )

ḋc
l

)>
+

d

dt

∣∣∣∣
q−fixed

T lc
(q,dc

l )
ḋc

l

]
∈ T ∗h(q)Hh(q) ⊂ Ω>(q),

where M is the metric of the interactive mechanical system (2.13), ϕc
l and Kc

l are
the potential function and the dissipation field on Hh(q) defined by ϕc

l (q1, q2) :=
ϕl(l̄(q1), l̄(q2)) and 〈Kc

l (q)v
>
1 , v>2 〉 := 〈Kl(l̄(q))l̄∗v>1 , l̄∗v>2 〉, for every q, q1, q2 ∈ Hh(q)

and v>1 , v>2 ∈ TqHh(q), respectively, and T lc
(q1,q2) : Tq2Hh(q) → Tq1Hh(q) is a transport

map onHh(q) compatible w.r.t. ϕc
l in the sense that d2ϕ

c
l (q1, q2) = −T lc∗

(q1,q2)d1ϕ
c
l (q1, q2),

∀q1, q2 ∈ Hh(q) with T lc∗ being the pull-back of T lc. The existence of ϕc
l and Kc

l are
ensured by the diffeomorphic condition (4.48).

Suppose that h(q(t)) → ho (e.g. by the shape system tracking control (4.4)). Then,

T>? →− d1ϕl(q, dl)−Kl(q)(v> − T l
(q,dl)

ḋl)

+ Ml(q)

[
∇L

q̇ T l
(q,dl)

ḋl +
d

dt

∣∣∣∣
q−fixed

T l
(q,dl)

ḋl

]
∈ T ∗qHo ⊂ Ω>(q), (4.51)

with l̄(q(t)) → q(t), where Ml and ∇L are the induced metric (3.44) and the Levi-
Civita connection (3.43) on the target level set Ho, and ϕl, Kl, T l are the potential
function, the dissipation field, and the transport map defined on Ho following the
conditions of section 4.1.1. Therefore, from theorem 4, the tracking control objective
(4.46) on Ho will be achieved.

2. PVFC Control Design
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Using the diffeomorphic condition, let us lift the velocity following control objective
(4.47) on the level set Ho to each level set Hh(q) s.t.

v>(t) → αV c
l (q(t)) ∈ TqHh(q), (4.52)

where α ∈ < is a scalar, v>(t) ∈ Tq(t)Hh(q) ⊂ ∆>(q) is the projection of the velocity
of the interactive mechanical system (2.13) on the tangential distribution ∆> (3.4),
and V c

l (q(t)) ∈ Tq(t)Hc is the lifted velocity to Hh(q) s.t. l̄∗q(V c
l (q)) = Vl(l̄(q)).

For the lifted control objective (4.52), we design the PVFC control T>? in (4.2) s.t.

T>? (q, q̇) := v>c
(

P c
l (q) ∧ wc

l (q, q̇)
2El

)
− σl · v>c (P c

l (q) ∧ pc
l (q, q̇)) , (4.53)

where σl ∈ < is a control gain, c and ∧ are the contraction operator (A.12) and the
wedge product (A.14), and P c

l (q), pc
l (q, q̇), w

c
l (q, q̇) ∈ Th(q)Hh(q) are defined to be

P c
l (q) := M(q)ξl(q)V c

l (q), pc
l (q, q̇) := M(q)v>,

wc
l (q, q̇) := M(q) (∇q̇ξl(q)V c

l (q))> , (4.54)

where M(q) and ∇ are the metric and the Levi-Civita connection of the interac-
tive mechanical system (2.13), and the scalar function ξl(q) is defined to satisfy the
constant energy condition s.t.: with El being a positive constant,

El =
1
2
〈〈ξl(q)V c

l (q), ξl(q)V c
l (q)〉〉. (4.55)

Theorem 6 1. the PVFC control (4.53) is energetically conservative, thus, satisfies
the locked system controller passivity condition (3.27);
2. Consider the decoupled locked system dynamics (4.2) with F>(t) = 0, ∀t ≥ 0.
Then, v>(t) → βl · ξl(q) · V c

l (q(t)), exponentially, from almost every initial condition
(except the zero-measure sets of unstable equilibria, v> = −βlξl(q)V c

l ), where the
scalar constant βl is given by

βl = sign(σl)

√
1
2〈〈v>, v>〉〉

El
. (4.56)
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Proof: 1. Mechanical power generated by the PVFC control is given by:

〈T>? , v〉 = 〈v>c(P c
l ∧

wc
l

2El
), v〉 − σl〈v>c(P c

l ∧ pc
l ), v〉

= 〈P c
l , v>〉〈 wc

l

2El
, v〉 − 〈P c

l , v〉〈 wc
l

2El
, v>〉 − σl

(
〈P c

l , v>〉〈pc
l , v〉 − 〈P c

l , v〉〈pc
l , v

>〉
)

= 〈v>c(P c
l ∧

wc
l

2El
), v>〉 − σl〈v>c(P c

l ∧ pc
l ), v

>〉 = 0, (4.57)

from the property of the contraction operator c (A.12) and the wedge product ∧
(A.14). The locked system controller passivity (3.27) is achieved by integrating
(4.57). This equality (4.57) also shows that T>? ∈ Th(q)Hh(q) ⊂ Ω>(q) where Ω>

is the tangential codistribution (3.9).
2. Since this item can be proved in an exactly same way, we refer readers to the proof
of the item 2 of theorem 5 in section 4.1.2.

The tracking control (4.50) does not generally ensure (q(t), v>(t)) → (ḋc
l (t), d

c
l (t)), since, if

v⊥ 6= 0, the time-derivative of the potential function ϕc
l (q, d

v
l ) on Hh(q) is given by

d

dt
ϕc

l (q, d
c
l ) = d1ϕ

c
l

(
v − T lc

(q,dc
l )

ḋc
l

)
6= d1ϕ

c
l

(
v> − T lc

(q,dc
l )

ḋc
l

)
.

Let us denote a desired control on the target level set Ho by To ∈ T ∗̄
l(q)
Ho. Then,

l̄∗To /∈ T ∗qHh(q) ⊂ Ω>(q) where Ω> is the tangential codistribution (3.9), since 〈l̄∗To, v
⊥〉 =

〈To, l̄∗v⊥〉 6= 0, as long as v⊥ 6= 0 from (3.41). Thus, a simple pull-back of To might interfere
with the coordination aspect (shape system dynamics).
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CHAPTER 5

Passive Bilateral Control of Mechanical Teleoperators

5.1 Introduction

In this chapter, we propose a novel control scheme for nonlinear mechanical teleoperators
consisting of two n-degree-of-freedom (DOF) robots. We achieve the following features:

1. Bilateral Power Scaling: the mechanical power of the master system and its human
operator can appear magnified or attenuated with respect to that of the slave system
and slave environments by programming a user-specific power scaling factor ρ > 0;

2. Master-Slave Motion Coordination: positions of the master and the slave robots are
coordinated in the sense that a n-DOF holonomic constraint on the positions of the
master and the slave robots is satisfied;

3. Tool Dynamics Rendering: we endow the n-DOF coordinated teleoperator (on the
level set defined by the n-DOF motion coordination) with a programmable inertia,
motion guidance, and obstacle avoidance systems according to given task objectives;

4. Robust Passivity [48, 49]: energetic passivity of the closed-loop teleoperator is ensured
even in the presence of arbitrarily inaccurate model parameters and force measure-
ments, thus, interaction safety and stability are enhanced substantially.
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By achieving these features, a 2n-DOF teleoperator becomes a n-DOF common passive me-
chanical tool with a programmable apparent inertia and useful task-specific tool dynamics,
through which human operators and slave environments are interacting with each other.

The passive decomposition developed in chapter 3 enables us to achieve the aforementioned
features. Using the passive decomposition, we can decompose the nonlinear dynamics of a
2n-DOF mechanical teleoperator into two decoupled n-DOF robot-like dynamics according
to two aspects of teleoperation while preserving energetic passivity: master-slave coordi-
nation (shape system) and the overall behavior of the coordinated teleoperator (locked
system). Thus, we can achieve the master-slave coordination and the tool dynamics ren-
dering by controlling the n-DOF shape system and the n-DOF locked system, respectively
and separately, while enforcing energetic passivity.

With a feedforward cancellation of mismatched forcings on the shape system, the proposed
control law achieves the perfect master-slave coordination in the sense that the coordination
is ensured even in the presence of arbitrary human / environmental forcings. As pointed
out in [50], the master-slave coordination is a primary requirement for good realism. The
perfect coordination is also a prerequisite for “ideal transparency” (perfect coordination
and zero intervening inertia) [51, 52] with which a human can feel exactly what the slave
robot experiences through a teleoperator.

Programmable apparent inertia of the coordinated teleoperator is achieved by scaling the
combined humans and environments forcings on the locked system so that the apparent
inertia of the coordinated teleoperator is scaled down when wide bandwidth of force feed-
back information is required (e.g. exploration of delicate environments) or scaled up when
the inertia is useful (e.g. hammering task).

We encode the motion guidance objective for the coordinated teleoperator as the velocity
field following problem for the locked system and utilize Passive Velocity Field Control
(PVFC, [8, 9]) as in section 4.2.2. Due to its energetic passivity property, PVFC allows
human operators to intervene a task whenever necessary by extracting energy from the
system to slow down (or injecting energy into the system to speed up) the velocity filed
following speed of the locked system. For obstacle avoidance, we define artificial potential
functions [53, 54, 55] on the master and the slave configuration spaces so that they present
the master and the slave robots from penetrating into designated regions where dangerous
obstacles or fragile objects (e.g. internal organs for tele-surgery) might reside in.

To enforce robust passivity, a special control implementation structure is utilized, which en-
sures that the amount of energy generated by the control action (including the feedforward
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cancellation for the coordination and the inertia scaling control) is always bounded even
in the presence of model uncertainties and inaccurate force measurement, thus, interaction
safety is enhanced substantially.

Energetic passivity has been widely used to enforce interaction safety or to ensure inter-
connection stability with passive humans / environments for mechanical systems, teleoper-
ators, and haptic interfaces [5, 6, 10, 11, 12, 34]. In contrast to enforce passivity robustly,
in many control schemes as the one in [56], it is known that slightly incorrect force sensing
or model parameters could cause the passivity property to be destroyed and the interac-
tion becomes unstable [57]. In [14], a time-domain passivity control scheme is proposed to
ensure the passivity by observing and dissipating actively generated energy by the system.
However, the scheme is not robust in the sense that inaccurate force sensing or velocity
measurements might drastically corrupt the observation.

However, since most of useful teleoperation require multi-DOF (degree-of-freedom) robotic
systems which have highly nonlinear system dynamics, applicability of those ”linear” ap-
proaches would be restricted in many practical situations (e.g. large motion range with
which Jacobian linear approximation is not valid or high speed operation where the effect of
Coriolis terms grows quadratically w.r.t. the speed). Thus, to address this ubiquitous non-
linear system dynamics of usual robotic teleoperators, control methodologies for nonlinear
teleoperators are demanding.

Although there exist numerous successful control schemes for linear robotic teleoperators
[10, 48, 51, 52, 56, 58, 59, 60], those for nonlinear ones are extremely rare. In [61], a control
law is proposed for nonlinear robotic teleoperators, which renders a teleoperator as a “vir-
tual task-oriented tool”, a similar concept as our “common passive mechanical tool”. They
first completely cancel out the nonlinear open-loop dynamics and replace it by a desired
virtual tool dynamics for which energetic passivity is proved. Thus, when model param-
eters are not well-known or force sensing are not perfect so that they cannot achieve the
perfect cancellation and the desired tool dynamics, the closed-loop teleoperator might not
be energetically passive any more, thus, interaction safety would be at stake, in addition
to the controller performance degradation. In [62], an adaptive control scheme is proposed
for nonlinear robotic teleoperators based on the “virtual decomposition” [63]. However,
the applicability of their scheme is severely limited due to the over-simplification of slave
environments (rigid contact or second-order mass-spring-damper model) and human oper-
ators (second-order mass-spring-damper model). Up to the authors’ knowledge, these two
schemes [61, 62] are only schemes explicitly devoted to nonlinear robotic teleoperators.
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In this chapter, we apply geometric machineries developed in previous chapters 2-4. Also,
we use coordinate representations throughout this chapter for readers from robotics and
engineering communities. For intrinsic or geometric interpretations for entities or properties
given in coordinates of this chapter, we refer readers to previous chapters, although we will
give their corresponding reference to items in previous chapters.

The rest of this chapter is organized as follows. Problem formulation and control objectives
are given in section 5.2. In sections 5.3, using the passive decomposition, we decompose
the dynamics of 2n-DOF mechanical teleoperators into n-DOF shape and n-DOF locked
systems. Control laws for the shape and locked systems are designed in section 5.4, and im-
plemented in section 5.5 using a special implementation for robust passivity. Experimental
results are presented in section 5.6 and section 5.7 contains some concluding remarks.

5.2 Problem Formulation

5.2.1 Dynamics of Mechanical Teleoperators and Power Scaling

Let us consider a 2n-DOF mechanical teleoperator consisting of two n-DOF mechanical
systems (2.8) s.t.

ρ (M1(q1)q̈1 + C1(q1, q̇1)q̇1 = T1 + F1) (5.1)

M2(q2)q̈2 + C2(q2, q̇2)q̇2 = T2 + F2. (5.2)

where qi, Ti, Fi ∈ <n are the configurations, the control commands from actuators,
and the environmental forces, Mi(qi) ∈ <n×n, Ci(qi, q̇i) ∈ <n×n are the symmetric and
positive-definite inertia matrices and the Coriolis matrices s.t. Ṁi(qi) − 2Ci(qi, q̇i) are
skew-symmetric with i = 1 for the master and i = 2 for the slave, and ρ > 0 is a user-
specific constant to achieve a bilateral power scaling as in section 2.3.1 , i.e. the mechanical
powers of the master robot and the human operator is magnified (with ρ > 1) or shrink
(with ρ < 1) w.r.t. that of the slave system and its environments as depicted in figure 5.1.

Similar to the scaled energetic passivity and controller passivity conditions (2.23)-(2.24),
let us define teleoperator passivity condition and controller passivity condition [48, 49] for
the mechanical teleoperator with power scaling (5.1)-(5.2): there exists d ∈ <, such that
for all F1(t ≥ 0) and F2(t ≥ 0), and ∀t ≥ 0,

∫ t

0
sρ (q̇1(τ), q̇2(τ),F1(τ),F2(τ)) dτ =

∫ t

0
ρ · FT

1 (τ)q̇1(τ)︸ ︷︷ ︸
scaled

human power

+FT
2 (τ)q̇2(τ)︸ ︷︷ ︸

environment

power

dτ ≥ −d2, (5.3)
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Figure 5.1: Two port closed-loop teleoperator with a power scaling ρ > 0, with which the me-
chanical strength of the master robot and the human operator is magnified (when ρ > 1) or shrink
(when ρ < 1) w.r.t. that of the slave robot and its environment.

and there exists c ∈ < s.t. ∀t ≥ 0,

∫ t

0
sc (q̇1(τ), q̇2(τ),T1(τ),T2(τ)) dτ =

∫ t

0
ρ ·TT

1 (τ)q̇1(τ)︸ ︷︷ ︸
scaled master

control power

+TT
2 (τ)q̇2(τ)︸ ︷︷ ︸

slave control

power

dτ ≤ c2, (5.4)

where sρ (q̇1, q̇2,F1,F2) := ρFT
1 q̇1 + FT

2 q̇2 and sc (q̇1, q̇2,T1,T2) := ρTT
1 q̇1 + TT

2 q̇2 are
the scaled environmental supply rate (2.21) and the scaled control supply rate (2.22).

The teleoperator passivity condition (5.3) implies that maximum extractable energy from
the closed-loop teleoperator is always bounded, while the controller passivity condition (5.4)
implies that the maximum amount of energy generated by the controller is bounded. From
corollary 1 of section 2.3.1, the controller passivity condition (5.4) implies the teleoperator
passivity condition (5.3).

5.2.2 Control Objectives

Our goal is to design the controls T1,T2 of the mechanical teleoperator (5.1)-(5.2) to
accomplish the following objectives:

1. Master-slave motion coordination: The motions of the master and the slave are co-
ordinated regardless of human / environmental forcings in the sense of

qE(q1(t),q2(t)) = q1(t)− q2(t) → 0, ∀ F1,F2, (5.5)

where qE : <2n → <n defines a coordination map (2.28);

2. Tool dynamics rendering: Suppose that the master-slave coordination (5.5) is achieved.
Then, as in [20], by summing (5.1)-(5.2) with q1 = q2, the n-DOF dynamics of the
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coordinated teleoperator on the n-dimensional level set Ho := {q ∈ <2n |qE(q) =
q1 − q2 = 0} is given by (Levi-Civita connection of Ho as in section 3.5.1):

ML(q)q̈L + CL(q, q̇)q̇L = TL + FL, (5.6)

where qT = [qT
1 ,qT

2 ] and q̇T = [q̇T
1 , q̇T

2 ], qL := q1 = q2 ∈ <n is the configuration,
ML(q) := ρM1(q1) + M2(q2) and CL(q, q̇) := ρC1(q1, q̇1) + C2(q2, q̇2) are the
inertia and the Coriolis matrices with ṀL − 2CL being skew-symmetric, TL :=
ρT1 +T2 is the control, and FL := ρF1 +F2 is the combined human / environmental
forcing of the coordinated teleoperator on Ho.

From the dynamics (5.6), we would like to achieve the following target dynamics

η [ML(q)q̈L + CL(q, q̇)q̇L]−Ψ(q, q̇) = FL, (5.7)

where η > 0 is the inertia scaling so that the environments and humans perceive
the scaled inertia ηML(q) through the forcing FL, and the function Ψ(q, q̇) ∈ <n

generates obstacle avoidance and motion guidance;

3. Closed-loop energetic passivity: The closed-loop teleoperator satisfies teleoperator pas-
sivity condition (5.3) with a power scaling ρ.

The coordination requirement (5.5) can be extended to include a kinematic scaling α :
<n → <n, where α(·) is a bijective map between the configuration manifolds of the master
and slave robots s.t.

q1 = α(q2).

This requirement can be transformed into the standard coordination requirement (5.5) by
rewriting the dynamics of (5.2) in terms of q2,α := α(q2).

How a human operator perceives the target dynamics (5.7) is given by “pulling-back” the
target dynamics (5.7) to the human operator s.t.:

η
[
M′

L(q)q̈L + C′
L(q, q̇)q̇L

]− 1
ρ
Ψ(q, q̇) = F′L :=

1
ρ
FL (5.8)

where M′
L(q) := M1(q1) + 1

ρM2(q2) and C′
L(q, q̇) := C1(q1, q̇1) + 1

ρC2(q2, q̇2), i.e. the
human perceive as if the strengths of slave environments and the slave robot are scaled by
1
ρ while still perceiving the tool dynamics: inertia scaling η, and the motion guidance /
obstacle avoidance Ψ(q, q̇).
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Thus, the control problem of the mechanical teleoperator becomes the general problem of
interactive mechanical systems formulated in chapter 2 with (2.13), (2.28), and (2.17) of
chapter 2 being the counterparts of teleoperator dynamics (5.1)-(5.2), master-slave coordi-
nation map qE (5.5), and teleoperator energetic passivity requirement (5.3), respectively.

5.3 The Passive Decomposition

We follow the procedure with the two design criteria given in section 3.6: 1) the locked
system has the natural inertia

ML(q) := ρM1(q1) + M2(q2) ∈ <n×n, (5.9)

in (5.6) (i.e. Ã(q) := ML(q) in (3.58)); and 2) qE(q1,q2) ∈ <n in (5.5) is the shape system
configuration (i.e. B̃(q) := I in (3.58)) s.t. similar to (3.59), the shape system velocity
vE ∈ <n is given by

vE =
d

dt
qE(q1(t),q2(t)) = q̇1(t)− q̇2(t). (5.10)

Then, from (3.57), we have the velocity decomposition

(
vL

q̇E

)
=

[
I− φ(q) φ(q)

I −I

]

︸ ︷︷ ︸
S(q)∈<2n×2n

(
q̇1

q̇2

)
, (5.11)

where

φ(q) := [ρM1(q1) + M2(q2)]
−1 M2(q2). (5.12)

Since φ(q) is nonsingular, it can be shown that the transformation matrix S(q) is also
nonsingular. Also, the locked system velocity vL in (5.11) is given by

vL = [ρM1(q) + M2(q)]−1(ρM1(q)q̇1 + M2(q)q̇2), (5.13)

i.e. the velocity of the generalized center of gravity.
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Following (3.62), the compatible transformations are given by

(
TL

TE

)
= S−T (q)

(
ρT1

T2

)
, and

(
FL

FE

)
= S−T (q)

(
ρF1

F2

)
=

(
ρF1 + F2

φT (q)(ρF1 + F2)− F2

)
,

(5.14)

where FE (5.14) is the mismatched portion of the human / environments forcing inducing
the coordination error, FL = ρF1 + F2 is the combined human / environmental forcing on
the coordinated teleoperator (locked system) as in (5.6), and S−1(q) ∈ <n×n is given by

S−1(q) =

[
I φ(q)
I φ(q)− I

]
. (5.15)

From (3.63)-(3.64), we have partially decoupled n-DOF locked and shape systems s.t.

ML(q)v̇L + CL(q, q̇)vL︸ ︷︷ ︸
locked system dynamics

+CLE(q, q̇)q̇E︸ ︷︷ ︸
coupling

= TL + FL (5.16)

ME(q)̇̇qE + CE(q, q̇)q̇E︸ ︷︷ ︸
shape system dynamics

+CEL(q, q̇)vL︸ ︷︷ ︸
coupling

= TE + FE , (5.17)

where ML(q) is defined in (5.9),

ME(q) := ρφT (q)M1(q1)φ(q) + {φT (q)− I}M2(q2){φ(q)− I} ∈ <n×n, (5.18)

is the symmetric positive-definite shape system inertia matrix, and

CL(q, q̇) := ρC1(q1, q̇1) + C2(q2, q̇2) ∈ <n×n (5.19)

CE(q, q̇) := ρφT (q)C1(q1, q̇1)φ(q) + {φT (q)− I}C2(q2, q̇2){φ(q)− I} ∈ <n×n (5.20)

CLE(q, q̇) := ρC1(q1, q̇1)φ(q) + C2(q2, q̇2){φ(q)− I}+ ML(q)φ̇(q) ∈ <n×n (5.21)

CEL(q, q̇) := ρφT (q)C1(q1, q̇1) + {φT (q)− I}C2(q2, q̇2) ∈ <n×n. (5.22)

with CLE(q, q̇) = −CT
EL(q, q̇) from proposition 7. Also, from proposition 7, ML(q)

and ME(q) are symmetric and positive definite, and ṀL(q) − 2CL(q, q̇) and ṀE(q) −
2CE(q, q̇) are skew-symmetric. Thus, if we cancel out the coupling term CLE(q, q̇)q̇E

and CEL(q, q̇)vL in (5.16)- (5.17), the locked and the shape systems will have dynamics
reminiscent of the usual n-DOF robotic dynamics.
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From (3.67)-(3.68), we have the energy decomposition and the power decomposition s.t.

κρ (q̇1, q̇2) :=
ρ

2
q̇T

1 M1(q1)q̇1 +
1
2
q̇T

2 M2(q2)q̇2 =
1
2
vT

LML(q)vL +
1
2
q̇T

EME(q)q̇E , (5.23)

and

sρ(q̇1, q̇2,F1,F2) = FT
LvL + FT

Eq̇E , sc(q̇1, q̇2,T1,T2) = TT
LvL + TT

Eq̇E , (5.24)

where sρ(q̇1, q̇2,F1,F2) and sρ(q̇1, q̇2,F1,F2) are the scaled environmental supply rate
(5.3) and the scaled control supply rate (5.4).

5.4 Control Law Design

Following the compatible transformation (5.14), we design the controls (ρT1,T2) of the
mechanical teleoperator (5.1)-(5.2) to be

(
TL

TE

)
:=

(
CLE(q, q̇)q̇E

CEL(q, q̇)vL

)

︸ ︷︷ ︸
passive

decoupling

+

(
TP?

L

TP?
E

)

︸ ︷︷ ︸
obstacle

avoidance

+

(
TV ?

L

TV ?
E

)

︸ ︷︷ ︸
motion

guidance

+

(
T′

L

T′
E

)

︸ ︷︷ ︸
inertia scaling

+coordination

, (5.25)

where we assume that the position and velocity readings q1,q2, q̇1, q̇2 are accurate, while
force sensings F1,F2 and identified inertias M1(q1),M1(q1) might be possibly incorrect.

5.4.1 Coordination Control

Following the shape system tracking control (4.4) of section 4.1.1, for the shape system
(5.17), we design the coordination control T′

E in (5.25) to be

T′
E := −Kvq̇E −KpqE︸ ︷︷ ︸

PD−control

−F̂E (5.26)

where Kv,Kp ∈ <n×n are (bounded and constant) symmetric and positive definite damping
and spring gain matrices defining the dissipation field Kh and the (quadratic) potential
function ϕh(qE) := 1

2q
T
EKpqE of the tracking control (4.4), respectively, and F̂E is the

estimation of the mismatched forcing FE of the shape system (5.17). Then, from theorem
4, we have the following proposition.

Proposition 8 Consider the total control (5.25) with the coordination control T′
E (5.26)

and TP?
E + TV ?

E = 0. Assume that identified inertias Mm(qm), m = 1, 2, are accurate
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so that we achieve the correct decomposition (5.16)-(5.17). Suppose that ∂Mij
m(qm)
∂qk

m
are

bounded for all qm, i, j, k = 1, ..., n, and m = 1, 2, where Mij
m(qm) is the ij-th component

of inertia matrix Mm and qk
m is the k-th component of qm, m = 1, 2. Suppose further that

q̇(t) = (q̇1(t), q̇2(t)) is bounded ∀t ≥ 0 and qE(0) = q1(0)− q2(0) is bounded. Then,

1. if the estimation F̂E is accurate (i.e. F̂E = FE), (qE(t), q̇E(t)) → 0, exponentially;

2. if the feedforward cancellation F̂E in (5.26) is turned-off, (qE(t), q̇E(t)) is ultimately
bounded, as long as FE(t) in (5.17) is bounded ∀t ≥ 0.

Proof: Closed-loop shape system dynamics (5.17) under the control (5.26) is given by

ME(q)q̈E + CE(q, q̇)q̇E + Kvq̇E + KpqE = FE −F̂E︸ ︷︷ ︸
feedforward

cancellation

=: F̃E . (5.27)

Then, as in section 4.1.1, the given proposition can be proved by using the Lyapunov
function (4.16), which is given for the closed-loop shape system dynamics (5.27) by

V (t) :=
1
2
q̇T

EMEq̇E +
1
2
qT

EKpqE + εqT
EKpq̇E =

(
qE

q̇E

)T [
1
2Kp

ε
2Kp

ε
2Kp

1
2ME

]

︸ ︷︷ ︸
=:P(t)∈<2n×2n

(
qE

q̇E

)
, (5.28)

where ε > 0 is a sufficiently small scalar so that P(t) is positive-definite. Then, as (4.23)
of section 4.1.1, with a small ε > 0, we have

dV (t)
dt

≤ −γ · V (t) + λV
1
2 (t)F̃max, (5.29)

where F̃max ≥ ‖F̃E(t)‖, ∀t ≥ 0, and γ, λ are strictly positive scalars. Thus, if F̃E(t) = 0,
∀t ≥ 0, (qE(t), q̇E(t)) → 0, exponentially, and if F̂E(t) = 0 in (5.26) and FE in (5.17) is
bounded, (qE(t), q̇E(t)) is ultimately bounded, and as in (4.24), the bound is given by

V̄ :=
[
λ

γ
Fmax

]2

, (5.30)

where Fmax ≥ ‖FE(t)‖, ∀t ≥ 0.

When the mechanical teleoperator (5.1)-(5.2) interacts with any passive humans / environ-
ments, the boundedness of total velocity q̇(t) = (q̇1(t), q̇2(t)) ∀t ≥ 0 is guaranteed by the
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special implementation structure in section 5.5 which ensures interaction stability between
the teleoperator and the passive humans / environments by enforcing energetic passivity of
the closed-loop teleoperator regardless of accuracy in force sensing and model parameters.

5.4.2 Obstacle Avoidance: Artificial Potential Function

Let us define two smooth and bounded positive real potential functions ϕ1, ϕ2 on the
configuration spaces of the master and the slave (5.1)-(5.2) s.t.:

ϕ1 : <n → <+ : q1 7→ ϕ1(q1), ϕ2 : <n → <+ : q2 7→ ϕ2(q2), (5.31)

with their one-forms dϕi(qi) ∈ <n given by

dϕi(qi) :=
[
∂ϕi

∂q1
i

,
∂ϕi

∂q2
i

, , ...,
∂ϕi

∂qn
i

]T

∈ <n, i = 1, 2, (5.32)

where qi = [q1
i , q

2
i , ..., q

n
i ]T , i = 1, 2. The one-forms (5.32) are bounded and smooth from

the smoothness and boundedness of the potential functions ϕi (5.31).

Let us define the obstacle avoidance control TP?
L ,TP?

E in (5.25) to be

(
TP?

L (q)
TP?

E (q)

)
:=

[
I I

φT (q) φT (q)− I

]

︸ ︷︷ ︸
S−T (q)

(
−ρ · dϕT

1 (q1)
−dϕT

2 (q2)

)
, (5.33)

where the effect of the potential function ϕ1, ϕ2 on the locked system is given by TP?
L (q) =

−ρ · dϕT
1 (q1)− dϕT

2 (q2), i.e. the scaled sum of the two fields.

To preserve master-slave coordination (5.5), we modify the coordination control (5.26) s.t.

T′
E := −Kvq̇E −KpqE −F̂E −TP?

E (q)︸ ︷︷ ︸
feedforward cancellation

. (5.34)

With the feedforward cancellation of (5.34), we still have exponential convergence of co-
ordination error as in proposition 8, since the closed-loop shape system dynamics is still
exponentially stabile with no disturbance. If the feedforward cancellation of (5.34) is
turned-off, the coordination error will be ultimately bounded with the bound (5.30) being
replaced by a new bound

V̄ =
[
λ

γ
Dmax

]2

, (5.35)
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where Dmax ≥ ‖FE(t) + TP?
E (q)‖, ∀t ≥ 0. The cancellation of TP?

E (q) in (5.34) might be
omitted when some master-slave coordination error is tolerable.

5.4.3 Motion Guidance: Passive Velocity Field Control

For motion guidance of the coordinated teleoperator, we consider the velocity field following
objective on the n-dimensional level set Ho := {q ∈ <2n |qE(q) = q1 − q2 = 0} s.t.

q̇L(t) → αVL(qL), (5.36)

where q = [qT
1 ,qT

2 ]T ∈ <2n, α is a scalar, VL : <n → <n is a smooth velocity field on Ho,
and qL ∈ <n is a parameterization (coordinate) of the level set Ho, which is used for the
coordinatization of the coordinated teleoperator (5.6) with qL = q1 = q2 on Ho.

Let us denote the current level set by Hq := {q̄ ∈ <2n |qE(q̄) = qE(q)} with q ∈ < being
the current configuration of the teleoperator (5.1)-(5.2). Then, to lift guidance objective
(5.36) from Ho to Hq as in section 4.2.2, we define an affine map q̃L : <2n → Ho s.t.

q̃L(q) := Aq1 + [I−A]q2, (5.37)

where A ∈ <n×n is a constant full-rank matrix so that q̃L = qL when q ∈ Ho and the
restricted push-forward map q̃H∗L : TqHq → Tq̃L(q)Ho is an identity map from the property
of the push-forward map q̃∗L s.t. d

dt q̃L(q) = q̃∗L(q̇) = [φ(q) + A− I]q̇E + vL. The affine
map (5.37) is a diffeomorphic map (4.48) of section 4.2.2, i.e. it defines a diffeomorphism
between level sets Ho and Hq, ∀q ∈ <2n.

Following (4.52), the motion guidance objective (5.36) is lifted to the current level set Hq

by the map q̃L (5.37) s.t.

vL(t) → αVL(q̃L(q(t)), (5.38)

since for every VL(q̃L(q)) ∈ Tq̃L(q)Ho, q−1
∗L (VL(q̃L(q)) = VL(q̃L(q)) ∈ TqHq, since the

restricted push-forward map q̃H∗L : TqHq → Tq̃L(q)Ho is an identity map.

Following section 4.2.2, we utilize the PVFC to archive the lifted motion guidance objective
(5.38). From (4.54), we define

P(q) := ML(q)ξ(q)VL(q̃L(q)), p(q, q̇) := ML(q)vL

w(q, q̇) := ML(q)
d

dt
ξ(q)VL(q̃L(q)) + CL(q, q̇)VL(q̃L(q)), (5.39)
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where ξ(q) is a scalar function defined from the constant energy condition (4.55) s.t

Ev =
1
2
ξ(q)2VL(q̃L(q))TML(q)VL(q̃L(q)) (5.40)

where Ev is a positive constant. Then, following (4.53), PVFC control in (5.25) is given
by

(
TV ?

L

TV ?
E

)
:=

(
G(q, q̇)vL + σR(q, q̇)vL

0

)
, (5.41)

where σ ∈ < is the control gain, and G(q, q̇) and R(q, q̇) are defined to be

G(q, q̇) :=
1

2Ev
{w(q, q̇)PT (q)−P(q)wT (q, q̇)}

︸ ︷︷ ︸
skew−symmetric

(5.42)

R(q, q̇) := {P(q)pT (q, q̇)− p(q, q̇)PT (q)}︸ ︷︷ ︸
skew−symmetric

. (5.43)

From theorem 6 of section 4.2.2, we have the following proposition.

Proposition 9 Consider the locked system dynamics (5.16) under the total control (5.25)
with the PVFC (5.41) and TP?

L (t) + T′
L(t) = 0, ∀t ≥ 0. Assume that identified in-

ertias Mm(qm), m = 1, 2, are accurate so that we achieve the correct decomposition
(5.16)-(5.17). Then, if FL(t) = 0, ∀t ≥ 0 in (5.16), vL(t) → βξ(q)VL(q̃L(q(t))) expo-
nentially, from almost every initial condition (except the zero-measure unstable equilibria,
vL = −βξ(q)VL(q̃L(q))), where a constant scalar β is given by

β = sign(σ)

√
1
2v

T
LML(q)vL

Ev
. (5.44)

Notice from the definitions of vL (5.13) and q̃L (5.37) that the lifted objective (5.36) will
ensure the motion guidance objective for the coordinated teleoperator (5.38) if q1−q2 → 0.
Thus, if the master-slave coordination (5.5) is achieved much faster than the dynamics of
the locked system, the motion guidance for the coordinated teleoperator (5.36) will be
ensured by the PVFC control (5.41).
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5.4.4 Inertia Scaling Control

The closed-loop dynamics of the locked system (5.16) under the total control (5.25) with
the potential field control (5.33) and the PVFC (5.41) is given by

ML(q)v̇L + CL(q, q̇)q̇L = TP?
L (q)︸ ︷︷ ︸

potential

field

+ [G(q, q̇) + σ ·R(q, q̇)]vL︸ ︷︷ ︸
PV FC

+T′
L + FL, (5.45)

where FL = ρF1 +F2 is the combined human / environments forcing on the locked system,
and T′

L is the inertia scaling control to be designed.

Suppose that we achieve the master-slave coordination (5.5) so that the n-DOF shape
system (5.17) vanishes.. Then, the given dynamics (5.45) becomes the n-DOF dynamics of
the coordinated teleoperator (5.6) with q1 = q2. Comparing the dynamics (5.6) with the
target dynamics (5.7), let us design the inertia scaling control T′

L to be

T′
L :=

1− η

η
· [FL + TP?

L (q)
]
, (5.46)

where η > 0 is a user-specific inertia scaling factor. The inclusion of the potential field
control TP?

L (q, q̇) is necessary for the locked system flywheel initialization as will be shown
in theorem 8.

With the inertia scaling control (5.46), closed-loop locked system dynamics is given by

η [ML(q)v̇L + CL(q, q̇)vL]−η [G(q, q̇) + σR(q, q̇)]vL −TP?
L (q, q̇)︸ ︷︷ ︸

Ψ(q,q̇)

= FL. (5.47)

where η > 0 is the inertia scaling factor, and the function Ψ(q, q̇) ∈ <n is defined so that
the potential field and the PVFC are embedded in it. Thus, if we achieve the master-slave
coordination (5.5), the target dynamics (5.7) will also be achieved from (5.47).

5.5 Passive Control Implementation for Robust Passivity

Theorem 1 and the item 1 of theorem 6 with (5.24) show that the decoupling control
and the PVFC control in (5.25) satisfy the controller passivity condition (5.4). Also, the
potential function control (5.33) in (5.25) ensures the controller passivity condition (5.4)
from the well-known fact that its energy generation is always bounded by energy stored
in its potential functions (5.31). However, the coordination control (5.34) and the inertia
scaling control (5.46) in (5.25) generally do not satisfy the controller passivity condition
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(5.4) due to their feedforward control actions which often destabilize the controlled systems
under inaccurate measurement (force sensing) and / or model uncertainties.

To achieve robust passivity in the sense that the controller passivity (5.4), (thus, also the
teleoperator passivity (5.3) from corollary 1), is ensured even in the presence of inaccurate
force sensing and model parameters, we implement the designed control (5.25) in a special
implementation structure as follows.

Let us consider two 1-DOF fictitious flywheels (simulated in software) s.t.

LMf
Lẍf = LTf (locked system flywheel), (5.48)

EMf
Eẍf = ETf (shape system flywheel), (5.49)

where LMf , EMf are the inertias, Lxf , Lxf are the configurations, and LTf , ETf are the
coupling torques (to be designed below) of the two flywheels.

By designing the coupling torques LTf , ETf as below, the locked and shape system flywheels
(5.48)-(5.49) will be used as energy reservoirs to generate the feedforward control actions
of the coordination control (5.34) and the inertia scaling control (5.46), respectively.

1. Coupling Torque Design for the Locked System Flywheel
We design the coupling torque LTf in (5.48) to satisfy the condition s.t.

T′T
L vL + LTf

Lẋf = 0, (5.50)

where T′
L is the inertia scaling control (5.46). This condition (5.50) implies that the

inertia scaling control T′
L is generated by the locked system flywheel energy (5.48).

From the condition (5.50), we design the coupling torque LTf (5.48) and implement
the inertia scaling control T′

L (5.46) s.t.

LTf := −ΠΠΠT
ϕ(t)vL, and T′

L := LẋfΠΠΠϕ(t), (5.51)

respectively, where we define

ΠΠΠϕ(t) :=
1− η

η
· g(Lẋf ) · [FL + TP?

L (q)
] ∈ <n, (5.52)
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with the threshold function g(x) defined by

g(x) :=





1
x |x| > fo

1
fo

sign(x) 0 6= |x| ≤ fo

1
fo

|x| = 0.

(5.53)

to avoid the unboundedness of the control LTf when Lẋf < fo where fo is a small
threshold (e.g. numerical resolution in the digital implementation).

Notice from (5.51) and (5.53) that the implemented inertia scaling control T′
L in

(5.51) would be gradually deactivated when the flywheel depletes energy below the
threshold (i.e. |Lẋf | < fo) and would be completely turned off when there is no
energy left in the flywheel (i.e. Lẋf = 0);

2. Coupling Torque Design for the Shape System Flywheel
Let us design the coupling torque ETf in (5.49) to satisfy the condition s.t.

−q̇T
EKvq̇E −

[
F̂E + TP?

E (q)
]T

q̇E + ETf
E ẋf = 0, (5.54)

where Kvq̇E and F̂E + TP?
E (q) are from the damping control and the feedforward

cancellation of the coordination control (5.34). The condition (5.54) implies that the
shape system flywheel (5.49) will serve as an energy reservoir to generate the feedfor-
ward cancellation FE + TP?

E (q) of the coordination control (5.34), while recapturing
the energy dissipated through the damping control Kvq̇E .

Similar to the design (5.51), from the condition (5.54), we design the coupling torque
ETf (5.49) and implement the coordination control T′T

E (5.34) s.t.

ETf := −ΣΣΣT
E(t)q̇E , and T′

E := −KpqE + ∆∆∆d(t)q̇E + E ẋfΣΣΣE(t), (5.55)

respectively, where we define

ΣΣΣE(t) := −g(E ẋf )Kvq̇E︸ ︷︷ ︸
energy recapture

− p(t)
E ẋf

(FE + TP?
E (q))

︸ ︷︷ ︸
feedforward cancellation

∈ <n, (5.56)

and
∆∆∆d(t) := −{1− Eẋfg(Eẋf )}Kv ∈ <n×n, (5.57)
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with the threshold function g (5.53) and the switching function p(t) defined by

p(t) :=





1 if (E ẋf (t),qE(t), q̇E(t)) ∈ C at time t

0 otherwise,
(5.58)

to turn on / off the feedforward cancellation in (5.34) according to the shape system
flywheel energy (e.g. turn off the feedforward cancellation when there is no flywheel
energy left). Design of the switching region C in (5.58) will be given in theorem 8.

The function ∆∆∆d(t) (5.57) is designed s.t. with the term of ΣΣΣE(t), constant damping
effect Kv is achieved in the implemented coordination control (5.55) regardless of the
flywheel energy level (i.e. |E ẋf |). When |E ẋf | ≥ fo, all dissipated energy through
the damping Kv in (5.55) will be recaptured by the flywheel (5.49) through ΣΣΣE(t)
(5.56), with ∆∆∆d(t) = 0. However, when |Eẋf | < fo, some portion of energy through
the damping Kv in (5.55) will be dissipated through the non-zero negative-definite
term ∆∆∆d(t) and cannot be recaptured by the flywheel (5.49).

The total control (5.25) with the passive implementation (5.48)-(5.58) is given by




TL

TE

Kpq̇E

LTf

ETf




=




G(q, q̇) + σR(q, q̇) CLE(q, q̇) 0 ΠΠΠϕ(t) 0
CEL(q, q̇) ∆∆∆d(t) −Kp 0 ΣΣΣE(t)

0 Kp 0 0 0
−ΠΠΠT

ϕ(t) 0 0 0 0
0 −ΣΣΣT

E(t) 0 0 0




︸ ︷︷ ︸
ΩΩΩ(t): negative semi−definite




vL

q̇E

qE

Lẋf

E ẋf




+




TP?
L (q)

TP?
E (q))
0
0
0




︸ ︷︷ ︸
potentialfield

,

(5.59)

where the implementation matrix ΩΩΩ(t) ∈ <5n×(3n+2) is indeed negative semi-definite (NSD),
since ∆∆∆d(t) ∈ <n×n is negative-semi-definite from its definition (5.57), CT

LE(q, q̇) = −CEL(q, q̇)
from proposition 7, and G(q, q̇) and R(q, q̇) are skew-symmetric from (5.42)-(5.43).

Theorem 7 (Main result) Consider the mechanical teleoperator (5.1)-(5.2) under the
total control law (5.25) implemented in the passive implementation structure (5.59).

1. Regardless of inaccurate estimation of F1,F2,M1(q1),M2(q2), the closed-loop tele-
operator is energetically passive (i.e. satisfies (5.3));

2. Suppose that the estimations of F1,F2 ,M1(q1),M2(q2) are accurate. Then, if
|E ẋf (t)| > fo and (Eẋf (t),qE(t), q̇E(t)) ∈ C, ∀t ≥ 0, (q1(t), q̇1(t)) → (q2(t), q̇2(t))
exponentially;
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3. Suppose again that the conditions in the item 2 of this theorem are satisfied. Then,
if |Lẋf (t)| > fo, ∀t ≥ 0, the target dynamics (5.7) is achieved.

Proof: 1. Let us denote ?̂ as the estimation of ? under the inaccuracy in the force sensing
and the model inertial parameters. Then, from (5.11) and (5.14), we have

(
v̂L

q̇E

)
= Ŝ(q)

(
q̇1

q̇2

)
,

(
ρT1

T2

)
= ŜT (q)

(
T̂L

T̂E

)
, (5.60)

where Ŝ(q) is the (inaccurate) decomposition matrix S(q) of (5.11), (T̂L, T̂E) are the
controls designed for the incorrect locked and shape systems, and v̂L, q̇E are the estimated
velocities of the locked and shape systems under the inaccuracy with ̂̇qE = q̇1 − q̇2 = q̇E .
Then, from (5.60), we have

sc(q̇1, q̇2,T1,T2) = ρTT
1 q̇1 + TT

1 q̇1 = T̂T
Lv̂L + T̂T

Eq̇E , (5.61)

i.e. the controller supply rate (5.24) is preserved with the inaccuracy. Thus, following
corollary 1, teleoperator passivity (5.3) will be ensured if the controls (T̂L, T̂E) are designed
to satisfies the controller passivity condition (5.4).

If we implement the designed controls (5.60) using the structure (5.59), we have




T̂L

T̂E

Kpq̇E

LTf

ETf




= Ω̂ΩΩ(t)x̂ +




T̂P?
L (q)

T̂P?
E (q)
0

0
0




, (5.62)

where x̂T := [v̂T
L , q̇T

E ,qT
E , Lẋf , E ẋf ] from ̂̇qE = q̇1− q̇2 = q̇E , the incorrect implementation

matrix Ω̂ΩΩ(t) is still NSD in spite of model uncertainty and inaccurate force sensing, and
the potential field control (5.33) under the inaccuracy is given by

(
T̂P?

L (q)
T̂P?

E (q)

)
:= Ŝ−T (q)

(
−ρ · dϕT

1 (q1)
−dϕT

2 (q2)

)
. (5.63)

Let us define a controller storage function:

κc(t) =
1
2
qT

EKpqE + ρϕ1(q1) + ϕ2(q2) +
1
2

LMf
Lẋ2

f +
1
2

EMf
Eẋ2

f , (5.64)
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then, using (5.32), (5.60), (5.62), and (5.63), we have:

d

dt
κc(t) = q̇T

EKpqE + ρ
dϕ1(q1)

dt
+

dϕ2(q2)
dt

+ LTf
Lẋf + ETf

E ẋf (5.65)

≤ −(T̂T
Lv̂L + T̂T

Eq̇E),

due to the negative semi-definiteness of Ω̂ΩΩ(t) (5.62). Thus, by integrating (5.65) with (5.61)
and the fact that κc(t) ≥ 0, we have controller passivity (5.4) s.t.

∫ t

0
ρTT

1 q̇1 + TT
2 q̇2dτ ≤ κc(0), (5.66)

therefore, from corollary 1, teleoperator passivity (5.3) follows s.t.

∫ t

0
ρFT

1 q̇1 + FT
2 q̇2dτ ≥ −κρ(0)− κc(0). (5.67)

2. Since g(Eẋf (t)) = 1
E ẋf (t)

and p(t) = 1 ∀t ≥ 0 from the assumptions, the implemented
control (5.59) generates the intended coordination control (5.26) through (5.56)-(5.57).
Thus, from proposition 8, (qE , q̇E) → (0,0) exponentially. It implies that (q1, q̇1) →
(q2, q̇2), from the definitions qE = q1 − q2 and q̇E = q̇1 − q̇2.
3. From the assumption, g(Lẋf (t)) = 1

Lẋf (t)
, ∀t ≥ 0, thus, the implemented control (5.59)

generates the intended potential field (5.33), PVFC (5.41), and the inertia scaling con-
trol (5.46), therefore the desired locked system dynamics (5.47) is achieved. Also, since
(q1(t), q̇1(t)) → (q2(t), q̇2(t)) (item 2 of this theorem), the shape system dynamics (5.17)
vanishes and the target dynamics (5.7) is achieved from the desired locked system dynamics
(5.47), with vL(t) → d

dtqL = d
dtq1 = d

dtq2 from (5.13).

5.5.1 Initialization of the Flywheels

More initial energy of the flywheels (5.48)-(5.49) is desirable for better controller perfor-
mance, since the implemented control (5.59) will more likely duplicate the intended control
(5.25). However, safety will be enhanced by less initial flywheel energy which implies less
possible damage on humans / environments through the implemented control (5.59).

The following theorem provides minimum values for the flywheel initial energies with which
the implemented control (5.59) is guaranteed to duplicate the intended control (5.25) when
model parameters and measurements are accurate, thus, both performance and safety are
ensured. If model parameters and measurements are inaccurate, the implemented control
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v

Figure 5.2: The switching region C given by the square root of the Lyapunov function
√

V (t)
(5.28) and the shape system flywheel energy κf (E ẋf ) = 1

2
EMf

E ẋ2
f .

(5.59) might not duplicate the intended control (5.25), while possible damages through the
control (5.59) are still limited by the proposed minimum initial flywheel energies.

Theorem 8 (Flywheel initialization) Consider the mechanical teleoperator (5.1)-(5.2)
under the implemented control (5.59) with the accurate estimations of F1,F2 ,M1(q1),M2(q2).

1. (Locked system flywheel) Suppose that the locked system velocity vL(·) is bounded in
the sense that there exists a positive scalar EL > 0 s.t.

1
2
vT

L(t)ML(q(t))vL(t) ≤ EL, ∀t ≥ 0. (5.68)

Then, if we initialize the locked system flywheel (5.48) s.t.

1
2

LMf
Lẋ2

f (0) >
1
2

LMff2
o + |1− η|EL, (5.69)

where fo is the threshold in (5.53) and η > 0 is the inertia scaling factor (5.46),
|Lẋf (t)| > fo, ∀t ≥ 0 (i.e. no locked system flywheel energy depletion);

2. (Shape system flywheel) We design the switching region C in (5.58) to be (see figure
5.2)

C := {(E ẋf ,qE , q̇E) | 1
2

EMf

[
E ẋ2

f (t)− fo
2
]

>
2Dmax

γδv
V

1
2 (t)}, (5.70)

where V (t) is the Lyapunov function (5.28), V̄ is the ultimate bound (5.35) with
Dmax ≥ ‖FE(t) + TP?

E (q)‖ ∀t ≥ 0, γ > 0 is the exponential convergence rate (5.29),
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and δv > 0 is defined by

V (t) =
(
qT

E q̇T
E

)
P(t)

(
qE

q̇E

)
≥ δ2

v ‖q̇E‖2. (5.71)

Suppose that we initialize the shape system flywheel (5.49) s.t.

1
2

EMf
E ẋ2

f (0) >
1
2

EMffo
2 +

2Dmax

γδv
V

1
2 (0), (5.72)

i.e. (E ẋf (0),qE(0), q̇E(0)) ∈ C. Then, (E ẋf (t),qE(t), q̇E(t)) ∈ C ∀t ≥ 0, thus,
p(t) = 1, ∀t ≥ 0 (i.e. the feedforward cancellation in (5.34)) is turned on all the
time) and |E ẋf (t)| ≥ fo, ∀t ≥ 0 from the definition of the region C (5.70) (i.e. no
shape system flywheel energy depletion).

Proof: 1. From (5.59) with ζ := 1−η
η > −1, we have

d

dt

[
1
2

LMf
Lẋ2

f

]
= −ζLẋfg(Lẋf ) · vT

L

[
FL + TP?

L (q)
]
. (5.73)

Also, from the closed-loop locked system dynamics (5.16) under the implemented control
(5.59) with skew-symmetric (5.42)-(5.43), we have

d

dt

[
1
2
vT

LML(q)vL

]
= {1 + ζLẋfg(Lẋf )} · vT

L

[
FL + TP?

L (q)
]
. (5.74)

Combining (5.73)-(5.74), we have

d

dt

[
1
2

LMf
Lẋ2

f

]
= − ζ · Lẋf · g(Lẋf )

1 + ζ · Lẋf · g(Lẋf )
d

dt

[
1
2
vT

LML(q)vL

]
, (5.75)

where ζ > −1 and 0 ≤ Lẋfg(Lẋf ) ≤ 1, thus, the denominator of the right term is non-zero.

Suppose that Lẋf (0) is initialized following (5.69). Then, there exists t ≥ 0 so that ∀ τ ∈
[0, t),

∣∣Lẋf (τ)
∣∣ > fo, Lẋf (τ) · g(Lẋf (τ)) = 1. Thus, by integrating (5.75) for [0, t) with∣∣∣ ζ·Lẋf ·g(Lẋf )

1+ζ·Lẋf ·g(Lẋf )

∣∣∣ ≤ |ζ|
1+ζ and ζ > −1, we have, ∀t ≥ 0,

1
2

LMf (Lẋ2
f (t)− Lẋ2

f (0)) ≥ − |ζ|
1 + ζ

∣∣∣∣
1
2
vT

L(t)ML(q)vL(t)− 1
2
vT

L(0)ML(q)vL(0)
∣∣∣∣

≥ − |ζ|
1 + ζ

EL = −|1− η|EL. (5.76)

Thus, if the locked system flywheel (5.48) is initialized following (5.69), from (5.76),
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|Lẋf (t)| > fo, ∀t ≥ 0, since t in (5.76) can be arbitrary.

2. It suffice to prove that the switching region C (5.70) is invariant. Suppose that (E ẋf (t1),
qE(t1), q̇E(t1)) ∈ C so that p(t1) = 1 and Eẋf (t1)g(E ẋf (t1)) = 1. Then, from (5.55),

d

dt

[
1
2

EMf
E ẋ2

f (t1)
]

= ETf
E ẋf = q̇T

EKvq̇E +
[
FE + TP?

E (q)
]T

q̇E

≥ −‖FE + TP?
E (q)‖ ‖q̇E‖ ≥ −Dmax

δv
V

1
2 (t1), (5.77)

where δv is defined in (5.71). Because C (5.70) is an open set, (5.77) can be integrated
to at least up to some t > t1 without the state leaving C. By integrating (5.77) using
d
dtV

1
2 (t) ≤ −γ

2V
1
2 (t) (from V − 1

2 (t) ≥ 0 and (5.29)), we have, for some t ≥ t1,

1
2

EMf
E ẋ2

f (t)− 1
2

EMf
Eẋ2

f (t1) ≥ 2Dmax

γδv

[
V

1
2 (t)− V

1
2 (t1)

]
. (5.78)

Also, since (E ẋf (t1),qE(t1), q̇E(t1)) ∈ C, we have

1
2

EMf
E ẋ2

f (t1)− 1
2

EMff2
o >

2Dmax

γδv
V

1
2 (t1), (5.79)

from the definition of C (5.70). By summing (5.78) and (5.79), we have

1
2

EMf

[
E ẋ2

f (t)− f2
o

] ≥ 2Dmax

γδv
V

1
2 (t)

i.e. (E ẋf (t),qE(t), q̇E(t)) ∈ C at time t. Since t can be arbitrary, C is invariant, thus if
(E ẋf (0),qE(0), q̇E(0)) ∈ C, then (E ẋf (t),qE(t), q̇E(t)) ∈ C, ∀t ≥ 0.

If (E ẋf ,qE , q̇E) /∈ C, from (5.55) and (5.56) with p(t) = 0, we have

d

dt

[
1
2

EMf
E ẋ2

f

]
= E ẋf (t) · g(E ẋf )q̇T

EKvq̇E ≥ 0 (5.80)

i.e. the shape system flywheel energy is non-decreasing. Thus, even if we failed to initialize
the shape system flywheel according to the condition (5.72), by exciting the shape system
with time varying disturbance FE +TP?

E (q) so that q̇E(t) 6= 0, we can eventually drive the
system state (E ẋf ,qE , q̇E) to the switching region C (5.70). Hereafter, from theorems 7-8,
the master-slave coordination is guaranteed without the state leaving the invariant region
C, if the estimations of F1,F2 ,M1(q1),M2(q2) are accurate.
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5.6 Experiments

Experiments are performed for a pair of 2 links planar robots. To measure human force, a
6-DOF force sensor (JR3 Inc. CA) with a 120Hz low pass filtering is used, while slave envi-
ronmental force is measured by a custom built 2-DOF force sensor based on semiconductor-
type strain gages with a 50Hz low pass filtering. Encoders are used to read positions of
the master and slave robots. MatLab xPC Target system (MathWork, MA) is used to
implement the controller with a 500Hz sampling rate. The power scaling ρ = 15 is used to
allow human operators to perceive shrink slave environment. The inertia scaling η = 0.6
is implemented to scale down the apparent inertia of the coordinated teleoperator.

Best-identified (error bound ≤ 20%) master and slave inertias are given by [kgm2]:

M1(q1) =

[
0.0889 + 0.0144c2 0.0113 + 0.00719c2
0.0113 + 0.00719c2 0.0113

]
,

M2(q2) =

[
3.74 + 0.419c2 0.286 + 0.210c2
0.286 + 0.210c2 0.286

]

where c2 is the cosine of the distal link angle w.r.t. the proximal link. The lengths of
proximal and distal links of the master and slave are (14cm, 14cm) and (38cm, 36cm),
respectively. Therefore, bilateral Cartesian force scaling for static manipulation is around
5.6 ≈ ρ0.14

0.37 , since the joint torque scaling is given by ρ from (5.7) with FL = ρF1 +F2 = 0.

5.6.1 Tool Dynamics Rendering

As shown in figure 5.3, on some region of the configuration space of the 2-DOF planar
coordinated teleoperator, we implement a potential field and a velocity field (collection of
arrows) so that the motion of the coordinated teleoperator is confined inside of the kidney
shaped region, while the velocity field guides the coordinated teleoperator to follow the
desired path (solid line), which is given by the condition that the proximal link is moving
counterclockwise while the distal link is fixed at −90◦ (clockwise) w.r.t. the proximal link).
An aluminum wall is also installed in the slave environment as shown by the straight line
in figure 5.3 for hard contact experiment. Trajectory of the coordinated teleoperator is
also shown in figure 5.3 with its corresponding detailed data given in figure 5.4.

The operator can move the teleoperator in region A along the edge of the potential field
(17–26 sec) utilizing it as a virtual rail (stiffness of 2.5kN/m). When the teleoperator enters
region of the velocity field (around 27 sec), the operator releases it into a wrong direction
to make it digress from the desired velocity field. However, PVFC guides the teleoperator
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Figure 5.3: Trajectory of the coordinated teleoperator represented in the slave environment. A
velocity field (arrows), a potential field (kidney-shaped), and a real aluminum wall in the slave
environment (straight line) are implemented.

successfully (from 28 sec) so that the coordinated teleoperator eventually follows the desired
path (solid line) without human intervention (28 – 30 sec). The operator again moves the
teleoperator along the arc edge of the potential field (32–40 sec) in region B.

At 47–53 sec in region B, the operator makes a static hard contact against the aluminum
wall (the straight line in region B). Effective contact stiffness is 33kN/m due to the slave
force sensor compliance. Excellent master-slave coordination error (less than ±0.2◦ for
both links) is achieved due to the feedforward cancellation of FE in (5.34), where TP?

E = 0

since the aluminum wall is located outside the potential field. Cartesian force scaling 6.2
is obtained from the power scaling ρ = 15.

As shown in figure 5.4, the locked system flywheel energy continuously decreases due to
the friction which is opposing to the inertia scaling down control (η < 1). In contrast, it
was reported in [48] that the locked system flywheel continuously gains energy when the
inertia is scaled up (η > 1). Therefore, the locked system flywheel energy may need to be
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Figure 5.4: Plots of position, coordination error, forcing, energy inflow and flywheel energy corre-
sponding to figure 5.3: PVFC (28 – 30 sec), contact with potential field (17 – 26 sec, 32–40 sec),
and hard contact with the aluminum wall (47 – 53 sec).
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following the desired path (17 – 18sec and 30 – 33.5 sec).
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reset occasionally if the friction is not compensated for.

Another experiment is performed to show energetic passivity property of PVFC. As shown
in figure 5.5, at 17sec and 30 sec, the operator releases the teleoperator at almost the same
positions with two different pushing forces (30N at 17 sec and 7N at 30 sec) so that the
teleoperator has two different levels of kinetic energy. With two different pushing forces,
the teleoperator follows the desired velocity field with different speeds and finishes the
path following in about 1 sec and 3 sec with larger and smaller forces, respectively. This
shows that the PVFC guidance is passive in the sense that the operator can speed up (or
slow-down) the velocity field following speed of the teleoperator by injecting (or extracting)
energy. Along the return path in figure 5.5, the PVFC is switched off.

5.6.2 Robust Passivity

To demonstrate robust passivity property (item 4 of theorem 7) of the passive implementa-
tion structure (5.59), two levels of time delay (35ms and 350ms) are imposed on the master
and slave force sensing during the static hard contact with the aluminum wall. To simplify
data interpretation, the potential field and the PVFC are turned off. Experimental results
with 35ms and 350ms time-delays are shown in figures 5.6-5.8 and 5.9, respectively.

In figure 5.6, the contact becomes unstable due to the 35ms time-delay in force measurement
and the closed-loop teleoperator discharges energy (in the top of figure 5.6) to the ambient
environment. This unstable energy discharge comes from the locked system flywheel energy
through the inertia scaling control as shown by the flywheel energy decrease.

As the flywheel depletes energy (around 6.5 sec), the implemented inertia scaling control
(5.51) is nearly turned off (i.e. Lẋf ¿ fo → Lẋf · g(Lẋf ) ≈ 0 → Lẋf ·ΠΠΠL(t) ≈ 0) and the
contact becomes stable with a Cartesian force scaling of 6.4. Excellent coordination (error
less than ±0.5◦ for both links) is preserved during this experiment, since the shape system
flywheel maintains sufficient energy level to generate the feedforward cancellation.

In figure 5.7 and 5.8, the operator reduces and increases the contact force while maintaining
the instability, respectively. Comparing the mild instability (figure 5.7) with the aggressive
instability (figure 5.8), we can see that as the instability becomes mild (or aggressive, resp.),
the flywheel depletes energy slowly (or faster, resp.), thus, contact stability is regained
also slowly after 10 sec of instability (or quickly after 1 sec of instability, resp.). During
the aggressive instability, some force sensor saturations occurred (not shown), however,
passivity is still ensured by the passive implementation structure (5.59).
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Figure 5.6: Plots for the robust passivity experiment with 35ms time-delay on force sensing. The
locked system flywheel discharges energy to the master-slave environments (negative energy inflow)
via the inertia scaling until it depletes energy so that the inertia scaling is nearly turned off and
the contact becomes stable (around 6.5 sec).
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Figure 5.7: Plots of “mild” instability (smaller forcing) with 35ms time-delay. Due to the smaller
forcings, the instability becomes less harmful to the master-slave environments which is represented
by the slow energy depletion of the locked system flywheel. Thus, time duration of the instability
(around 10 sec) is relatively longer than that of figure 5.6.
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Figure 5.8: Plots of “aggressive” instability (larger forcing) with 35ms time-delay. Time duration
of instability is shorter (1 sec) than that of figure 5.6. Note that the locked system flywheel depletes
energy faster due to the larger forcing. Thus, the inertia scaling is deactivated faster so that the
contact becomes stable quickly.
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Figure 5.9: Plots for the robust passivity experiment with 350ms time-delay on force sensing.
Instability is induced both from the inertia scaling and the feedforward cancellation due to the
large time delay. The Locked and shape system flywheels discharge energy sequentially through the
inertia scaling and the feedforward cancellation. As both flywheels deplete energy (13 and 30 sec),
contact becomes stable eventually.
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With the 350ms time-delay (figure 5.9), the inertia scaling control induces instability first (4
–13 sec) and becomes deactivated (around 13 sec) as the locked system flywheel depletes
energy. However, after 13 sec, the contact still remains unstable, since the feedforward
cancellation starts inducing instability due to the large time-delay. At 30 sec, as the shape
system flywheel also depletes energy below the threshold, the feedforward cancellation is
turned off (p(t) = 0 from (5.56)) and the contact becomes finally stable with drastically
degraded coordination (≥ 2◦ for both links) and Cartesian force scaling of 6.1. Several
switchings of the feedforward cancellation around 30 sec are due to the energy re-charging
of the shape system flywheel with deactivation of the feedforward cancellation (i.e. p(t) = 0)
as shown in (5.80).

This experiment clearly shows the robust passivity property of the passive implementation
structure (5.59) in the sense that passivity is guaranteed robustly even in the presence of
the drastically corrupted force sensings. Without using the passive implementation (5.59),
the induced instability will not disappear so that the amount of energy generated by the
closed-loop teleoperator will be unbounded.

5.7 Conclusions

We propose a novel passive bilateral control framework for nonlinear mechanical teleoper-
ators, which has been a long standing problem of robotics community due to the highly
nonlinear system dynamics and difficulty in ensuring non-fragile energetic passivity of the
closed-loop teleoperator. The key component in the development of the proposed control
framework is the passive decomposition proposed in chapter 3.

Using the passive decomposition, we can decompose the nonlinear dynamics of a 2n-DOF
mechanical teleoperator into two decoupled n-DOF robot-like dynamics according to two
aspects of teleoperation while preserving energetic passivity: master-slave coordination
(shape system) and the overall behavior of the coordinated teleoperator (locked system).
Thus, we can achieve the master-slave coordination and the tool dynamics rendering for the
coordinated teleoperator by controlling the n-DOF shape system and the n-DOF locked
system, respectively and separately, while enforcing energetic passivity.

Using the feedforward cancellation of the mismatched forcings on the shape system, we
achieve master-slave motion coordination in the presence of arbitrary human / environ-
mental forcing. By controlling the locked system, we endow the coordinated teleoperator
with a user-specific programmable apparent inertia. To assist human operators perform
a task more efficiently, intuitively, and comfortably, motion guidance and obstacle avoid-
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ance are also achieved for the coordinated teleoperator by utilizing Passive Velocity Field
Control (PVFC) and artificial potential function, respectively.

By implementing the designed controls in the special passive implementation structure,
energetic passivity of the closed-loop teleoperator is enforced robustly even in the presence
of model uncertainty and inaccurate force measurement, so interaction safety and stability
are substantially enhanced. A bilateral power scaling is also achieved while ensuring ener-
getic passivity of the closed-loop teleoperator. Experiments are performed to validate and
demonstrate the proposed control methodology.
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CHAPTER 6

Formation and Maneuver Control of Multiple Spacecraft

6.1 Introduction

In many application domains, the formation flying of multiple spacecraft holds eminent
promises to dramatically extend the performance and capability achievable by a single
spacecraft, such as enhanced quality and added dimensions of sensings and robustness
against single point failure through role reassignment and group reconfiguration. For more
details on a state of the art applications and technologies of formation flying, we refer
reader to [64] and references therein.

In this chapter, we propose a novel control framework for the formation flying of multiple
spacecraft in deep space. The proposed control framework possesses the following features:

1. Decoupled Group Maneuver and Formation: the dynamics of the internal group for-
mation shape (formation, in short) and the overall behavior of the total group (ma-
neuver, in short) of multiple spacecraft are decoupled from each other, thus, some
desired behaviors for the group formation and maneuver can be designed and achieved
separately and individually;

2. Group-Agents Interaction: by defining the group maneuver and formation to be func-
tions of the state of each agent and generating inter-agents couplings through the
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control actions, the behavior of each agent affects the group maneuver and formation
and vice versa, thus, the multiple agents behave as one “coherent” group;

3. Hierarchy by Abstraction: by abstracting each group with its maneuver dynamics,
we can impose an hierarchy on an arbitrary number of agents as shown in figure 1.1
with the group agents in the bottom layer and their maneuver dynamics in one-level
higher layer, thus, some desired formation and maneuver among the multiple groups
can be achieved by controlling the group of their respective maneuver dynamics.

The enabling component of the proposed control framework is the passive decomposition
developed in chapter 3, which enables us to decompose the group dynamics into two decou-
pled shape and locked system dynamics representing the group formation and maneuver,
respectively. Thus, we can design some desired behaviors for the shape and locked systems
individually and also achieve them by separately controlling the shape and locked systems.
Also, since the locked and shape system dynamics are defined from the dynamics of each
agent, through the locked and shape system controls, the formation and maneuver of the
group and the state of each agent are coupled with each other. Furthermore, the locked
system naturally abstracts its own group, thus, the hierarchy is naturally obtained.

Traditionally, there are three major approaches [65] for the multiagent motion coordination
problem: leader-follower approach, virtual structure approach, and behavioral approach.

In leader-follower approach [66, 67, 68, 69], one agent is chosen to be the leader of the
group and the total group maneuver is abstracted by its motion, while remaining agents
follow the leader to achieve a desired internal group formation. The main drawback of
the leader-follower approach is the lack of feedback from each follower to leader, thus, the
group can show some undesirable incoherent behaviors such as run away of fast leader and
followers, while other slower followers are left behind.

Virtual structure approach [65, 70, 71, 72] utilizes a virtual structure simulated in computer
to address the total group maneuver while each agent follows the virtual structure in a sim-
ilar way as the leader-follower approach. However, in contrast to our proposed approach
where the group maneuver and formation are given from the dynamics of agents, this ap-
proach is computationally expensive, since it requires additional simulation of the virtual
structure dynamics which usually are given by complicated nonlinear dynamics. Further-
more, when decentralized [70], each agent needs to have powerful on-board computing to
simulate the virtual structure dynamics.

In behavioral approach [73, 74, 75, 76, 77, 78], each agent’s control is given by the averaged
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sum of (or switchings among) several prescribed actions which are invoked by the external
stimuli such as distance to neighboring agents. Although a group behavior can be shown
to converge or to be stable, it is well-known that it is difficult to explicitly describe the
total group maneuver from those convergence behaviors.

The rest of the paper is organized as follows. The control problem of the multiple spacecraft
formation flying in deep space is formulated in section 6.2 and the passive decomposition
of both the group translation and attitude dynamics are derived in section 6.3. Maneuver
and formation controls for the multiple spacecraft are designed in section 6.4 with the
communication issues and a partial decentralization of the designed controls. Section 6.5
presents the simulation results and section 6.6 contains concluding remarks.

As in the previous chapter 5, we utilize the results from previous chapters 2-4 derived in
the coordinate free manner. Also, for readers from aerospace engineering communities, we
use coordinate representations in this chapter. We refer readers to previous chapters for
intrinsic and geometric interpretations for entities or properties given in coordinates in this
chapter, while giving their corresponding reference to items in the previous chapters.

6.2 Problem Formulation

6.2.1 Dynamics of Spacecraft in Deep Space

We consider a group of m-spacecraft in deep space so that the effect of orbital dynamics
is negligible and each spacecraft has the dynamics of a fully-actuated 6-degree of freedom
(DOF) flying rigid body [70].

Then, the translational dynamics of the i-th agent with respect to a common inertial frame
Fo is given by the following 3-DOF dynamics:

miẍi = ti + fi (6.1)

where mi ∈ <+ is the (constant) mass, and xi ∈ <3, ti ∈ <3, and fi ∈ <3 are the position
vector, the control to be designed, and the environmental disturbance (e.g. gravitational
force for orbital motion, drag, or solar pressure) w.r.t. Fo, respectively.

Following [79, 80], we model the attitude dynamics of the i-th agent w.r.t. the inertia
frame Fo by the following 3-DOF dynamics:

Hi(ζζζi)ω̇ωωi + Qi(ζζζζζζζζζi,ωωωi)ωωωi = τττ i + δδδi, −π

2
< θi <

π

2
, (6.2)
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where ζζζi = [φi, θi, ψi]T ∈ <3 are the roll, pitch, and yaw angles, ωωωi(t) = d
dtζζζi(t) ∈ <3 is the

angular rate, τττ i, δδδi ∈ <3 are the control (to be designed) and the disturbance w.r.t. Fo, re-
spectively, and Hi(ζζζi) ∈ <3×3 and Qi(ζζζi, ζ̇ζζi) ∈ <3×3 are the symmetric and positive-definite
inertia matrix and Coriolis-like matrix s.t. Ḣi(ζζζi)−2Qi(ζζζi, ζ̇ζζi) is skew-symmetric. The dy-
namics (6.2) is obtained using the definitions (ωωωi, τττ i, δδδi) := (J−1

i (ζζζi)ωωωb
i ,J

T
i (ζζζi)τττ b

i ,J
T
i (ζζζi)δδδ

b
i)

and the attitude dynamics in SO(3) w.r.t. the body fixed frame s.t.

Iiω̇ωω
b
i = pi ×ωωωb

i + τττ b
i + δδδb

i

where ωωωb
i is the angular velocity, Ii is the inertia matrix, pi is the angular momentum, τττ b

i , δδδ
b
i

are the controls and disturbances, all in the body fixed frame, and Ji(ζζζi) is the Jacobian
matrix which is nonsingular if −π

2 < θi < π
2 .

6.2.2 Formation and Maneuver Control Objectives

To describe the internal formation shape of the group, let us define the formation variables
for the translation and attitude dynamics (6.1)-(6.2) to be

xE(x1(t),x2(t), . . . ,xm(t)) ∈ <3m−p1 , (6.3)

ζζζE(ζζζ1(t), ζζζ2(t), . . . , ζζζm(t)) ∈ <3m−p2 , (6.4)

where the maps xE : <3m → <3m−p1 and ζζζE : <3m → <3m−p2 are the coordination maps
(2.28) with p1, p2 being positive integers less than 3m.

Similarly, the maneuver variables are defined s.t.

xL(x1(t),x2(t), ...,xm(t)) ∈ <p1 , (6.5)

ζζζL(ζζζ1(t), ζζζ2(t), ..., ζζζm(t)) ∈ <p2 , (6.6)

where xL : <3m → <p1 and ζζζL : <3m → <p2 are smooth maps designed to represent the
overall behavior of the total group translation and attitude, respectively.

With the formation and maneuver variables (6.3)-(6.6), the formation and maneuver control
objectives are given by

xE(x1(t),x2(t), . . . ,xm(t)) → xd
E(t), xL(x1(t),x2(t), ...,xm(t)) → xd

L(t), (6.7)

ζζζE(ζζζ1(t), ζζζ2(t), . . . , ζζζm(t)) → ζζζd
E(t), ζζζL(ζζζ1(t), ζζζ2(t), ..., ζζζm(t)) → ζζζd

L(t), (6.8)

where xd
E(t) ∈ <3m−p1 , ζζζd

E(t) ∈ <3m−p2 , and xd
L(t) ∈ <p1 , ζζζd

L(t) ∈ <p2 are desired internal
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formation and total maneuver for the group translation and attitude, respectively.

In this work, we consider the following simple but versatile formation variables s.t.

xE := [xT
1 − xT

2 ,xT
2 − xT

3 , . . . ,xT
m−1 − xT

m]T ∈ <3(m−1), (6.9)

ζζζE := [ζζζT
1 − ζζζT

2 , ζζζT
2 − ζζζT

3 , . . . , ζζζT
m−1 − ζζζT

m]T ∈ <3(m−1), (6.10)

with p1 = p2 = 3, i.e. relative positions and attitudes between two consecutive agents.
The maneuver variables (6.5)-(6.6) will be defined in section 6.4 such that their dynam-
ics are decoupled from the dynamics of the formation variables (6.3)-(6.4) so that we
can control the maneuver and the formation aspects separately. With the formation
variables (6.9)-(6.10) and the control objectives (6.7)-(6.8), a leader-follower scheme is
achieved with the 1-st agent being the leader, if we define the maneuver variables to be
xL(x1(t),x2(t), ...,xm(t)) := x1(t) and ζζζL(ζζζ1(t), ζζζ2(t), ..., ζζζm(t)) := ζζζ1(t).

6.3 The Passive Decomposition

To decouple the dynamics of the formation aspect from the dynamics of the total group
maneuver, we decompose the translation and the attitude dynamics using the passive
decomposition developed in chapter 3. To derive the decomposition for the translation and
attitude dynamics (6.1)-(6.2) under the formation variables (6.9)-(6.10), let us consider the
group dynamics of m n-DOF mechanical systems (2.11):

M1(q1)q̈1 + C1(q1, q̇1)q̇1 = T1 + F1

M2(q2)q̈2 + C2(q2, q̇2)q̇2 = T2 + F2

...

Mm(qm)q̈m + Cm(qm, q̇m)q̇m = Tm + Fm, (6.11)

under a coordination map (2.28) given by

qT
E :=

[
qT

1 − qT
2 ,qT

2 − qT
3 , . . . ,qT

m−1 − qT
m

]T ∈ <mn−n, (6.12)

where qi ∈ <n and q̇i ∈ <n are the configuration and the velocity, Ti ∈ <n and Fi ∈ <n

are the controls and the disturbances, and Mi(qi) ∈ <n×n and Ci(qi, q̇i) ∈ <n×n are the
symmetric and positive-definite inertia matrix and the Coriolis matrix s.t. d

dtMi(qi) −
2Ci(qi, q̇i) are skew-symmetric, respectively. With the design of controls, the structure
of the coordination map (6.12) implicitly defines a communication topology as shown in
section 6.4.3.
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Following the procedure in section 3.6, we consider the two design criteria for the decom-
position: 1) the locked system inertia is given by

ML(q) := M1(q1) + M2(q2) + .... + Mm(qm) ∈ <n×n, (6.13)

with q := [qT
1 ,qT

2 , ...,qT
m]T ∈ <mn, i.e. Ã(q) := ML(q) in (3.58); and 2) the formation

variable qE(q1,q2, ...,qm) ∈ <mn−n (6.12) is the shape system configuration (i.e. B̃(q) := I

in (3.58)) so that, similar to (3.59), the shape system velocity vE ∈ <mn−n satisfies

vE(t) =
d

dt
qE(q1(t),q2(t), ...,qm(t)) ∈ <mn−n. (6.14)

Then, from (3.57), the velocity and covector decompositions are given by




vL

↑
|

vE

|
↓




:=




φ1(q) φ2(q) · · · φm−1(q) φm(q)
I −I · · · 0 0

0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · −I 0

0 0 · · · I −I




︸ ︷︷ ︸
S(q)∈<mn×mn




q̇1

q̇2

q̇3

...

...
q̇m




(6.15)

where φi(q) ∈ <n×n is given by

φi(q) := [M1(q1) + M2(q2) + .... + Mm(qm)︸ ︷︷ ︸
ML(q)

]−1Mi(qi). (6.16)

Using the fact that φi(q) (6.16) is nonsingular and its property that

φ1(q1) + φ2(q2) + · · ·+ φm(qm) = I, (6.17)

we can show that S(q) in (6.15) is nonsingular. From the definition (6.16), the locked
system velocity vL in (6.15) is given by

vL =

[
m∑

i=1

Mi(qi)

]−1

[M1(q1)q̇1 + M2(q2)q̇2 . . . + Mm(qm)q̇m] , (6.18)

i.e. the weighted average of the velocity with each agent’s inertia being the weight.
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Following (3.62), the compatible decompositions are given by




TL

↑
TE

↓




= S−T (q)




T1

T2

...
Tm




,




FL

↑
FE

↓




= S−T (q)




F1

F2

...
Fm




, (6.19)

where (FL,TL) and (FE ,TE) are the effects of environmental forcing and controls on the
locked and shape systems, respectively, and the matrix S−1(q) ∈ <mn×mn is found to be

S−1(q) =




I Σ2(q) Σ3(q) · · · Σm(q)
I Σ2(q)− I Σ3(q) · · · Σm(q)

I Σ2(q)− I Σ3(q)− I
. . . Σm(q)

...
...

...
. . .

...
I Σ2(q)− I Σ3(q)− I · · · Σm(q)− I




(6.20)

where

Σi(q) = φi(q) + φi+1(q) + · · ·+ φm(q) ∈ <n×n, (6.21)

so that Σ1(q) = I and Σm(q) = φm(q) from the definition of φi(q) in (6.16). Note from
(6.19) that the effects of environmental disturbances on the locked system is given by the
sum of forcings of each system such that FL = F1 + F2 + . . . + Fm.

From (3.63)-(3.64), using the decompositions (6.15) and (6.19), we have partially decoupled
dynamics of the n-DOF locked system and (mn− n)-DOF shape system s.t.

ML(q)v̇L + CL(q, q̇)vL︸ ︷︷ ︸
locked system dynamics

+CLE(q, q̇)q̇E︸ ︷︷ ︸
coupling

= TL + FL (6.22)

ME(q)̇̇qE + CE(q, q̇)q̇E︸ ︷︷ ︸
shape system dynamics

+CEL(q, q̇)vL︸ ︷︷ ︸
coupling

= TE + FE , (6.23)
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where

CL(q, q̇) := C1(q1, q̇1) + C2(q2, q̇2) + ... + Cm(qm, q̇m) ∈ <n×n, (6.24)

CEL(q, q̇) :=




ΣT
2 (q)CL(q, q̇)− [C2(q2, q̇2)... + Cm(qm, q̇m)]

ΣT
3 (q)CL(q, q̇)− [C3(q3, q̇3)... + Cm(qm, q̇m)]

...
ΣT

m(q)CL(q, q̇)−Cm(qm, q̇m)



∈ <(m−1)n×n, (6.25)

and other terms are defined by (3.65)-(3.66). From proposition 7, ML(q) and ME(q) are
symmetric and positive definite, ṀL(q) − 2CL(q, q̇) and ṀE(q) − 2CE(q, q̇) are skew-
symmetric, and CLE(q, q̇) = −CT

EL(q, q̇). Thus, if we cancel out the coupling terms, the
locked and the shape systems will have dynamics reminiscent of the usual robotic dynamics.

Any holonomic constraints of the group dynamics (6.11) can be used as the formation vari-
ables (6.3)-(6.4). Then, as shown in section 3.6, we can still achieve the velocity decompo-
sition (6.15) and the dynamics decomposition (6.22)-(6.23) with a different transformation
matrix S(q) in (6.15) which can be derived following the procedure of section 3.6.

6.4 Maneuver and Formation Control Design

6.4.1 Control Design for Group Translation

From (6.15) and (6.18), the locked system velocity of the group translation is given by

vL =
m1ẋ1 + m2ẋ2 + . . . + mmẋn

m1 + m2 + . . . + mm
∈ <3, (6.26)

thus, the configuration of the translation locked system can be defined by

xL :=
m1x1 + m2x2 + . . . + mmxm

m1 + m2 + . . . + mm
∈ <3, (6.27)

i.e. the position of the center of gravity (CG), where mi ∈ <+ and xi ∈ <3 are the mass
and the position of the i-th agent (6.1), respectively. We choose xL(x1,x2, ...,xm) ∈ <3

(6.27) as the maneuver variable (6.5) for the group translation so that the maneuver and
formation aspects can be controlled individually and separately.

This map xL : <3m → <3 defines a locked system map (3.34) satisfying the projectability
condition (3.35), with which we can project the translation locked system dynamics on <3

(i.e. locked system manifold). Since the manifold of the group translation dynamics is flat
as shown by the constant mass and the level sets of the formation variable (6.9) are also
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given by flat planes, theorem 3 ensures the existence of the translation locked system map
and furthermore, suggests this form (6.27) as shown in figure 3.3.

Following (6.22)-(6.23) and the definition of xL (6.27), the group translation dynamics is
decomposed by

MLẍL = tL + fL, (6.28)

MEẍE = tE + fE , (6.29)

where xL ∈ <3 and xE ∈ <3(m−1) are the locked and shape systems configurations given
in (6.27) and (6.9), ML = (m1 + m2 + . . . + mm)I3×3 and ME ∈ <3(m−1)×3(m−1) are the
symmetric and positive definite mass matrices, tL ∈ <3, tE ∈ <3(m−1) are the controls
(to be designed), and fL = f1 + f2 + . . . + fm ∈ <3, fE ∈ <3(m−1) are the environmental
disturbances of the translation locked and shape systems, respectively.

To achieve the tracking control objective (6.7), following section 4.1.1, let us design the
locked and shape system controls tL, tE to be

tL := MLẍd
L(t)−KL

v (ẋL − ẋd
L(t))−KL

p (xL − xd
L(t)), (6.30)

tE := MEẍd
E(t)−KE

v (ẋE − ẋd
E(t))−KE

p (xE − xd
E(t)), (6.31)

where xd
L(t) ∈ <3, xd

E(t) ∈ <3(m−1) are the target timed-trajectories (6.7), KL
v ,KL

p ∈ <3×3

and KE
v ,KE

p ∈ <3(m−1)×3(m−1) are symmetric and positive-definite PD-control gains. The
environmental disturbance fi in (6.1) can be compensated for either by individual local
controllers or by incorporating cancellation of fL, fE of (6.28)-(6.29) into the translation
locked and shape controls (6.30)-(6.31).

As shown in theorem 4, the designed controls (6.30)-(6.31) ensure the translation maneuver
and formation control objectives (6.7) as long as initial tracking errors are bounded. Since
the locked and shape systems (6.28)-(6.29) are two decoupled LTI (linear time invariant)
systems evolving on their respective configuration spaces separately, a wide variety of the
control objectives, control designs, and analysis tools are applicable.

6.4.2 Control Design for Group Attitude

Following (6.22)-(6.23), the group attitude dynamics is decomposed s.t.

HL(ζζζ)ω̇ωωL + QL(ζζζ,ωωω)ωωωL + QLE(ζζζ,ωωω)ζ̇ζζE = τττL + δδδL, (6.32)

HE(ζζζ)ζ̈ζζE + QE(ζζζ,ωωω)ζ̇ζζE + QEL(ζζζ,ωωω)ωωωL = τττE + δδδE , (6.33)
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where each term is defined according to their counterparts in (6.22)-(6.23) with their re-
spective properties given in section 6.3 with ζζζ := [ζζζT

1 , ζζζT
2 , ...., ζζζT

m]T ∈ <3m and ωωω(t) :=
d
dtζζζ(t) ∈ <3m, ζζζE(t) ∈ <3(m−1) is the attitude formation variable defined in (6.10), and,
ωωωL(t) ∈ <3 is the attitude locked system velocity defined from (6.15) and (6.18) s.t.

ωωωL :=




m∑

j=1

Hj(ζζζj)



−1

[H1(ζζζ1)ωωω1 + H2(ζζζ2)ωωω2 + . . . + Hm(ζζζm)ωωωm] ∈ <3. (6.34)

Following the procedure of section 3.6, we can show that the normal distribution (3.5)
is not integrable (or (3.53) is not involutive). Thus, from theorem 2, we cannot project
the dynamics of the locked system (6.32) on <3 (locked system manifold), i.e. the at-
titude locked system (6.32) does not have a well-defined configuration on <3. There-
fore, the maneuver control objective (6.8) given by a timed trajectory on <3 cannot be
satisfied by the attitude locked system. However, as shown in section 4.2.2, the ma-
neuver control objective (6.8) can be achieved on a level set of the formation variable
Hd := {(ζζζ1, ζζζ2, ..., ζζζm) ∈ <3m |ζζζE(ζζζ1, ζζζ2, ..., ζζζm) = ζζζd

E} with ζζζd
E ∈ <3(m−1) being a constant

target attitude formation.

Let us denote a desired trajectory on the level set Hd by ζζζd
L(t) ∈ <3 and the current level

set by Hζζζ := {ζ̄ζζ ∈ <3m |ζζζE(ζ̄ζζ) = ζζζE(ζζζ)} with ζζζ ∈ <3 being the current configuration
of the group attitude, where we parameterize each level set by <3. Then, to lift the
desired trajectory ζζζd

L(t) from Hd to Hζζζ(t) as in section 4.2.2, we define an affine map
ζζζL : <3m → Hd ≈ <3 to be

ζζζL(t) := A1ζζζ1(t) + A2ζζζ2(t)... + Amζζζm(t) ∈ <3, (6.35)

where Ai ∈ <3×3 are constant full-rank matrices satisfying
∑m

i=1 Ai = I so that the level
set Hd can be parameterized by ζζζi ∈ <3 for any i = 1, ..., m and the restricted push-forward
map ζζζH∗L : TζζζHζζζ → TζζζL(ζζζ)Hd is an identity map, since d

dtζζζ
H
L (ζζζ(t)) = ζζζH∗L(ζ̇ζζ) = ωωωL + ΨΨΨ(ζζζ)ζ̇ζζE

from (6.15), where ΨΨΨ(ζζζ) ∈ <3×3(m−1) is a matrix function. The affine map (6.35) is a
diffeomorphic map (4.48) of section 4.2.2, i.e. it defines a diffeomorphism between any
level sets Hd and Hζζζ , ∀ζζζ ∈ <3m. We choose the affine variable ζζζL(t) (6.35) as the attitude
maneuver variable (6.6).

Following (4.4) of section 4.1.1 and (4.50) of section 4.2.2 with the affine map (6.35), let
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us design the attitude locked and shape controls to be

τL = QLE(ζζζ,ωωω)ζ̇ζζE + HL(ζζζ)ζ̈ζζ
d

L(t) + QL(ζζζ,ωωω)ζζζd
L(t)

− λλλL
v (ωωωL − ζ̇ζζ

d

L(t))− λλλL
p (ζζζL − ζζζd

L(t)), (6.36)

τE = QEL(ζζζ,ωωω)ωωωL + HE(ζζζ)ζ̈ζζ
d

E(t) + QE(ζζζ,ωωω)ζ̇ζζ
d

E(t)

− λλλE
v (ζ̇ζζE − ζ̇ζζ

d

E(t))− λλλE
p (ζζζE − ζζζd

E(t)), (6.37)

where ζζζd
L(t) ∈ <3, ζζζd

E(t) ∈ <3(m−1) are the desired maneuver and formation trajectories
(6.8), λλλL

v ,λλλL
p ∈ <3×3 and λλλE

v ,λλλE
p ∈ <3(m−1)×3(m−1) are symmetric and positive-definite

PD-control gains. The environmental disturbances δδδi in (6.2) can be compensated for
either by individual local controllers or by incorporating cancellation of δδδL, δδδE of (6.32)-
(6.33) into the attitude locked and shape controls (6.36)-(6.37).

From theorem 4, the attitude formation objective (6.8) is ensured by the shape system
control (6.37) if the initial tracking error and group attitude speed ωωω(t) = d

dtζζζ(t) ∈ <3m

are bounded. Also, if the target constant attitude formation ζζζd
E ∈ <3(m−1) is achieved

fast enough, as shown in theorem 4, the designed locked system control (6.36) ensures the
maneuver tracking objective (6.8) on target level set Hd as long as the initial tracking
errors and group attitude speed are bounded. However, the desired attitude formation
ζζζd

E(t) can be time-varying when the configuration of the locked system is not necessary
such as velocity tracking given by ωωωL(t) → ωωωd

L(t) ∈ <3.

6.4.3 Communication Topology and Controller Decentralization

Using the compatible decomposition (6.19) with the definition of S(q) in (6.15), the de-
signed translation locked and shape system controls (6.30)-(6.31) are decoded into the
individual control action ti ∈ <3 of the i-th agent (6.1) s.t. for i = 1, ..., m,

ti = miẍd
L︸ ︷︷ ︸

decentralizable

− mi

m1 + m2 + ... + mm

[
KL

v (ẋL − ẋd
L) + KL

p (xL − xd
L)

]

−Mi−1
E ẍd

E + KE(i−1)
v (ẋi−1 − ẋi − ẋd

E(i−1)) + KE(i−1)
p (xi−1 − xi − xd

E(i−1))︸ ︷︷ ︸
decentralizable

+Mi
Eẍd

E −KE(i)
v (ẋi − ẋi+1 − ẋd

E(i))−KE(i)
p (xi − xi+1 − xd

E(i))︸ ︷︷ ︸
decentralizable

, (6.38)

where we assume that the gain matrices KL
v ,KL

p , KE
v ,KE

p in (6.30)-(6.31) are chosen to be
decoupled in the sense that K¦

? = diag[K¦1
? ,K¦2

? , ..., K¦(m−1)
? ] (¦ = {L,E}, ? = {v, p}) with
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Figure 6.1: Communication topology of the maneuver and formation controls. Central computing
server can be located on any agent with adequate computing power and the black solid lines
represent the information flows that can be decentralized or omitted when neighboring sensings
are available.

K¦j
? ∈ <3×3 being positive-definite and symmetric, Mj

E ∈ <3×3(m−1) (j = 1, ...,m − 1) is
the horizontal partition of the (constant) shape system mass matrix ME ∈ <3(m−1)×3(m−1)

(6.29), xd
E = [xdT

E1,x
dT
E2, ...,x

dT
E(m−1)]

T ∈ <3(m−1) with xd
Ej ∈ <3, for j = 1, ..., m − 1. In

(6.38), any terms having index less than 1 or larger than m are to be zeros.

Similar to (6.38), with diagonal gain matrices λλλL
v ,λλλL

p ,λλλE
v ,λλλE

p , the attitude maneuver and
formation controls (6.36)-(6.37) are decoded into individual control actions s.t.

τττ i = HiH−1
L QLEζ̇ζζE + Hiζ̈ζζ

d

L︸ ︷︷ ︸
decentralizable

+HiH−1
L

[
QLζ̇ζζ

d

L − λλλL
v (ωωωL − ζ̇ζζ

d

L)− λλλL
p (ζζζL − ζζζd

L)
]

−Qi−1
ELωωωL −Hi−1

E ζ̈ζζ
d

E −Qi−1
E ζ̇ζζ

d

E + λλλE(i−1)
v (ζ̇ζζi−1 − ζ̇ζζi − ζ̇ζζ

d

E(i−1)) + λλλE(i−1)
p (ζζζi−1 − ζζζi − ζζζd

E(i−1))︸ ︷︷ ︸
decentralizable

+ Qi
ELωωωL + Hi

Eζ̈ζζ
d

E + Qi
Eζ̇ζζ

d

E − λλλE(i)
v (ζ̇ζζi − ζ̇ζζi+1 − ζ̇ζζ

d

Ei)− λλλE(i)
p (ζζζi − ζζζi+1 − ζζζd

Ei)︸ ︷︷ ︸
decentralizable

, (6.39)

for i = 1, ...,m, where arguments are omitted to avoid clusters.

Some terms in (6.38)-(6.39) require an agent to access the information on the states of
all other group agents, while the “decentralizable” terms require those of its own and the
two neighboring agents. Thus, the designed translation and attitude controls (6.38)-(6.39)
require the communication topology as shown in figure 6.1, and they can be partially
decentralized by decentralizing the information flows represented by the black arrows in
figure 6.1 in such way as neighboring sensing.
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In order to avoid centralized communication and computing which might be expensive in
many practical applications, let us fully decentralize the translation control (6.38): for the
i-th agent (i = 1, ..., m),

ti :=miẍd
Li(t)−

mi

m1 + m2 + ... + mm

[
KL

v (ẋi − ẋd
Li(t)) + KL

p (xi − xd
Li(t))

]

−Mi−1
E ẍd

E(t) + KE(i−1)
v (ẋi−1 − ẋi − ẋd

E(i−1)(t)) + KE(i−1)
p (xi−1 − xi − xd

E(i−1)(t))

+ Mi
Eẍd

E(t)−KE(i)
v (ẋi − ẋi+1 − ẋd

E(i)(t))−KE(i)
p (xi − xi+1 − xd

E(i)(t)), (6.40)

where xd
Li(t) ∈ <3 (i = 1, ..., m) is the i-th agent’s desired trajectory uniquely defined by

m1xd
L1 + m2xd

L2 + ... + mmxd
Lm

m1 + m2 + ... + mm
= xd

L, and xd
Lj − xd

L(j+1) = xd
Ej , (6.41)

for j = 1, ..., m − 1, i.e. derived from the desired locked and shape system trajectories
xd

L(t) ∈ <3 and xd
E(t) = [xdT

E1(t),x
dT
E2(t), ...,x

dT
E(m−1)(t)]

T ∈ <3(m−1).

We also fully decentralize the attitude control (6.39) s.t.: for the i-th agent (i = 1, ..., m),

τττ i := −λλλL
v ζ̇ζζi − λλλL

p (ζζζi − ζζζd
Li) + λλλE(i−1)

v (ζ̇ζζi−1 − ζ̇ζζi) + λλλE(i−1)
p (ζζζi−1 − ζζζi − ζζζd

E(i−1))

− λλλE(i)
v (ζ̇ζζi − ζ̇ζζi+1)− λλλE(i)

p (ζζζi − ζζζi+1 − ζζζd
E(i)), (6.42)

where we restrict the attitude control objective to be the set-point regulation s.t.

ζζζi(t) → ζζζd
Li, and ζζζj(t)− ζζζj+1(t) → ζζζd

E(j), i = 1, ..., m, j = 1, ..., m− 1, (6.43)

where ζζζd
E = [ζζζdT

E(1), ζζζdT
E(2), ..., ζζζdT

E(m−1)]
T ∈ <3(m−1) defines constant desired relative rotation

between the i-th and (i + 1)-th agents, and ζζζd
Li ∈ <3 (i = 1, ...,m) is the constant target

configuration for i-th agent s.t. ζζζd
Li − ζζζd

L(i+1) = ζζζd
Ei, i.e. derived from desired group

maneuver (e.g. encoded by ζζζd
L :=

∑m
i=1 ζζζd

Li) and internal formation ζζζd
E .

Theorem 9 1. Consider the group translation dynamics (6.1) under the decentralized con-
trols (6.40). Suppose that desired trajectories (ẍd

L(t), ẋd
L(t),xd

L(t)), (ẍd
E(t), ẋd

E(t),xd
E(t)),

and the disturbances fi(t) are bounded ∀t ≥ 0. Suppose further that initial tracking errors
are bounded in the sense that (ẋi(0) − ẋd

Li(0),xi(0) − xd
Li(0)) are bounded for i = 1, .., m.

Then, (xL(t)−xd
L(t), ẋL(t)− ẋd

L(t)) → 0 exponentially if the magnitude of the disturbance
fL in (6.28) is negligible or ultimately bounded if fL is bounded. Also, (xE(t) − xd

E(t),
ẋE(t) − ẋd

E(t)) is ultimately bounded whose bound can be made arbitrarily small by large
enough formation gains KE

v ,KE
v in (6.40);

2. Consider the group attitude dynamics (6.2) under the decentralized controls (6.42).
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Suppose that initial errors are bounded in the sense that (ζ̇ζζi(0), ζζζi(0) − ζζζd
Li) are bounded

for i = 1, ..., m. Suppose further that the inertia matrix Hi(ζζζi) and the Coriolis matrix
Qi(ζζζi,ωωωi) in (6.2) are bounded. Then, (ζ̇ζζi(t), ζζζi(t)− ζζζd

Li) → 0 exponentially (i.e. modified
attitude control objective (6.43) is achieved) if the magnitude of the disturbance δδδi in (6.2)
is negligible or ultimately bounded if δδδi is bounded.

Proof: 1. Let us define the following Lyapunov function Vx(t) s.t.

Vx(t) :=
m∑

i=1

[
1
2
mi(ẋi − ẋd

Li)
T (ẋi − ẋd

Li) +
φi

2
(xi − xd

Li)
T (KL

p + εKL
v )(xi − xd

Li)

+εmi(ẋi − ẋd
Li)

T (xi − xd
Li)

]
+

1
2
(xE − xd

E)T (KE
p + εKE

v )(xE − xd
E), (6.44)

where ε > 0 is a small constant so that Vx(t) is positive-definite and φi := mi
m1+...mm

. Then,
by differentiating Vx(t) w.r.t. time using the dynamics (6.1), the control (6.40), and the
definition (6.41), we have

d

dt
Vx(t) =−φi

m∑

i=1

[
(ẋi − ẋd

Li)
T (KL

v − εmiI)(ẋi − ẋd
Li) + ε(xi − xd

Li)
TKL

p (xi − xd
Li)

]

︸ ︷︷ ︸
exponentially stable

−(ẋE − ẋd
E)TKE

v (ẋE − ẋd
E)− ε(xE − xd

E)TKE
p (xE − xd

E)︸ ︷︷ ︸
exponentially stable

+
m∑

i=1

(
fi + (Mi−1

E −Mi
E)ẍd

E

)

︸ ︷︷ ︸
bounded

[
(ẋi − ẋd

Li) + ε(xi − xd
Li)

]
, (6.45)

thus, with small enough ε > 0 and bounded (ẋi(0) − ẋd
Li(0),xi(0) − xd

Li(0)), i = 1, .., m,
(xi(t)− xd

Li(t), ẋi(t)− ẋd
Li(t)) and (xE(t)− xd

E(t), ẋE(t)− ẋd
E(t)) are bounded ∀t ≥ 0.

Using definitions of ẋL(t) and xL(t) in (6.26)-(6.27), the translation locked system dynamics
(6.28) under the decentralized control (6.40) and the condition (6.41) is given by:

ML(ẍL(t)− ẍd
L(t)) + KL

v (ẋL(t)− ẋd
L(t)) + KL

p (xL(t)− xd
L(t)) = fL, (6.46)

thus, if the disturbances fi in (6.1) are negligible or properly cancelled out, (xL(t), ẋL(t)) →
(xd

L(t), ẋd
L(t)) exponentially.
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Under the decentralized control (6.40), the shape system dynamics (6.29) is given by

ME(ẍE − ẍd
E) + KE

v (ẋE(t)− ẋd
E(t)) + KE

p (xE(t)− xd
E(t))

= fE +
m∑

i=1

gi(ẍd
Li(t), ẋi(t)− ẋd

Li(t),xi(t)− xd
Li(t)), (6.47)

where the functions gi ∈ <3(m−1), i = 1, ..., m, are linear w.r.t. their respective arguments
with no bias in the sense of |gi(t)| ≤ ai

1|ẍd
Li(t)| + ai

2|ẋi(t) − ẋd
Li(t)| + ai

3|xi(t) − xd
Li(t)|,

i = 1, ..., m, ∀t ≥ 0 with ai
1, a

i
2, a

i
3 > 0 being all finite scalars. Thus, following (6.45), gi(t)

is bounded ∀t ≥ 0. Therefore, with the bounded environmental disturbances fi, the shape
system dynamics (6.47) is ultimately bounded and its bound can be made arbitrarily small
by large enough gains KE

p ,KE
v in (6.40).

2. Similar to (6.44), let us define the following Lyapunov function:

Vζ(t) :=
m∑

i=1

[
1
2
ζ̇ζζ

T

i Hi(ζζζi)ζ̇ζζi +
1
2
(ζζζi − ζζζd

Li)
T (ελλλL

v + λλλL
p )(ζζζi − ζζζd

Li)

+εζ̇ζζiHi(ζζζi − ζζζd
Li)

]
+

1
2
(ζζζE − ζζζd

E)T (ελλλE
v + λλλE

p )(ζζζE − ζζζd
E),

where Hi(ζζζi) is the attitude inertia in (6.2) and ε > 0 is a small constant so that Vζ(t) is
positive-definite.

Then, differentiating Vζ(t) w.r.t. time with attitude dynamics (6.2), decentralized control
(6.42), and condition ζζζd

Li − ζζζd
L(i+1) = ζζζd

Ei (i = 1, ..,m− 1), we have

d

dt
Vζ(t) =−

m∑

i=1

[
ζ̇ζζ

T

i (λλλL
v − εHi)ζ̇ζζi − εζ̇ζζ

T

i (Qi + QT
i )(ζζζi − ζζζd

Li) + ε(ζζζi − ζζζd
Li)λλλ

L
p (ζζζi − ζζζd

Li)
]

︸ ︷︷ ︸
=:V e

ζ (t)

− ζ̇ζζ
T

EλλλE
v ζ̇ζζE − ε(ζζζE − ζζζd

E)TλλλE
p (ζζζE − ζζζd

E) +
m∑

i=1

δδδT
i

(
ζ̇ζζi + ε(ζζζi − ζζζd

Li)
)

,

where we use the passivity property that Ḣi − 2Qi = −(Ḣi − 2Qi)T . Thus, if the inertia
matrices Hi and the Coriolis matrices Qi are bounded (e.g. compact configuration space
with smooth Hi and Qi), there exists a small enough ε > 0 so that V e

ζ (t) in the above
equality is positive-definite. Therefore, using this small ε > 0, if the environmental dis-
turbances δδδi are negligible, (ζ̇ζζi(t), ζζζi(t)− ζζζd

L) → 0 exponentially (i.e. the modified control
objective (6.43) is achieved). Also, (ζ̇ζζi(t), ζζζi(t) − ζζζd

L) will be ultimately bounded if δδδi are
bounded.
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The proposed controller decentralization (6.40) and (6.42) is designed only for the decen-
tralized information flows as shown by black arrows in figure 6.1 (e.g. neighboring sensing)
and there are many future research avenues on the interplay among communication topol-
ogy, control structure, and behavior of the feedback systems.

6.5 Simulation

6.5.1 Formation and Maneuver Control

We consider a group of three spacecraft for which we use the 6-DOF block from MathLab
SimuLink Aerospace Blockset. Following [67], masses and principal-body-axis inertia ma-
trices (Ix, Iy, Iz) of three spacecraft are assumed to be: m1 = 20kg, I1 = diag[0.73, 0.55, 0.63]
kgm2 for agent 1, m2 = 10kg, I2 = diag[0.36, 0.27, 0.31]kgm2 for agent 2, and m3 = 11kg,
I3 = diag[0.38, 0.30, 0.33]kgm2 for agent 3. We suppose that effects of environmental dis-
turbances are negligible.

Snapshots of the simulation are given in figure 6.2 where the position and attitude of each
spacecraft are represented by the spheres and the body-fixed (x, y, z)-frame, respectively,
with body-fixed z-axis coincident with inertial z-axis. Simulation is performed for 130sec
and snapshots are taken in every 5sec. Detailed simulation data are shown in figure 6.3.

During the first 50sec, we drive the group along the x-axis with a constant speed (0.9m/s)
by controlling its translation locked system, while the translation shape system is controlled
to make equilateral triangle formation. The attitude locked and shape controls stabilize
each agent’s roll, pitch, and yaw angles to zero.

From 50−80sec, the group translation and attitude are regulated to stabilize the positions
and attitudes of each agent to be (60,−10

√
3, 0)[m], (0, 0, 120◦) for agent 1, (60, 10

√
3, 0)[m],

(0, 0,−120◦) for agent 2, and (30, 0, 0)[m], (0, 0, 0) for agent 3 so that they point the center
point (50, 0, 0)[m] of the circle (of radius 20m) enclosing the equilateral triangle.

From 80 − 130sec, by controlling the translation shape and locked systems, we drive the
equilateral triangle from z = 0 to z = −20m while shrinking the triangle size. During this
time, group attitude is regulated so that each agent maintain targeting the center point of
the equilateral triangle.

6.5.2 Group-Agents Interaction

In figure 6.4, we impose sinusoidal disturbance on the agent 3 from 10sec after the regu-
lation controls stabilize the group translation and attitude to their respective set points.
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Figure 6.2: Snapshots of the simulation in 3D and 2D with the time interval of 5sec. Position and
attitude of each spacecraft are represented by a small sphere and the body-fixed x-y-z frame.
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Figure 6.3: Detailed simulation data of the snapshots in figure 6.2.
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The dominant effects of the disturbance are in the directions of z-axis translation and pitch
angle rotation. Each agent has same inertial parameters as used in the previous simulation
of section 6.5.1.

Figure 6.4 clearly shows that the state of the perturbed agent 3 affects the total group
behavior and the states of other agents. The disturbance propagates from the agent 3 to
the agent 2 and the agent 1 through the control actions as shown in figure 6.1. Due to the
damping actions in the controls, the disturbance effect is attenuated while propagating to
other agents as shown by the mitigated perturbed z-axis motion and pitch rotation of the
agent 2 and the agent 1.

6.5.3 Hierarchy by Abstraction

We consider nine 2-DOF (x, y)-planar point masses and partition them into three groups as
shown in figure 6.5 where each triangle represents one group with three agents represented
by vertexes. We decompose each group by its locked and shape systems (Li, Si), i = 1, 2, 3
and show the position of each locked system Li by the solid line stemming from the center
of each triangle. We also define the locked and shape systems (L̄, S̄) of the group of the
three locked systems (L1, L2, L3) as shown in the hierarchy of figure 1.1. Then, the locked
systems (L1, L2, L3) inherit their controls from the controls of (L̄, S̄).

In figure 6.5, initially, we control (L, S1, S2, S3) to achieve three equilateral triangles with
its center on the arc of the left circle having radius 20m. Then, by controlling L̄, we drive
the three triangles to the right circle of radius 10m and shrink the distance among the
three equilateral triangles, while the shape systems (S1, S2, S3) are controlled to shrink
and rotate each equilateral triangle. Note from figure 6.5 that not only the group sizes are
shrinking but also locations of the equilateral triangles are swapped on the circles.

In figure 6.6, we use the same controls used in simulation of figure 6.5 with the same
time interval for the data plotting, but the actuation of the agent 5 of group 2 has been
temporarily deactivated. As shown in figure 6.6, the remaining eight agents drift following
the unactuated agent 5 to maintain desired kinematic relations (formation) w.r.t. the agent
5. However, as soon as the agent 5’s actuation is activated again, the all nine agents are
speeding up again to catch up the desired trajectory and eventually stabilized on the arc
of the small circle. This simulation clearly shows that the multiple agents behave as one
coherent group.
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6.6 Conclusion

In this chapter, we propose a novel control framework for the formation flying of multiple
spacecraft in deep space. The key enabling component of the proposed control framework is
the passive decomposition developed in chapter 3, with which the translation and attitude
dynamics of multiple spacecraft are decomposed into their respective decoupled shape and
locked systems representing the internal group formation shape and the overall behavior
of the total group.

Thus, we can achieve some desired formation and maneuver behaviors separately by indi-
vidually controlling the shape and locked systems respectively. Also, since the locked and
shape systems are defined from real dynamics of individual agents in the group, through
the control actions, group maneuver and formation are affected and coupled with the be-
havior of each agent and vice versa without necessity of simulating any virtual dynamics
so that the multiple agent show coherent behavior as a one group. Furthermore, we can
impose hierarchy on an arbitrary number of agents by abstracting each group by its locked
system. We also decentralize the proposed control so that each agent needs information on
only two consecutive agents. Simulation is performed to illustrate these properties of the
proposed control framework.
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CHAPTER 7

Conclusions and Future Works

In this thesis, we propose a general control framework for multiple mechanical systems
which interact with environments and / or humans under some motion coordination re-
quirements represented by holonomic constraints. The key contribution is the design of the
passive decomposition with which we can decouple the dynamics of the motion coordination
aspect (shape system) and that of the overall behavior of the coordinated system (locked
system) from each other while enforcing energetic passivity. Thus, we can achieve the
motion coordination requirements and some desired behaviors of the coordinated system
by controlling the shape and locked systems individually, while ensuring safe and natu-
ral interaction with environments and / or humans. We also propose some motion control
laws for the decoupled locked and shape systems to achieve two widely-used motion control
objectives: timed trajectory tracking and velocity field following. Geometry and intrinsic
(coordinate-invariant) properties of the passive decomposition, the decoupled locked and
shape systems, and the proposed control laws are analyzed and exhibited in details.

Based on the passive decomposition, we propose a novel passive bilateral control frame-
work for nonlinear mechanical teleoperators, which has been a long standing problem of
robotics community due to the highly nonlinear system dynamics and difficulty in ensur-
ing non-fragile energetic passivity of the closed-loop teleoperator. The master-slave motion
coordination is achieved by regulating the shape system. Also, by controlling the locked
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system, the coordinated teleoperator is endowed with a programmable apparent inertia,
motion guidance, and obstacle avoidance so that human operators can perform a task
more efficiently and comfortably. Utilizing the special control implementation structure,
energetic passivity of the closed-loop teleoperator is ensured robustly regardless of accu-
racy in model parameters and force measurement, thus, interaction safety and stability are
substantially enhanced.

A novel passive decomposition based control framework is also proposed for the control
problem of the formation flying of multiple spacecraft. By controlling their respective
decoupled locked and shape systems individually, total group maneuver and internal group
formation are controlled separately and simultaneously for both translation and attitude
dynamics. Also, using the abstracting of each group by its own locked system, the proposed
framework can impose an hierarchy on an arbitrary number of agents and some desired
behavior of multiple groups can be achieved by controlling the collection of their respective
locked systems. The proposed framework also allows interaction among individual agents,
total group maneuver, and internal formation, so that the multiple spacecraft behave as
one coherent group.

Future Works

We believe that the framework presented in this thesis will provide new and powerful
frameworks for many traditional and emerging applications such as multirobot collaborative
manipulation, multi-fingered grasping, and multirobot teleoperation where both interaction
safety and motion coordination should be guaranteed but often compromised or neglected.

To achieve energetic passivity of the closed-loop interactive mechanical system, the passive
decomposition is designed incorporating the given metric of the system. In other applica-
tions where energetic passivity is not required such as multiagent motion coordination, the
inclusion of the metric may not be necessary, thus, we might be able to find a similar but
much simpler decomposition with which the locked system dynamics can be projected on
a locked system manifold of reduced dimension so that the motion control of the locked
system is not restricted as in section 4.2.2 or in chapter 6. Also, this simplicity of the de-
composition might allow us to completely decentralize the locked and shape system controls
for some coordination requirements.

Nonholonomic (Pfaffian) constraints play the crucial role in many applications of practical
importance such as multi-fingered manipulation and collaboration of multiple mobile ma-
nipulators. Those nonholonomic constraints might not be compatible with some desired
holonomic constraints in the sense that the two constraints cannot be satisfied by the in-
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teractive mechanical system at the same time in such case where the distribution of the
nonholonomic constraints does not contain the target level set of the holonomic constraints.
Also, when the system is underactuacted (number of actuation is less than the degree-of-
freedom (DOF) of the system motion), the lack of controls in some directions might prevent
us from achieving a desired holonomic constraint. The framework and concepts presented
in this thesis might be extended and also provide a starting point of developing geometric
frameworks for those problems of nonholonomic constraints and underactuation.

Another promising and also surely rewarding future research direction is to incorporate
communication issues into the framework proposed in this thesis. Suppose that we are
given a communication topology among the multiple mechanical systems. Then, the pas-
sive decomposition based control proposed in this thesis should utilize informations only
accessible through the given communication topology. For instance, we may need to design
the control to be decentralized via neighboring sensings or communications, if the commu-
nication topology is given by the bidirectional ring topology. In addition to the commu-
nication topology, communication line characteristics such as time-delay or internet-like
communication errors (packet loss, jitters, etc.) also impose formidable challenges on the
design of controls immune to those unreliability in communication. We might also be
able to optimize the communication cost by carefully designing the “best” control which
guarantees the motion coordination requirements and energetic passivity with the most
affordable communication structure.
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APPENDIX A

Mathematical Preliminaries

In this section, we review some mathematical machinery used in this thesis, briefly. For
more details, please refer to [30, 33, 36, 39, 81, 82].

A.1 Differential Manifolds, Vector Fields, and Covector Fields

A n-dimensional differential manifold M is locally diffeomorphic to <n. Thus, we can
identify an open neighborhood U ⊂ M of q ∈ U with <n using a coordinate function
q : U → <n which is a diffeomorphism1. We call (q,U) a coordinate chart and U a
coordinate neighborhood of q ∈ M. All point of a differential manifold M is covered by
an atlas which is the set of all coordinate charts of M in the sense that ∪U = M. Then,
a point q ∈ M has a local coordinate representation using a coordinate chart (q,U) s.t.
q ≈ q(q) = (q1(q), q2(q), .., qn(q)).

Tangent space TqM is a n-dimensional vector space composed of all tangent vectors at a
point q ∈ M, thus, vq ∈ TqM. If q ∈ U ⊂ M and (q,U) is a coordinate chart on M with
(q1, q2, ..., qn)T being a local coordinates, the set of derivations

{
∂

∂q1
, ∂

∂q2
, ..., ∂

∂qn

}
forms a

1i.e. q is bijective with q and q−1 being differentiable. If q is bijective and q and q−1 are continuous,
it is called homeomorphism.
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basis for TqM, i.e. we can write

vq =
n∑

i=1

vi
q(q)

∂

∂qi
, (A.1)

where vq = (v1
q (q), v

2
q (q), ..., v

n
q (q)) ∈ <n is a local coordinate representation of vq ∈ TqM.

Now, let f : M → <n is a real-valued function on M. Then, the directional derivative
vq(f)(q) of f w.r.t. a tangent vector vq ∈ TqM at q ∈M is expressed as

vq(f)(q) =
n∑

i=1

vi
q

∂

∂qi
f(q), (A.2)

which is an operator uniquely defined with vq ∈ TqM.

The covector or cotangent vector at q ∈M is a real linear map wq : TqM→ <. The value
of this action of wq on vq ∈ TqM will be written as 〈wq, vq〉q (or 〈wq, vq〉 when there is no
confusion on the based point) using the standard pairing 〈·, ·〉.

The cotangent space T ∗qM at q ∈ M is defined to be the set of all such linear maps (i.e.

the dual space of TqM). If
{

∂
∂q1

, ∂
∂q2

, ..., ∂
∂qn

}
is a basis for TqM corresponding to a local

coordinate (q1, q2, ..., qn), the dual basis for T ∗qM is given by {dq1, dq2, ..., dqn} s.t.

〈dqi,
∂

∂qj
〉 = δij , i, j,= 1, ..., n. (A.3)

If f : M→ < is a real valued function on M, then, we define the differential of f to be a
covector df(q) ∈ T ∗qM s.t.

〈df(q), vq〉 = vq(f(q)), vq ∈ TqM, (A.4)

where vq(f(q)) is the directional derivative of the function f along the tangent vector vq

at q ∈ M. Thus, the differential df(q) can be written as df(q) =
∑n

i=1
∂f
∂qi

(q)dqi where
q = q(q).

Since a tangent vector vq ∈ TqM is defined on a point q ∈ M, we need to preserve the
connection between these two entities, so we define tangent bundle TM to be

TM := {(q, v); q ∈M, v ∈ TqM}. (A.5)

The tangent bundle TM represents the state manifold (i.e. position and velocity) so that
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the evolution of the mechanical systems can be represented by a first order differential
equation on the tangent bundle.

A vector field X on M is a smooth assignment of a tangent vector X(q) ∈ TqM at each
point q ∈ M (or X is a smooth mapping of M into the tangent bundle TM). For
q ∈ U ⊂M with a local coordinate chart (q,U), a vector field X(q) can be written as:

X(q) =
n∑

i=1

Xi(q)
∂

∂qi
, (A.6)

where each Xi(q) is a smooth function on q = q(q). Let us denote the set of all smooth
vector fields on M by X(M).

Similarly, we define the cotangent bundle T ∗M to be :

T ∗M = {(q, w); q ∈M, w ∈ T ∗qM}, (A.7)

and the covector field (or one-form) to be a smooth mapping of M into the cotangent
bundle T ∗M (i.e. a smooth assignment of a covector w(q) ∈ T ∗qM at each point q ∈ M).
In a local coordinates, the covector field w(q) is written as

w(q) = w1(q)dq1 + w2(q)dq2 + ... + wn(q)dqn, (A.8)

where wi(q) are smooth functions on M.

A.2 Differential Forms, Lie Derivatives, and Lie Brackets

A (s, k)-type tensor field T on M is a smooth multilinear mapping at each q ∈M s.t.:

T : T ∗qM× · · · × T ∗qM︸ ︷︷ ︸
s times

×TqM× · · · × TqM︸ ︷︷ ︸
k times

→ <. (A.9)

The (s, k)-type tensor field T forms a vector space denoted by

T s
k = TqM⊗ · · · ⊗ TqM︸ ︷︷ ︸

s times

⊗T ∗qM⊗ · · · ⊗ T ∗qM︸ ︷︷ ︸
k times

. (A.10)

A differential k-form w on M is a skew-symmetric (0, k)-tensor field s.t. for each q ∈M,

w(q)(X1, · · · , R, · · · , S, · · · , Xk) = −w(q)(X1, · · · , S, · · · , R, · · · , Xk) (A.11)
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where X1, · · · , R, · · · , S, · · · , Xk ∈ TqM. We denote the set of k-forms on M by Ωk(M).
A real-valued function f : M→ < is a 0-form on M, while a 1-form is a covector field.

The contraction (or interior product) of a k-form w with a vector field X on M is a
(k − 1)-form defined s.t.: at each q ∈M

(X(q)cw(q))(v1, v2, ..., vk−1) := w(q)(X(q), v1, v2, ..., vk−1), (A.12)

where v1, ..., vk−1 ∈ TqM. If w ∈ Ω2(M), then the contraction Xcw is a one-form, thus,
for all q ∈M and vq ∈ TqM,

(X(q)cw(q))(vq) = 〈X(q)cw(q), vq〉 = w(q)(X(q), vq), (A.13)

from the definition of the covectors (i.e. a linear map from TqM→ <) and (A.12).

Consider two one-forms w1, w2. Then, the wedge product (or exterior product) of the two
forms w1 ∧ w2 is a two form given by:

w1 ∧ w2(v1, v2) = 〈w1, v1〉〈w2, v2〉 − 〈w1, v2〉〈w2, v1〉, (A.14)

i.e. the wedge product w1 ∧ w2 is skew-symmetric w.r.t. v1, v2.

The Lie derivative of a function f : M → < w.r.t. a vector field X is a function LXf :
M→ < given by

LXf(q) = X(q)f = 〈df(q), X(q)〉. (A.15)

In coordinate chart (q,U), if we have (A.6), we can write

LXf(q) =
n∑

i=1

∂f

∂qi
Xi(q). (A.16)

If X, Y ∈ X(M), there exists a unique smooth vector field Z such that for every smooth
function f : M → <, Zf = LZf = (XY − Y X)f . The vector field Z is called the Lie
bracket of X and Y :

[X, Y ] := XY − Y X. (A.17)

The Lie bracket has the following properties: for a, b ∈ <, f, g ∈ C∞(M) and X, Y, Z ∈
X(M),
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1. (anticommutativity) [X, Y ] = −[Y, X];

2. (linearity) [aX + bY, Z] = a[X, Z] + b[Y, Z];

3. (Jacobi identity) [[X, Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0;

4. [fX, gY ] = fg[X, Y ] + fLX(g)Y − gLY (f)X.

The Lie bracket (A.17) can be interpreted as a derivation of a vector field Y along the
trajectories of X (Do Carmo [36]) or infinitesimal motion that result from flowing around
a square defined by two vector fields X and Y (Murray et al [2]).

A.3 Push-Forward, and Pull-Back Maps

Let Mn and Nm be differential manifolds. A map ϕ : M → N is a differentiable map
at q ∈ M, if given a coordinate chart (p,V) at ϕ(q) ∈ N , there exists a coordinate chart
(q,U) ∈M at q s.t. ϕ(U) ⊂ p−1(V) and the mapping p◦ϕ◦q−1 : <n → <m is differentiable
at q(q).

Let ϕ : Mn → Nm be a smooth map between two differential manifolds. The push forward
map (or tangent map) of ϕ at q ∈M is a linear induced map ϕ∗q : TqM→ Tϕ(q)N defined
by:

(ϕ∗qvq)(f) = vq(f ◦ ϕ), (A.18)

where f ∈ C∞(N ) and vq ∈ TqM. Using local coordinate charts (q,U), (p,V) for q ∈ U ⊂
M, and ϕ(q) ∈ V ⊂ N , we have

ϕ∗qvq = ϕ∗q

(
n∑

i=1

vi
q

∂

∂qi

)
=

n∑

i=1

vi
qϕ∗q

(
∂

∂qi

)
=

n∑

i=1

m∑

j=1

vi
qJij(q)

∂

∂pj
(A.19)

since ϕ∗q is a linear map. Here, Jij(q) is defined by ϕ∗q
(

∂
∂qi

)
=

∑m
j=1 Jij(q) ∂

∂pj
and called

the Jacobian of ϕ at q ∈M w.r.t. the local coordinates of M and N .

The idea of the push-forward map can be extended to the vector fields. Let ϕ : M→ N
and X ∈ X(M and Y ∈ X(N ). Then, X and Y are said to be ϕ-related ad we write
Y = ϕ∗X if ∀q ∈M,

ϕ∗(Xq) = Y (ϕ(q)). (A.20)
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If ϕ is a diffeomorphism, we can define the push-forward map between the vector fields
ϕ∗ : X(M) → X(N ) s.t. ∀q ∈M,

(ϕ∗X)ϕ(q) := ϕ∗X(q). (A.21)

If ϕ is not a diffeomorphism, the induced vector field ϕ∗X given by (A.21) is not generally
well-defined.

The pull-back map (or cotangent map) of the smooth map ϕ is a linear map ϕ∗q : T ∗ϕ(q)N →
T ∗qM and the dual of the push-forward map ϕ∗q s.t.

〈ϕ∗qwϕ(q), vq〉q := 〈wϕ(q), ϕ∗qvq〉ϕ(q), (A.22)

where wϕ(q) ∈ T ∗ϕ(q)N and vq ∈ TqM.

Similarly to the push-forward map, the pull-back map can be extended to one-forms on
two differential manifolds. Let w be a one-form on N . Then, the pull-back of w, ϕ∗w is
the one-form on M s.t.

〈ϕ∗w, vq〉p := 〈w,ϕ∗vq〉ϕ(q) (A.23)

for all q ∈ M and for all vq ∈ TqM. The pull-back of the one-form can be defined even if
the map ϕ is not a diffeomorphism.

A.4 Submanifolds, Distributions, Codistributions, and Frobenius Theo-

rem

A differentiable mapping ϕ : M→ N is an immersion if dϕq : TqM toTϕ(q)N is injective
for all q ∈ M. A differentiable mapping ϕ is an embedding, if ϕ is an immersion and
also a homeomorphism onto ϕ(M) ⊂ N , where ϕ(M) has the subspace topology induced
from N . If M ⊂ N and the inclusion i : M → N is an embedding, M is said to be a
submanifold of N . If ϕ : Mn → Nm is an immersion, then m ≥ n and we call m − n

codimension of the immersion ϕ.

A more practical definition of the submanifold is that [33]: a subset Hk of a differential
manifold Mn is a smooth submanifold of M if every point of H lies in the coordinate
neighborhood of a local coordinate chart (q,U) of M and

q(H ∩ U) = q(U) ∩ <k, 0 < k ≤ m. (A.24)
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This implies that we can reduce the dimension of the coordinate from m to k on the
submanifold Mk.

A distribution ∆ on M is the union of linear subspace of TqM over all q ∈ M. The rank
of ∆ at q is the dimension of the subspace ∆(q). If ∆ has a constant rank all over q ∈M,
it is said to be regular. We can express a regular distribution of rank k by using a set of
vector fields X1, X2, ..., Xk s.t.

∆ = spanC∞(M) {X1, X2, ...Xk} , (A.25)

where C∞(M) is the set of all smooth real-valued functions on M. The distribution ∆ is
said to be smooth, if all basis vector fields X1, X2, ..., Xk are smooth.

We say that a distribution ∆ is involutive if it is closed under the Lie bracket, i.e.

∀ V1, V2 ∈ ∆, [V1, V2] ∈ ∆. (A.26)

An integral manifold of a distribution ∆ on M is a submanifold D ⊂ M s.t. TqD = ∆(q)
∀q ∈ D. A k-dimensional regular distribution ∆ on M is said to be integrable if, ∀q ∈M,
there exists a k-dimensional integral manifold. For a regular distribution, involutivity and
integrability is equivalent as shown in Frobenius theorem.

Theorem 10 (Frobenius) A regular distribution is integrable if and only if it is involutive.

Similarly, we define a codistribution Ω to be the union of linear subspace of T ∗qM over
all q ∈ M with the dimension of the subspace Ω(q) being the rank of Ω at q. A regular
codistribution has a constant rank ∀q ∈ calM . Given a set of covector field w1, w2, ..., wk,
we can identify a regular codistribution of rank k using the set of covector fields s.t.

Ω = spanC∞(M) {w1, w2, ...wk} , (A.27)

where C∞(M) is the set of all smooth real-valued functions on M. A codistribution Ω is
said to be smooth if all basis covector fields w1, w2, ..., wk are smooth,

Given a distribution ∆ on Mn of rank k, there exists the annihilating codistribution Ker∆
of rank n − k which is spanned by the set of one-forms w on M s.t. 〈w,∆〉 = 0 ∀q ∈ M.
Similarly, a m-dimensional codistribution Ω inMn has the (n−m)-dimensional annihilating
distribution spanned by the set of vector fields X on M s.t. 〈Ω, X〉 = 0 ∀q ∈M.

A regular codistribution Ω of the rank k is said to be integrable if there exist k-functions
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φ1, φ2, ..., φk ∈ C∞(M) s.t. their differentials are basis one-forms for the codistribution Ω,
i.e. Ω = spanC∞(M) {dφ1, dφ2, ...dφk}. A regular codistribution is integrable if and only if
its annihilating distribution KerΩ is integrable.

A.5 Affine Connection and Covariant Derivative

The affine connection D on M is an operation that assigns each pairs of vector fields X,Y

on M another vector field DXY such that

1. DfX+gY Z = fDXZ + gDY Z,

2. DX(Y + Z) = DXY + DXZ,

3. DX(fY ) = fDXY + X(f)Z, where X, Y, Z are smooth vector fields and f, g are real
smooth functions on M.

With a local coordinate chart (q,U) about q ∈ U ⊂ M, we have (from (A.6)) X =∑n
i=1 X(q)i

∂
∂qi

, and Y =
∑n

i=1 Y (q)i
∂

∂qi
. Thus, using the definition of the Christoffel’s

symbol of the first kind Γk
ij(q) s.t.

D ∂
∂qi

∂

∂qj
:=

n∑

k=1

Γk
ij

∂

∂qk
, (A.28)

we have

DXY =
n∑

k=1


X(Yk(q)) +

∑

ij

Xi(q)Yj(q)Γk
ij


 ∂

∂qk
. (A.29)

Let the differential manifoldM be endowed with the affine connection. Also, let γ : [0, 1] →
M be a differentiable curve in M. Then, the covariant derivative of a vector field V (t)
along the curve γ(t) is given by D

t V := D dγ
dt

V where dγ(t)
dt is the tangent vector of the curve

γ at γ(t). The covariant derivative enable us to transport and compare Xq ∈ TqM at the
point q ∈ M to Tγ(t)M at other point γ(t) ∈ M, t ∈ [0, 1) in a coordinate-free manner.
With a local coordinate chart (q,U) about q ∈ U ⊂ M, let us write V =

∑n
i=1 vi

∂
∂qi

and
γ(t) = (q1(t), q2(t), ..., qn(t)). Then, we have

D dγ
dt

V =
n∑

k


dvk

dt
+

∑

ij

vj
dqi

dt
Γk

ij


 ∂

∂qk
. (A.30)
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A vector field V (t) along the curve γ is called parallel when Dγ̇(t)V (t) = 0, i.e. there is
no change in the vector field V (t) when we observe the vector field along the curve γ(t).
Using (A.30), the vector field V =

∑n
i=1 vi

∂
∂qi

is parallel iff

dvk

dt
+

∑

ij

vj
dqi

dt
Γk

ij = 0, (A.31)

which does not generally have a solutions. We call the curve γ(t) on the differentiable
manifold M with the affine connection D geodesic if γ̇ is parallel along γ, i.e. Dγ̇ γ̇ = 0.

Similarly, for a smooth vector field X ∈ X(M), we define the covariant derivative of a
one-form w ∈ X∗(M) to be another one-form ∇Xw s.t.: for all vector fields Y ∈ X(M),

LX〈w, Y 〉M = 〈∇Xw, Y 〉M + 〈w,∇XY 〉M. (A.32)

The covariant derivative ∇Xw also satisfies properties similar to affine connections s.t.:

1. ∇fX+gY w = f∇Xw + g∇Y w,

2. ∇X(w + w′) = ∇Xw +∇Xw′,

3. ∇X(fw) = f∇Xw + LX(f)w,

where f, g ∈ C∞(M), X, Y ∈ X(M) and w, w′ are smooth one-forms on M.

To derive a coordinate representation, we write w(q) =
∑n

i=1 wi(q)dqi and X(q) = Xj(q)∂wi

∂qj

where we use dual basis { ∂
∂qi } and {dqi} s.t. 〈 ∂

∂qi , dqj〉M = δij . Then, using the property
of the covariant derivative (i.e. (A.32)) and property of dual basis, we can show that

∇ ∂
∂qi

dqj =
∑

k

Γj
ikdqk, (A.33)

where Γj
ik is the Christoffel symbol of the first kind defined in (A.28). Thus, now, the

coordination representation of ∇Xw is given by:

∇Xw =
∑

ij

(
∂wi

∂qj
Xj − Γk

ijwkXj

)
dqi. (A.34)
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Denote the set of all smooth vector fields on M by X(M). We define the torsion tensor of
an affine connection T : X(M)× X(M) → X(M)

T (X, Y ) := DXY −DY X − [X,Y ]. (A.35)

An affine connection D is said to be torsion-free, if for all X, Y ∈ X(M), T (X,Y ) = 0.
This condition is also called the symmetric condition reflecting the fact that a connection
is torsion-free if and only if ΓK

ij = ΓK
ji .

A.6 Gradient and Geodesic Equation on Riemannian Manifolds

Riemannian metric on M assigns an inner product 〈〈, 〉〉q (i.e. symmetric and positive
definite) on the tangent space TqM at each point q ∈ M. A differentiable manifold with
a Riemannian metric is called Riemannian Manifold.

Using the inertia tensor (2.5), we define gradient ∇f(q) ∈ TqM of a real-valued function
f ∈ C∞(M) to be a dual object of the differential df(q) in (A.4) s.t.:

Lvf(q) = 〈df, v〉M =: 〈〈∇f(q), v〉〉M. (A.36)

Thus, M(q)∇f = df(q).

Now, let us compute the geodesic equation of Levi-Civita connection ∇ with Riemannian
metric M(q) on M. A smooth curve γ : [0, 1] → M is the geodesic of ∇ if and only if
∇γ̇(t)γ̇(t) = 0. Using the local coordinate chart q, U), γ(t) = (q1(t), q2(t), ..., qn(t)) and
γ̇(t) =

∑n
i=1 q̇i(t) ∂

∂qi
. Using (A.29) and γ̇(q̇k) = q̈k, we have:

∇γ̇ γ̇ =
n∑

k=1


d2qk

dt2
+

∑

ij

q̇iq̇jΓk
ij


 ∂

∂qk
= 0, (A.37)

where the Christoffel symbols of the first kind Γk
ij (A.28) is given by

Γk
ij =

∑

h

1
2
Mhk

{
∂Mhj

∂qi
+

∂Mih

∂qj
− ∂Mij

∂qh

}
, (A.38)

using Koszul’s formula for the Levi-Civita connection ∇: for X, Y, X ∈ X(M),

〈〈Z,∇Y X〉〉 =
1
2
{LX〈〈Y, Z〉〉+ LY 〈〈Z,X〉〉 − LZ〈〈X, Y 〉〉
− 〈〈[X, Z], Y 〉〉 − 〈〈[Y, Z], X〉〉 − 〈〈[X, Y ], Z〉〉}. (A.39)
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In (A.38), Mij is the (i,j) component of the inertia tensor M(q), while Mhk denotes the
(h,k) components of M(q)−1.

Using (A.3) and (2.5), it can be shown that M(q) ∂
∂qi

=
∑n

j=1 Mij(q)dqj (from dqi =
∑n

k=1 M ik(q) ∂
∂qk

), where {dq1, dq2, ..., dqn} is the dual basis of
{

∂
∂q1

, ∂
∂q2

, ..., ∂
∂qn

}
. Thus,

with the musical operation in (2.5), we have

M∇γ̇ γ̇ =
n∑

i=1





n∑

j=1

Mij
d2qj

dt2
+

∑

jk

q̇j q̇kΓ̄i
jk



 dqi = 0, (A.40)

where

Γ̄i
jk =

1
2

{
∂Mij

∂qk
+

∂Mik

∂qj
− ∂Mjk

∂qi

}
(A.41)

is the Christoffel symbols of the second kind [2].

A.7 Connection over a Map

In this section, we introduce some mathematical preliminaries regarding to connection over
a map from [39].

Consider a smooth map h : Mn → Nm of a manifold M to a manifold N . Then, a
smooth vector field Xh over h is a smooth map X : M → TN s.t. for every q ∈ M,
Xh(q) ∈ Th(q)N . We denote the set of such smooth vector fields over map h by Xh(M)
(i.e. Xh ∈ Xh(M)). We also say that vector fields X on M and Xh on N are h-related if
and only if

h∗X = Xh ◦ h. (A.42)

The local representation of a vector field over the map Xh can be written as:

X(q) =
m∑

i=1

Xh
i (q)

∂

∂hi
(q), (A.43)

where xi ∈ C∞M and { ∂
∂hi

(q)} is a local basis of vector fields in the neighborhood of
h(q) ∈ N , i.e. the restrictions to h of a local basis ∂

∂hi
(q) of vector fields on N is a local

basis for a vector field over h.

We define a connection over the map h to be an object Dh which assigns to each v ∈ TqM
an operator Dh

v which maps vector fields over the map h into Th(q)N , i.e. . Thus, Dh :
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TqM× Xh(M) → Th(q)N . We also say the connection over the map Dh is affine, if for all
v, w ∈ TqM, a, b ∈ <, f ∈ C∞(M), Xh, Y h ∈ Xh(M), and X ∈ X(M);

1. Linearity in t: Dh
av+bwXh = aDh

vXh + bDh
wXh;

2. Linearity over <: Dh
v (aXh + bY ) = aDh

vXh + bDh
vY h;

3. Dt as a derivation: Dh
v (fXh) = Lv(f)Xh(q) + f(q)Dh

vXh.

4. Smoothness: (Dh
XXh)(q) = DX(q)X

h is smooth.

Dh
vXh is called the covariant derivative of Xh w.r.t. v ∈ TqM. The connection over the

map Dh
vXh is reduced to the usual affine connection on M in the section A.6 when h the

identity map i : M→M. Using the property of the connection over the map Dh, (A.43),
and v =

∑n
i=1 vi

∂
∂qi ∈ TqM, the coordinate representation of DvX

h(q) is given by:

DvX
h(q) =

m∑

k=1


Lv(Xh

k (q)) +
n∑

i=1

m∑

j=1

viX
h
j (q)hΓ

k
ji(q)


 ∂

∂hk
(q), (A.44)

where we use the definition of hΓk
ji(q) s.t. for i = 1, ..., n and j = 1, ..., m,

Dh
∂

∂qi

∂

∂hj
(q) :=

m∑

k=1

hΓk
ji(q)

∂

∂hk
(q). (A.45)

For the connection of the map Dh, torsion translation T h : TqM×TqM→ Th(q)N at each
q ∈M is defined s.t.: for v, w ∈ TqM,

T h(v, w) := Dh
X(h∗Y )−Dh

Y (h∗X)− h∗[X, Y ], (A.46)

where X, Y ∈ X(M) are local extensions of v, w to smooth vector fields on M with X(q) =
v, Y (q) = w, and [, ] is the Lie-bracket operator (A.17) on M. Here, as shown in [39],
T h(v, w) is independent on the choice of local extensions X,Y . Note that when h is the
identity map, the torsion translation is reduced to the usual torsion tensor (2.2) on M.
We say that a connection Dh over map h is torsion-free (or symmetric) when T h = 0.

Define a Riemannian metric over map h to be G ◦ h where G is a Riemannian metric on
the manifold N . Then, a connection over the map Dh is said to be compatible w.r.t. the
induced Riemannian metric G ◦ h, if for all Xh, Y h ∈ Xh(M) and v ∈ TqM,

Lv〈〈Xh(q), Y h(q)〉〉 = 〈〈Dh
vXh, Y h〉〉+ 〈〈Xh, Dh

vY h〉〉, (A.47)
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where 〈〈Xh(q), Y h(q)〉〉N := 〈G(h(q))Xh(q), Y h(q)〉N .

Similar to the uniqueness of the Levi-Civita connection on a Riemannian manifold, there
exists a connection over a map h which is torsion-free and compatible w.r.t. a Riemannian
metric over the map, and furthermore, it is unique in a neighborhood of any point at which
h∗ is onto.

A one-form over a map h is a smooth map wh : M → T ∗N s.t. ∀q ∈ M, wh ∈ T ∗h(q)N .
Similarly to (A.32), the covariant derivative of wh w.r.t. a tangent vector v ∈ TqM is
defined s.t.: for every Xh ∈ Xh(M)

Lv〈wh, Xh〉N = 〈Dh
vwh, Xh〉N + 〈wh, Dh

vXh〉M. (A.48)

As the covariant derivative of the one-form on a manifold (A.32), the covariant derivative
of the one-form over a map also possesses the following properties:

1. Dh
ft+gvw

h = fDh
t wh + gDh

vwh,

2. Dh
v (wh + w′h) = Dh

vwh + Dh
vw′h,

3. Dh
v (fwh) = fDh

vwh + Lv(f)wh,

where f, g ∈ C∞(M), v, t ∈ TqM and wh, w′h are smooth one-forms over a map h.

In coordinates, let us write v =
∑n

i=1 vi
∂

∂qi , wh(q) =
∑m

i=1 wh
i (q)dhi(q) and Y h(q) =∑m

i=1 Y h
j (q) ∂

∂hi
(q) with {dhi(q)} and { ∂

∂hi
(q)} being dual each other (i.e. 〈di(q), ∂

∂hj
(q)〉N =

δij). Then, using (A.48) and property of the dual basis {dhi(q)}, { ∂
∂hi

(q)}, we have

Dh
∂

∂qi
dhj(q) = −

m∑

k=1

hΓ
j
ki(q)dhk(q), (A.49)

for i = 1, ..., n and j = 1, ..., m, and, similarly in (A.34), we have the coordination repre-
sentation of Dh

vwh(q) s.t.:

Dh
vwh(q) =

m∑

k=1


Lvw

h
k(q)−

n∑

i=1

m∑

j=1

hΓ
j
kiw

h
j (q)vi


 dhk(q). (A.50)
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